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Abstract
During the past several decades, beam crystallization has

been studied both theoretically and experimentally. The-
oretical investigations have been numerical, mainly using
computer modeling based on the method of molecular dy-
namics (MD), and analytical, based on phonon theory. Ex-
perimental investigations involve both ion storage rings and
ion traps using both electron and laser beam cooling. Top-
ics of interests include crystal stability in various acceler-
ator lattices and under different beam conditions, collid-
ing crystalline beams, crystalline beam formation in shear-
free ring lattices with both magnets and electrodes, exper-
imental simulation of alternating-gradient conditions with
an ion trap, tapered cooling and coupled cooling, and beam
dynamics at different temperature regime as the beam is
cooled from high to low temperature. In this paper, we first
review theoretical approaches and major conclusions per-
taining to beam crystallization. Then, we analyze condi-
tions and methods of the various major experiments. Fi-
nally, we discuss, both theoretically and experimentally,
some improvements, open questions, and challenges in
beam crystallization.

INTRODUCTION
Beam crystallization has been a topic of interests since

first evidence of experimental anomaly was observed on
an electron-cooled proton beam at the storage ring NAP-M
[1]. Since then, strong space-charge dominated phenomena
and one-dimensional (1-D) ordering states were reported
with both proton and heavier ions at storage rings ASTRID
[2], TSR [3], CRYRING [4], ESR [5], and S-LSR [6].
Electron and laser beam cooling methods were used in at-
taining such states. On the other hand, attempts to achieve
beam ordering beyond 1-D have not been successful, un-
like the situation with ion traps where multi-dimensional
crystalline structures were attained [7].

Theoretically, two main approaches were pursued: for
the low-temperature regime, the molecular dynamics (MD)
method was used to predict the ground-state structure
[8–11] and the low-temperature dynamics [11–13]; for
the intermediate temperature, high density regime the
more conventional beam dynamics methods including
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envelope-equation resonance analysis [14, 15], space-
charge particle-in-cell simulations, and intra-beam scatter-
ing analysis.

To attain an ordered state, effective beam cooling is
needed to overcome beam heating caused by coherent reso-
nance crossing and intra-beam scattering. Furthermore, the
cooling force must conform to the dispersive nature of a
crystalline ground state in a storage ring for 3-D structures.
Experimentally, electron cooling has been used at NAP-M
[1], ESR [4], CRYRING [5], and S-LSR [6] to cool beams
of protons and heavier ions in all three directions, suc-
cessfully reaching 1-D ordered states. With laser cooling,
which has been used at ASTRID [2] and TSR [3], the beam
can be cooled to ultra-low temperature in the beam rest
frame in the longitudinal direction along the beam motion.
However, to effectively reduce the transverse beam temper-
ature methods like resonance coupling needs to be adopted
[16]. With either cooling approach, the ideal “tapered cool-
ing” effect is yet to be realized to move beyond 1-D order-
ing towards forming high-density crystalline structures in
an actual storage ring.

CRYSTALLIZATION CONDITIONS
There are several necessary conditions for the formation

of high-density, 3-D crystalline beams in storage rings.

Ground State Existence Condition
The storage ring is alternating-gradient (AG) focusing

operating below the transition energy, γT ,

γ < γT (1)

where γ is the Lorentz factor of the beam. This condi-
tion is due to the criterion of stable kinematic motion under
Coulomb interaction when particles are subject to bending
in a storage ring [11].

Phonon Spectrum and Resonance Condition
The bare transverse phase advances per lattice period

need to be less than 90◦, i.e.,

νx,y <
Nsp

4
(2)

where νx and νy are the bare horizontal and vertical tunes,
and Nsp is the lattice super-periodicity of the storage ring.
Note that the lattice elements consists of every device that
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interacts with the beam including magnetic fields (mag-
nets), electric fields (accelerating and deflecting cavities),
and cooling forces (cooling devices). This condition arises
from the criteria that there is no linear resonance between
the phonon modes of the crystalline structure and the ma-
chine lattice periodicity (requesting the left-hand-side of
Eq. 2 to be less than

√
2/4) [13], and that linear resonance

stopbands are not crossed during the entire cooling process
as the 3-D beam density is increased [14, 15].

Cooling Force Condition
The cooling force needs to be applied in all three direc-

tions with cooling rates higher than the maximum heating
rate of various mechanisms including intra-beam scatter-
ing, resonance heating, and diffusive processes, and the
cooling force needs to conform to the dispersive nature of a
crystalline structures, i.e. generally the cooling force needs
to be “tapered” along the horizontal direction so that upon
cooling particles’ momenta pz is linearly proportional to
their horizontal displacements x [12],

∆pz = −fz(pz − Cxzx) (3)

where pz is the longitudinal momentum component, fz in-
dicates the cooling strength, and Cxz is the tapering factor
dependent on the lattice property.

Relaxed Conditions for a Low-density Beam
The above mentioned conditions may be relaxed if the

beam density in the storage ring is adequately low so that
the crystalline ground state is 1-D or 2-D: the maximum
bare transverse phase advances per lattice period may be
relaxed, and tapered cooling may not be necessary. At low
beam density, cooling rate needed to overcome intra-beam
scattering heating is also low. Naturally, with conditions
on the machine lattice (Eq. 2) and cooling force (Eq. 3)
relaxed, 1-D ordering is the first step towards full-density
3-D crystallization.

CRYSTALLINE PROPERTIES
It is convenient to use normalized units to describe the

equations of motion [11] so that the ordering state of the
system is mainly described by the dimensionless tempera-
ture T . The dynamic is determined by the essential quanti-
ties like the beam energy γ and the storage ring parameters
(strengths of the magnetic field, electric field, and cooling
force). Quantities like the charge state and mass of the
particles are contained in the normalization; they do not
change the dynamics of the crystalline state.

Characteristic Length, Normalized Temperature
For a system of particles with charge Ze and mass Am0,

the characteristic length ξ is given by [11]

ξ =
(

Z2r0ρ
2

Aβ2γ2

)1/3

(4)

where r0 = e2/4πϵ0m0c
2 is the proton classical radius,

βc and γAm0c
2 are the velocity and energy of the refer-

ence particle, and ρ is the radius of curvature of the main
bending region of the storage ring.

The normalized beam-frame temperature of the crys-
talline beam system is defined to be proportional to the
deviations of momentum from their ground-state values,
then squared and averaged over the distance and over all
the particles [12]. For systems of 1-D crystalline ground
state, this normalized temperature T is related to the con-
ventional temperature TB by the relation

T =
kBρ2

Am0c2β2γ2ξ2
TB (5)

where kB is the Boltzmann constant. Components of the
temperature TB is related to storage ring laboratory-frame
parameters by

kBTBx,y = Am0c
2β2γ2

(
νx,y

R0

)
ϵx,y (6)

kBTBz = Am0c
2β2

(
δp

p

)2

(7)

where ϵx,y are the un-normalized rms emittance, and δp/p
is the rms momentum spread.

Ground State Structure
When all three conditions (Eqs. 1 – 3) are satisfied, the

crystalline ground states can be reached. At these states,
motion of the circulating particles is periodic in time with
the period of the machine lattice. As shown in Fig. 1,
particle trajectory in the transverse direction conforms to
AG focusing (breathing), and in the longitudinal direction
conforms to the change in bending radius (shear). In the
presence of a longitudinal electric field, momentum pz also
varies periodically conforming to the energy gain at the
cavity.

The ground state structure is a 1-D chain when the beam
line density is low. The structure becomes 2-D lying in the
plane of weaker transverse focusing if the line density λ in
the machine is

λ > 0.62γξ−1[min(ν2
y , ν2

x − γ2)]1/3 (8)

For even higher density, the particles arrange themselves
into 3-D crystals, becoming helices and then helices
within helices. Fig. 2 shows such a multi-shell struc-
ture at a de-focusing location of the lattice. The max-
imum spatial density in the laboratory frame is approxi-
mately γνy

√
ν2

x − γ2/(2ξ3). If a sinusoidal electric field
is present, the crystalline structure can be bunched az-
imuthally.

Beam and Lattice Heating
The minimum cooling rate needed for beam crystalliza-

tion corresponds to the intra-beam scattering heating in an
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Figure 1: Particle trajectory of a bunched crystalline beam.
The machine consists of 10 FODO cells with νx = 2.8,
νy = 2.1, and γ = 1.4. Lattice components in each cell
are displayed on the figure: B is a bending section, F and
D are focusing and de-focusing quadrupoles, and RF is the
bunching rf cavity.

-20 -10 0 10 20

x  (ξ)

-20

-10

0

10

20

y
  

(ξ
)

Figure 2: A multi-shell structure with particle positions
projected into the x − y plane (λ = 25γξ−1).

AG-focusing lattice. At any non-zero temperature the beam
absorbs energy and heats up under time-dependent external
forces caused by variations in lattice focusing and bending.
In the high temperature limit, this intra-beam scattering re-
sults in a growth rate proportional to λT−5/2. The peak
heating rate occurs at the temperature of about T ≈ 1 when
the ordering starts to occur, as shown in Fig. 3. Typically,
strong spatial correlation appears in all directions when the
temperature is below T ≈ 0.05. Lattice shear and AG
focusing have similar effects on beam heating. Heating
behavior is similar for both bunched and coasting beams.
Effects of machine lattice imperfection, ion neutralization,
and envelope instability have been studied.
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Figure 3: Typical heating rates as functions of temperature
obtained by MD simulation at various line densities λ.

Cooling Methods
In order to attain a crystalline state, the beam must be

effectively cooled in 3-D with a sufficient speed to over-
come the heating. Both electron and laser cooling pro-
vide high cooling efficiency in the longitudinal direction
but not in the transverse directions. “Sympathetic cooling”
due to intra-beam scattering does produce transverse cool-
ing. Coupling cavities operating on a synchro-betatron res-
onance or regular rf cavities in a dispersive region can pro-
vide effective 3-D cooling [16]. Realization of crystalline
beams requires cooling that provides the ions with constant
angular velocity, rather than constant linear velocity (ta-
pered cooling) [12].

EXPERIMENTAL OBSERVATIONS
Experimental efforts on beam cooling and crystallization

were made at several storage rings including NAP-M [1],
TSR [3], ASTRID [2], ESR [4], CRYRING [5], and S-LSR
[6]. In this section, we review the experimental results and
provide theoretical estimates.

Table 1 lists experimental parameters and observations
of these storage rings. All the experiments were performed
at beam energies below transition (Eq. 1). On the other
hand, every machine violates the crystallization condition
Eq. 2. Furthermore, cooling forces were applied without
a tapering factor (Eq. 3). Therefore, we do not expect the
formation of 3-D crystalline states in these experiments.

With ASTRID and TSR, laser cooling was used to re-
duce the longitudinal temperature to a low level. Even
though the longitudinal temperature could be extremely
low, there was no clear indication of ordering aside from
some anomaly in the longitudinal Schottky signal. With
NAP-M, ESR, CRYRING, and S-LSR, electron cooling
was used to cool the beam three dimensionally. A clear
signature of these experiments was an abrupt drop of the
momentum spread (and the longitudinal Schottky signal
level) of the electron-cooled beam to very low values when
the particle number decreased in the storage ring indicating
possible ordering towards a 1-D chain in the longitudinal
direction even though the transverse temperature may still
be high. Not surprisingly, proton and heavier ion beams
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Table 1: A compilation of experimental parameters and observations at existing storage rings.

NAP-M TSR ASTRID ESR CRYRING S-LSR

Eu [MeV/u] 65.7 2.43 0.00417 400 7.4 7
Circumference 47.25 55.4 40 108.36 51.63 22.557
γ 1.07 1.003 1.00000444 1.43 1.00789 1.00746
γT 1.18 2.96 4.34 2.6 2.33 1.41
Nsp 4 2 4 6 6 6
νx

Nsp
/ νy

Nsp
0.34 / 0.32 1.29 / 1.11 0.66 / 0.28 0.38 / 0.38 0.38 / 0.38 0.27 / 0.2 §

Species Proton 3Be+ 24Mg+ 238U92+ 129Xe36+ Proton
Cooling Method EC LC LC EC EC EC
ξ [µm] 4.61 5.1 21.8 12.7 11.2 4.83
TBx,y / TBz [K] * 50 / 1 - - / 6 1000 / 0.001 10.8 / 57.9 11.6–34.8 / 0.58–1.74 5.7 / 0.31
Tx,y / Tz 13.9 / 0.28 - - / 1.84 1300 / 0.0013 0.001 / 0.005 0.006–0.018 / 0.0003–0.0009 1.67 / 0.09
N0 (anomaly) † 2 × 107 - - 5.5 × 108 1000 1000–10000 2000
N0 (1-D to 2-D) ‡ 6.0 × 106 1.2 × 107 1.2 × 106 7.8 × 106 4.7 × 106 3.3 × 106

Observations Schottky Indirect Schottky 1-D 1-D 1-D
anomaly transverse cooling anomaly ordering ordering ordering

* TBx,y,z: the observed lower temperature limit of the corresponding ion species in the machine.
† N0 (anomaly): the ion number when anomalies in the Schottky signal were observed.
‡ N0 (1-D to 2-D): the theoretical estimate (Eq. 8) of the intensity threshold when the ground state structure changes from 1-D to 2-D.
§ νx/Nsp and νy/Nsp of the S-LSR can be made to be below 0.25 simultaneously.

exhibited similar behaviors.

NAP-M

When the proton beam was electron-cooled to reach a
steady state, the momentum spread of the beam was mea-
sured from the Schottky bandwidth. As the number of pro-
tons N0 in the machine varied from 108 to 2 × 106 [1], the
momentum spread first decreased with the decreasing beam
intensity. However, when N0 was reduced to 2 × 107, the
equivalent momentum spread became independent of the
beam intensity.

MD study [17] indicates that at the intensity of N0 =
2 × 107 the ground state is 3-D. The observed Schot-
tky anomaly thus does not correspond to ordering. In
fact, at intensities higher than the anomaly point the scal-
ing between the momentum spread and intensity indicated
the equilibrium between intra-beam scattering and electron
cooling. At intensities below the anomaly point, the ob-
served constant momentum spread (Schottky signal) could
be due to machine hardware issues [18].

On the other hand, the NAP-M machine lattice is appro-
priate for the formation of 1-D ordered states, should N0

be below about 6 × 106.

TSR

TSR was the first storage ring where longitudinal laser
cooling was applied on an ion beam. Transverse cooling
was achieved indirectly through intra-beam scattering [3].
A drawback of the TSR machine lattice is its low lattice
periodicity. Even though theoretically 1-D or 2-D ordering
(a transversely rotating zig-zag structure with periodicity
of the machine lattice) may be formed [17], in practice the

large phase advance per lattice period makes beam crystal-
lization nearly impossible.

ASTRID

At ASTRID, extremely low (TBz ∼ 1 mK) tempera-
ture was achieved longitudinally through laser cooling [2].
Anomalies in Schottky signal were observed. However, the
transverse temperature was too high to allow the formation
of ordered structures during the experiments. MD studies
indicate that 1-D and 2-D crystals may be formed if trans-
verse temperature is reduced [17].

ESR

Systematic electron cooling studies were performed at
ESR with various types of ion species at different densi-
ties [4]. For highly charged ions (Ar18+ and above), the
momentum spread of the cooled ions dropped abruptly to
very low values when the particle number in the machine
decreased to 10000 and less indicating 1-D ordering in the
longitudinal direction [19].

CRYRING

Ordering phenomena similar to those at ESR were ob-
served at CRYRING [5]. Even though the beam energy is
quite different, both lattice properties and predicted crys-
talline properties are similar.

S-LSR

Among the machines listed in Table 1, lattice design of
the newly constructed and commissioned S-LSR is best
suited for beam crystallization [6]. With the proton beam,
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similar 1-D ordering phenomena were observed: the mo-
mentum spread of the cooled protons dropped abruptly to
very low values when the particle number in the machine
decreased to 2000 and less [20].

The bare transverse phase advance per period of lattice
main magnets can be made to be below 90◦. However, con-
dition of Eq. 2 is rigorously satisfied only if rf cavities,
cooling stations, and deflecting cavities are all placed sym-
metrically.

DISCUSSIONS AND SUMMARY

During the past three decades, both experimental and
theoretical efforts were made in attaining crystalline beams
in storage rings. Experimentally, states of 1-D ordering
were realized using electron cooling on both proton and
heavier ion beams at low density. Higher density, 3-D
crystalline structures were only realized in ion traps; ef-
forts to form 3-D crystalline beams in storage rings have
not been successful. Theoretical approaches based on the
molecular dynamics method and phonon spectrum analysis
at low temperature and beam envelope resonance analysis
at higher temperature were adequate in understanding the
basic experimental findings of most machines (except for
NAP-M case). More comprehensive analysis is needed es-
pecially for the intermediate temperature regime, and on
the modeling of various cooling processes.

Challenges in beam crystallization are to design and con-
struct storage rings with high lattice periodicity and low
transverse phase advance (Eq. 2) to avoid linear reso-
nances, and to implement effective beam cooling that con-
forms to the dispersive nature of the beam (Eq. 3).

Difficulties in attaining crystalline beams are due to the
stringent necessary conditions (Eqs. 1 – 3) originating from
the beam dynamics in a circular accelerator. Attempts were
made to effectively compromise these conditions. For ex-
ample, machine lattices of high or imaginary transition en-
ergy γT were proposed so that high-energy or colliding
crystals may be realized in storage rings of moderate cir-
cumference [21]. Shear-free ring lattices consisting of both
magnets and electrodes were designed at S-LSR so that 3-D
crystalline structures may be formed without using tapered
cooling forces [22].

Ion traps have been used to experimentally simulate fea-
tures of an AG-focusing storage ring [23]. Combination of
a storage ring and an ion trap may simulate the environment
of colliding crystals.

Some fundamental questions remain to be answered.
Crystalline beam corresponds to a new state of matter
of one-component plasma where particles are confined
by a periodic, time-dependent external potential with fi-
nite transverse boundary. Basic condensed-matter physics
of such a system including phase-transition properties re-
mains to be studied.

We thank H. Danared, N. S. Dikanski, D. Habs, J. S.
Hangst, A. Noda, V. V. Parkhomchuk, and M.Steck for dis-
cussions on experimental results at various storage rings.
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