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Abstract 
Beam-beam limit phenomenon is observed in 

degradation of luminosity lifetime and/or beam lifetime in 
hadron colliders. We focus the luminosity degradation in 
LHC. Various effects, which degrade the luminosity, grow 
severe in high beam intensity. Coherent beam-beam 
instability, incoherent beam-beam emittance growth and 
those coupled with lattice errors, external noises, intra-
beam scattering are studied. The beam-beam limit in an 
ideal machine and a machine with above errors is 
discussed with theory and simulation. Experimental 
results are reviewed and compare with the theory and 
simulations. 

INTRODUCTION 
Beam-beam limit in Hadron colliders has been guessed 

very low, because the beam oscillation does not damp 
contrast with lepton colliders. LHC was designed so that 
the beam-beam parameter is 0.0034 per interaction point 
at the design stage. Since starting the operation, 
experiments on the beam-beam effects have been held. 
There are some sign in which the beam-beam tune 
parameter is far larger than the design. We try to 
understand the beam-beam limit in hadron collider, LHC. 
Possible mechanism limit the beam-beam performance is 
investigated; ideal machine, crossing angle, offset, IR 
optics error, IR nonlinearity and external noise in 
collision offset. Incoherent and coherent phenomena are 
studied. 

BEAM-BEAM LIMIT IN HADRON 
ACCELERATORS 

Parameters of Tevatron, RHIC and LHC are 
summarized in Table 1. The beam-beam parameter is 
achieved 0.03 in Tevatron [1]. Tevatron is single ring 
collider, thus 36 bunches collide with other beam at 136 
locations in arc. In LHC, dedicated experiments for a high 
beam-beam parameter have been held, and the beam-
beam parameter 0.034 is achieved without difficulty [2]. 
In RHIC, tune is constrained between 2/3 and 7/10 to 
maintain the proton polarization. They try to confine the 
tune footprint in the constrained area using electron lens 
[3]. 

Understanding the beam-beam limit is very important 
for the design of high luminosity LHC.  

We study the beam-beam limit in LHC. Parameters are 
basically in Table 1, but some of them are E=7 TeV, 
β*=0.55m, ε=2.7x10-10 m rms (γε=2.0μm) and bunch 
population is variable. Though very high bunch 
population is unphysical, we use it as a control parameter 
changing the beam-beam tune shift. 
 

Table 1: Summary of Proton Colliders  

 Tevatron RHIC LHC 

Circumf. (m) 6,283 3,834 26,658 

Energy (GeV) 980 250 3,500 

Emit. (μm) 20(p)/4(pbar) 20 2 

beta* 0.28 0.6 1.0 

Bunch length 
(m) 

0.48 0.6 0.38 

Tune (x/y/z) 20.577/20.570 
/0.0007 

28.67/29.68 
/0.00036 

64.31/59.32 
/0.0019 

Bunch 
population 

2.9x1011(p) 

1.1x1011(pbar) 

1.65 x1011 1.9x1011 

Number of 
bunches 

36 107 1380 

Beam-beam 
parameter 

0.03/2IP 0.005/IP 0.034*/2IP 

Lumi. (cm-2s-1) 4.1x1032 1.45x1032 3.6x1033 

* Beam-beam parameter for LHC is obtained in a dedicated 
experiment [2]. 

INCOHERENT EMITTANCE GROWTH 
Beam particles experience electro-magnetic force 

induced by the other beam. The force is strongly 
nonlinear for the transverse amplitude, because the charge 
distribution of the beam is localized. Betatron amplitude 
of the beam particles increases in the nonlinear force; that 
is, emittance growth arises. This emittance growth is not 
collective, but incoherent phenomenon. The weak-strong 
model, in which independent beam particles move in a 
given potential, is available to study the emittance 
growth. 

Simple Model 
We first study a simple model consists of round beam 

collision and linear arc [4]. 
Beam-beam force for round beam collision is expressed 

by 

      (1) 

 
Arc is approximated by 6x6 matrix transformation in 

this model. Simulation is performed by tracking beam 
particles with repeating Eq.(1) and matrix transformation. 
Super-periodicity 2 is assumed. Breaking the super-
periodicity gives worse results in the most case. 

Figure 1 shows luminosity decrement for the simple 
model. The left plot depicts luminosity evolution in 106 
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turns. The luminosity decrement is estimated by fitting 
the evolution. The right plot summarizes the luminosity 
decrement per turn. The revolution frequency is 109 per 
day in LHC. The decrement ΔL/L0=10-9 corresponds to 
1day luminosity lifetime. The beam-beam limit is very 
high total tune shift ξtot>0.2 for (νx,νy)=(0.31,0.31) and 
(0.31,0.32). Even in (0.28,0.31), it is ξtot>0.1. For the 
equal tune, (0.31,0.31), the beam-beam system is 
approximately one degree of freedom because of β*> σz, 
thus the very high beam-beam limit is not surprising.  

 

 
Figure 1: Luminosity decrement for the simple model, 
which consists of the round beam interaction Eq.(1) and 
linear arc. 

 
To analyze the mechanism of the luminosity 

degradation, the frequency map analysis (FMA) [5,6] is 
performed. The diffusion index is defined by the tune 
fluctuation as 

 
(2) 

Figure 2 shows the diffusion index given by FMA. Left 
and right plots are those in tune space for ξtot =0.06 and 
0.1, respectively. Large fluctuation (~ -4) is seen at x-y 
coupling in the right bottom edge of the pictures.  

 

 
Figure 2: Diffusion index in tune space for the simple 
model. The contour is every 0.5 step, thus the diffusion 
index varies -8 to -4 in these plots. 

 
Figure 3: Diffusion index in the amplitude space (x/σ, 
y/σ) for the simple model. The contour is drawn every 0.5 
step. 

Crossing Angle and Collision Offset 
The crossing angle and collision offset degrade the 

luminosity performance, since they break symmetry of 
the collision. Figure 4 and 5 show the luminosity 
decrement for the crossing and offset collision, 
respectively. The crossing angle is θc/2=143 μrad in half 
angle; θcσz/2σx=0.88. The beam-beam limit (ΔL/L0=10-9) 
is 0.05 for the crossing collision and is 0.06-0.08 for the 
offset collision. 

  

 
Figure 4: Luminosity decrement for collision with or 
without crossing angle, 143 μrad in half angle. 

 

 
Figure 5: Luminosity decrement for collision with 
horizontal offset, 0, 10 and 20% of the beam size. 

 
Figures 6 and 7 show results of the FMA. For the 

horizontal crossing collision, horizontal tune shift is 
smaller than vertical, therefore the strong coupling 
resonance is seen, but the resonance does not contribute 
the emittance growth; (0.31,0.32) is better than 
(0.305,0.32). For both of the crossing and offset 
collisions, 7-th order and 13-th order resonances are seen. 
7-th order resonances are (mx, my)=(7,0), (5,2), (3,4) and 
(1,6), where mxνx + myνy=n. 13-th order resonances arise 
large amplitude, thus it does not contribute to the 
emittance growth.  

Figure 8 shows the phase space plot in x-px for crossing 
and offset collisions. As is expected, 7 islands are seen. 
The diffusion index and resonance width is similar for 
crossing and offset collisions, while the emittance growth 
rate for the crossing collision is stronger than that of the 
offset collision. We discuss the difference in the 
subsection of the synchrotron motion. 
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Figure 6: Diffusion index for the crossing collision. Left 
and right pictures are drawn for the bare tune (0.31,0.32) 
and (0.305,0.32). The contour is every 1 step, thus the 
diffusion index varies -8 to -3 in these plots. 
 

          
Figure 7: Diffusion index for offset collision of 20% σ. 
Left and right pictures are drawn in tune and amplitude 
spaces. The contour is every 1 step, thus the diffusion 
index varies -8 to -3 in these plots. 
 

 
Figure 8: Phase space (x-px) plot for the crossing (left) 
and offset (right) collision. 
 
   The resonances are studied by Taylar map analysis. The 
map is factorized by  
 

(3) 
where M is linear map including linear beam-beam tune 
shift, and H is nonlinear map higher than 3rd order 
polynomials. H is expressed by the action variables, Ji and 
φi, i=x,y. Fourier component is defined by 

 
(4) 

Taylar map for the crossing collision up to 12-th order is 
obtained and the Fourier component is given as follows, 

 
 

 

(5) 

 
 

 
(6) 

 
 
 

 
 

 
(7) 

 
 

 
 

 
(8) 

 
 

 
 

 
(9) 

 
 

The resonances in amplitude space and their width are 
given by 

 
(10) 

and 

                          (11) 
where 

 
 
Figure 10 shows the resonance lines in the amplitude 
space. The lines well agree with the FMA result in Figure 
7.  
 

 
Figure 10: Resonance lines in the amplitude space given 
by Taylar map analysis. 

Synchrotron Motion 
Figure 11 shows the luminosity evolution with and 
without synchrotron motion. The decrement strongly 
depends on the synchrotron motion [4]. Figure 12 shows 
the luminosity decrement as a function of the beam-beam 
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parameter for crossing and offset collision. Both are 
similar results. The decrement contrasts with that with 
synchrotron motion in Figure 4. 
 

 
Figure 11: Luminosity evolution for the arc transforma-
tion with or without synchrotron oscillation. 

 
Figure 12: Luminosity decrement for offset or crossing 
collision at νs=0.  

IR coupling, dispersion and chromaticity 
x-y coupling and dispersion at IP strongly degraded the 

luminosity performance in a flat beam collision, for 
example in KEKB. The effect is weak for LHC, because 
of the round beam. Some simulation results are seen in 
Ref. [7]. 

IR Nonlinearity 
The final triplet in the interaction region The 

quadrupole magnets are located at very high beta section. 
The dynamic aperture is mainly limited by the 
nonlinearity of the IR magnets. We use IR model [8] for 
the beam-beam simulation.  Figure 13 shows that the 
nonlinearity degrades luminosity at high beam-beam 
parameter ξ>0.1. FMA analysis shown in Figure 14 
indicates 10-th order resonances (1,9), (3,7), (5,5), (7,3) 
and (9,1). 

Beam Loss Due to Long Range Beam-Beam 
Force 

The dynamic aperture of the IR model roughly 
reproduces that of whole ring. Beam loss due to long 
range beam-beam force can be simulated using the IR 
model as is presented in this talk.  

 

 
Figure 13: Luminosity decrement for linear arc and 
nonlinear IR. 

 

 
Figure 14: Diffusion index for IR model.  θc/2=0(left) and 
143 μrad (right). 

Incoherent Emittance Growth in a Strong-
Strong Simulation 

The emittance growth has been studied also using a 
strong-strong simulation code, named BBSS. The 
simulation is performed for the number of macro-
particles, 106 and 2x106. Statistics of macro-particles 
induces an offset fast noise, which results artificial 
luminosity decrement. Degradation (difference) due to a 
static collision offset (10%) in Figure 5 is seen. 

 
Figure 15: Luminosity decrement by a strong-strong 
simulation.  

COHERENT INSTABILITY 
Coherent instability is studied by the strong-strong 

simulation (BBSS). Keeping horizontal tune, vertical tune 
is scanned.  Luminosity degradation is seen at near 
integer, half-integer and 59.36. The instability ~59.36 is 
enhanced by collision offset. Frequency spectra near 
νy~0.36 are shown in Figure 17. Clear signal for the mode 
coupling between dipole π mode and quadrupole mode is 
seen [9]. 

 

 
Figure 16: Luminosity degradation scanning tune. 

NOISE 

Coherent Random Noise for Collision Offset 
Fast noise in collision offset degrades the luminosity 

performance. The strong-strong simulation showed 
emittance growth due to the macro-particle statistics, 
though it is artifact. The offset collision induces a small 
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coherent motion. Damping or smearing of the coherent 
motion results in an emittance growth [10,11,12]. The 
growth rate is expressed by [11] where K=0.089, and G is 
damping rate of the coherent motion. 

     (12) 
In the analytic theory, the beam-beam system is assumed 
approximately solvable.   

Figure 18 shows luminosity decrement for the noise 
amplitude. Left and right plots are without and with 
crossing angle. The decrement is quadratic for the noise 
amplitude and scale for ξ2. The simulations give 
K~0.023-0.4 for G=0-1. In the simulation, offset noise is 
turn-by turn, that is, G=1 for the strong beam, while G=0 
for the weak beam. Figure 19 shows luminosity 
decrement as a function of the beam-beam parameter 
under an offset noise. The tune shift is reduced to 70% for 
the crossing collision. The luminosity decrement for noise 
is independent of the crossing angle. At higher beam-
beam parameter >0.05, the luminosity decrement due to 
crossing angle is dominant. 

 

 

 
Figure 17: Frequency spectra for <y> and <y2>. The four 
plots depict the spectra for tunes, 0.34, 0.36, 0.38 and 
0.40. 

 

 
Figure 18: Luminosity decrement for noise amplitudes. 
 

 
Figure 19: Luminosity decrement as a function of the 
beam-beam parameter under an offset noise. 

Incoherent Noise Due to Intra-Beam Scattering 
Emittance growth due to intra-beam scattering (IBS) is 

105 h and 63 h for the horizontal and longitudinal, 
respectively, in the nominal LHC [13]. The transverse 
emittance and bunch population in the nominal are 
5.0x10-10 and 1.15x1011, respectively. The horizontal IBS 
growth rate is approximately proportional to the particle 
density in the six dimensional phase space. The growth 
time is 40 h for ξtot=0.02 in this paper (ε=2.7x10-10 and 
Np=1.63x1011). The fluctuation is δx/σx=5.5x10-5 for 
ξtot=0.05 (16h). The luminosity decrement is determined 
by geometrical emittance growth δL/L=1/2 δx2/σx

2 for 
incoherent noise. 

SUMMARY 
We discuss the beam-beam limit in LHC with every 

possible mechanism. The results show a hurdle ξtot ~0.05 
for offset or crossing. They are consistent with 
experimental result at the present. 
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