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Abstract

The EMMA non-scaling Fixed Field Alternating Gradi-

ent accelerator is a ring consisting of 42 quadrupole pairs

[1]. The dipole fields that guide particles around the ring

are produced by offsetting the quadrupoles from a reference

axis. In the ideal case, first-order 4D transfer maps will de-

scribe the progression of particles in transverse phase space.

This contribution describes the use of experimental data to

calculate the 4D transfer map for EMMA at several different

momenta, and makes comparisons with the maps produced

through simulation.

ESTIMATION OF TWISS PARAMETERS

Measurements made in EMMA with one of the beam po-

sition monitors (BPM) show a betatron oscillation that de-

cays within tens of turns [2]. The cause of the observed

decay is decoherence. All of the particles within a bunch

that is injected with some transverse offset from the closed

orbit position can initially be described as being at the same

phase of betatron oscillation. The chromaticity of the lattice

coupled with momentum distribution of the bunch leads to

the particles having a range of phase advances per turn. As

the particles move out of phase with one another, the mean

location of particles within the bunch (as is measured by a

BPM) will tend towards the closed orbit.

The rapid decoherence of a particle bunch within EMMA

adds difficulty in measuring the Twiss parameters. An ap-

proach developed for estimating the Twiss paramaters first

involves applying a rotation to the measured phase space

variables at the nth turn, such that

gn = eiΨn fn , (1)

where Ψn is the mean total phase advance of particles

within a bunch since turn zero, and fn are the normalised

phase space coordinates,

fn = ŷn + i p̂y,n ,

where ŷn and p̂y,n are found as

ŷn =
yn

√

βy
,

p̂y,n = py,n

√

βy +
αy yn
√

βy
. (2)
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The coordinates yn and py,n of the bunch centroid can be

expressed in a way that takes into account the momentum

distribution of a bunch:

yn =

√

2βy Jy

∫ 1/2ξy

−1/2ξy

cos(Ψn + ψn (δ) + φ0)Φ(δ)dδ,

py,n = −

√

2Jy

βy

∫ 1/2ξy

−1/2ξy

(αy cos(Ψn + ψn (δ) + φ0)

+ sin(Ψn + ψn (δ) + φ0))Φ(δ)dδ,

with Jy being the action of the bunch (assumed the same for

all particles in the bunch), ξy the chromaticity of the lattice,

ψn (δ) being the difference in total phase advance between

a particle at the mean momentum (P0) and a particle with a

fractional offset of momentum from the mean (δ = ∆P/P0).

φ0 is the initial phase of the betatron oscillation, and Φ(δ)

is the momentum distribution of the bunch.

By taking the ratio of the imaginary to real parts of gn ,

ℑ(gn )

ℜ(gn )
= −

∫ 1/2ξy

−1/2ξy
sin(ψn (δ) + φ0)Φ(δ)dδ

∫ 1/2ξy

−1/2ξy
cos(ψn (δ) + φ0)Φ(δ)dδ

and given that

∫ 1/2ξy

−1/2ξy

sin(ψn (δ))Φ(δ)dδ = 0,

when the momentum distribution,Φ(δ), is symmetric or the

total number of turns is small, then the ratio of imaginary

to real parts of gn should be constant with respect to turn

number and given by

ℑ(gn )

ℜ(gn )
= − tan(φ0). (3)

Experimentally, two BPM’s separated by only a drift space

can be used to obtain yn and py,n of a bunch centroid and

applying the NAFF [3] correlator to the measurements from

a single BPM can be used to find the modal phase advance

per turn, µy , with good precision using several tens of data

points. For calculating the normalised phase space coordi-

nates of Eq. 2, values of αy and βy found through simula-

tion can be used as initial estimates. If the simulated Twiss

parameters match the experimental parameters, then apply-

ing Eq. 3 will return a value that is independent of n, oth-

erwise, a fitting routine that seeks to minimise the standard

deviation of gn over a number of turns and has αy and βy
as free parameters can be used to locate experimental esti-

mates of the Twiss parameters at the locations of the BPMs.
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Figure 1: Experimentally measured betatron tune repre-

sented by points, whilst solid lines give tunes found by

tracking through a fieldmap. The source of the difference

between experimental measurement and simulation for the

horizontal tune is still to identified.

4D MAP CALCULATION

A 2D transfer map may describe the linear progression of

a particle’s phase space coordinates along a transverse axis

following one revolution in the accelerator. The map can be

written in matrix form as:

M =

(

cos µy + αy sin µy βy sin µy
−γy sin µy cos µy − αy sin µy

)

.

In the absence of coupling between transverse planes, the

Twiss parameter and tune measurements alone can be used

to calculate the 4D transfer map. The EMMA lattice, which

consists of 84 quadrupole magnets that are positioned in de-

focusing/focusing pairs around a 16 m circumference, has

transverse magnet alignment errors (from survey) of 25-

50 µm and is anticipated to have magnet rotation errors of a

standard deviation up to 100 µrad. The rotational alignment

errors will give non-zero values in the coupling terms of the

4D map. Applying the methods described in the previous

section allows for a 4D transfer map without coupling terms

to be determined.

For the purpose of comparison with experimental results, a

field map model of an EMMA cell has been computed using

the Opera design suite [4]. The variation of the Twiss pa-

rameters along the length of the cell and the cell tunes have

been calculated using the Zgoubi tracking code [5]. Fig-

ure 1 shows that field map tracking yields vertical tunes that

are consistent with existing experimental measurements [1],

however differences between the simulated and experimen-

tal horizontal tune are still to be explained. Marked on a

plot of β vs. longitudinal cell position (Fig. 2) is the po-

sition of a reference BPM at which the Twiss parameters

will be measured experimentally, BPMs at this location are

separated from a second BPM by only a drift space in 17
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Figure 2: Horizontal (black) and vertical (red) beta func-

tion with respect to longitudinal position in an EMMA cell

for an electron of momentum 15 MeV/c. The blue rectan-

gles mark the position of the defocusing (left) and focusing

(right) quadrupoles, whilst the black dashed line marks the

position of the reference BPM.

of EMMA’s 42 cells. Two BPMs configured as such allow

for the transverse momentum, py , of a bunch centroid to be

calculated as

py,n ≈
y

(2)
n − y

(1)
n

L
,

where y
(1)
n and y

(2)
n are the transverse positions of the bunch

centroid at BPMs 1 and 2 respectively and L is the length

of drift space separating the BPMs.

The momentum dependence of the Twiss parameters at the

location of the reference BPM has been found through sim-

ulation, and is shown in Figs. 4 & 5.

PRELIMINARY INVESTIGATION OF

COUPLING

Rotational misalignment of quadrupoles should be the

dominant source of coupling between transverse axis in the

EMMA accelerator. Analysis of the betatron frequencies

found within BPM data combined with simulation studies

may give insight into the magnitude of the rotational errors.

As an example, experimental data taken for 17.6 MeV/c

particles is considered. During measurements, the bunch

centroid was oscillating with amplitudes of approximately

4 mm and 2 mm along the vertical and horizontal axis re-

spectively at the position of the reference BPM. Figure 3

is a plot of the intensity of the NAFF correlator vs. beta-

tron tune; it can be seen that a second (smaller) peak exists

in the horizontal frequency spectrum at a frequency corre-

sponding to that of the vertical tune. Analysis of data at 5

further BPMs located at the same position with respect to

the quadrupole magnets but in different cells produced the

same result, implying that misalignment of the BPM was

not the main contributing factor. Preliminary simulations
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Figure 3: Intensity of the NAFF correlator vs. betatron tune.

The second peak in the horizontal plot is potentially indica-

tive of coupling between the transverse axes. The second

peak being present for horizontal and not vertical data may

be explained by the larger amplitude of the vertical oscilla-

tion; this has been reproduced by simulation, however fur-

ther analysis is required.

carried out using a hard edge representation of EMMA in-

dicate that in order to produce coupling to the extent of that

suggested by Fig. 3, then rotational alignment errors with

a standard deviation at least an order of magnitude higher

than the anticipated 100 µrad are required.

RESULTS & CONCLUSIONS

Calculation of the Twiss parameters based upon experi-

mental data has been carried out for four momenta, with

a number of injection cycles analysed for each momentum

in order to obtain a statistical error on the results. Figures 4

and 5 show the values of the Twiss parameters gained exper-

imentally and their associated errors as well as the values for

the Twiss parameters found through simulation. These pre-

liminary results show that the measured Twiss parameters

are consistent with those found by tracking through a field

map, whilst comparison of the measured betatron tune with

the field map values indicate that further work is required

to understand differences in horizontal tune.

More work is also required to better understand coupling

in EMMA; Figure 3 and simulation suggest that coupling

coefficients in the 4D map will be larger than first expected.
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Figure 4: Twiss parameter α against particle momentum.

Solid line gives the relationship obtained by tracking parti-

cles through a field map model, points are from experimen-

tal measurement in EMMA.
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Figure 5: Twiss parameter β against particle momentum.

Solid line gives the relationship obtained by tracking parti-

cles through a field map model, points are from experimen-

tal measurement in EMMA.
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