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Abstract

Non-axisymmetric superconducting RF cavities have been

widely used in accelerator facilities. Because of the geome-

try, electric and magnetic multipole components, including

steering terms, quadrupole terms, and higher order terms,

would arise and have potential effects on beam dynamics.

In this paper, we start with a simple linac periodic structure

to study the effects of higher order terms. The action is

defined as a figure of merit to quantify the effects. After

that, we move to a more realistic situation of FRIB linac seg-

ment 1 (LS1). Multipole terms of quarter wave resonators

(QWRs) are firstly calculated using multipole expansion

scheme. Then, the scheme is tested using the FRIB linac

lattice with QWRs, and the effects of higher order terms on

FRIB LS1 are estimated.

INTRODUCTION

The non-axisymmetric geometry of the superconducting

RF cavities would produce all kinds of multipole compo-

nents. In 1992, Marco Cavenago firstly described dipole and

quadrupole terms in a non-axisymmetric QWR [1]. Then,

Alberto Facco came up with an analytical approach to calcu-

late steering terms in 2001 [2]. Later works [3–5], based on

the idea of field multipole expansion, made several attempts

to study the cavity multipole components under different

scenarios. Even though efforts have been made to extract the

higher order terms by multipole expansion, the beam dynam-

ics effects coming from it have never received systematic

study. In this paper, we are going to develop a systematic

scheme to estimate beam dynamics effects coming from

multipole components, and the scheme is then applied to

FRIB LS1.

FIGURE OF MERIT

It is well known that the particle action, described in Eq.1,

is a constant for a linear lattice with no error.

J =
1

2β
[y2
+ (βy′ + αy)2]. (1)

The transformation between action-angle coordinate sys-

tem and x-x’ phase space coordinate system is decribed in

Eq.2. It can be easily found out that, the beam envelope of a

beam bunch can be determined by the beta-function and the

maximum particle action.

⎧⎪⎨⎪⎩
y =

√
2βJ cosψ

y
′
= −
√

2J
β

[sinψ + α cosψ]
(2)
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Therefore, particle action can be chosen as the figure of

merit [6–8].

ACTION KICK FOR SINGLE HIGH

ORDER TERMS

Particle action is a constant for perfect linear lattice, how-

ever, when a non-linear high order kick occurs, particle

action changes. The action kick coming from high order

terms can be estimated by Eq.3 [7], where J represents par-

ticle action, B0ρ is the magnetic rigidity. Bre f and R0 are

reference magnetic field and radius. n is the multipole order.

an is multipole coefficient, which can be both normal term

or skewed term.

ΔJx,y

Jx,y
∼ (2J)

n−1
2

4πB0ρ

Bre f

R
n
0

∫
an β

n+1
2

x,y (3)

Subsequently, we take the specific example of sextupole

to derivate the maximum action kick. Assume the sextupole

kick is small, and take horizontal direction as an example,

we can get Eq.4:

ΔJx ∼
√

2βx Jx sinψx · g2(2βx cos2 ψx − 2βy Jy cos2 ψy )

≤ 2
√

2β
3
2
x J

3
2
x g2 sinψx cos2 ψx

(4)

Furthermore, we test Eq.4 using a simple lattice, which

can be seen in Fig. 1(a). A sextupole kick is induced at

4.28 m with strength g2 = 0.05. The red-plus line indi-

cates the predicted maximum action after sextupole kick,

which agrees pretty well with particle tracking result. Fig.

1(b) shows the predicted maximum action kick vs sextupole

strength. Blue line is the result coming from 10000 particle

tracking. The green star is the result coming from the model.

We can see that, two results agree with each other pretty

well.

ACTION KICK FOR MULTIPLE HIGH

ORDER TERMS

Reference [7] has pointed out that, if phase advance can

be neglected, multiple high order terms, after scaled by β-

function, can be added up directly. However, in a supercon-

ducting linac, higher order multipoles caused by RF cavities

would usually separate with each other by a certain phase

advance. As a result, high order terms would not cancel out

even with same absolute value and opposite sign.

We derive the formulism for multiple high order kicks

separated by a non-negligible phase advance. We start with

magnetic field and electric field can be treated similarly.

We’ll still based on the idea of small kick approximation and
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(a) (b)

Figure 1: (a) Action plot of the beam with single sextupole

kick. (b) Maximum action kick vs sextupole strength, com-

parison between model and particle tracking.

expand action change to first order of momentum change.

The momentum change can be expressed as Eq.5:

⎧⎪⎨⎪⎩
Δx
′
= − 1

Bρ

∫
Byds

Δy
′
=

1
Bρ

∫
Bxds

(5)

Where Bx and By can be expressed in multipole form as

Eq.6:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

By =

[
bn
∑n

k=0,even
(−1)

k
2 C

n
k

x
n−k

y
k

−an

∑n
k=1,odd

(−1)
k−1

2 C
n
k

x
n−k

y
k
]
B0

Bx =

[
bn
∑n

k=0,odd
(−1)

k−1
2 C

n
k

x
n−k

y
k

+an

∑n
k=0,even

(−1)
k
2 C

n
k

x
n−k

y
k
]
B0

(6)

Using action-angle coordinate system and assuming simi-

lar β-function and action for horizontal and vertical direc-

tion, and assuming slow change of β-function, we then ob-

tain Eq.7 to calculate action change from one of the multiple

high order kicks:

ΔJx,y

Jx,y
= 2

n+1
2 gn β

n+1
2

x,y J

n−1
2

x,y sinψx,yΦ(ψx ,ψy ) (7)

Where gn is the multipole strength defined as gn =

∓ B0Le f f

Bρ
an or gn = ∓ B0Le f f

Bρ
bn , minus sign is for horizontal

magnetic field case and plus sign is for vertical magnetic

field case. Φ(ψx ,ψy ) is a phase factor. We can see that the

single multipole kick scaling law is compatible with Eq.3.

The total action kick caused by number of m multipole

kicks can be calculated by adding up action kick calculated

using Eq.7 at each multipole position. If the lattice we are

interested in satisfies certain conditions, we can further sim-

plify the result into Eq.8. The conditions are, beta value at

each multipole position is similar; horizontal and vertical

β-function and beam emittance are similar.

ΔJtot

Jx,y
= 2

n+1
2 β

n+1
2

x,y J

n−1
2

x,y

m∑
i=1

g
(i)
n sinψ (i)

x,yΦ(ψ (i)
x ,ψ

(i)
y ) (8)

(a) (b)

Figure 2: (a) Action plot of beam with ten sextupole kicks.

(b) Maximum action kick calculated by model and particle

tracking for different cases.

The total action kick can be maximized by maximizing

the sum factor in Eq.8 by choosing proper initial phases ψ
(1)
x

and ψ
(1)
y .

The scheme is then tested on a simple lattice. Result of

one case of 10 distributed sextupole kicks can be seen in

Fig. 2(a). The maximum possible action kick is predicted

by model and plotted as the magenta-plus line. As shown

in Fig. 2(a), the action tracking result coming from 10000

particles is well-bounded by the model prediction value.

Subsequently, we studied additional cases. The maximum

action kick predicted by the model is benchmarked with

particle tracking as is shown in Fig. 2(b). X axis is case

number, 50 random sextupole kicks sets are generated and

maximum action kick is predicted both by model (green star)

and and 20000 particle tracking (blue line). We confirm that

Eq.8 is a good metric to predict maximum action kick for

multiple high order terms.

THE RESONANCE CONDITION

Considering the worst situation when all high order kicks

described in Eq.7 have the same sign and the same value,

the total action kick is still finite. We can then define the

resonance-safe threshold as Eq.9.

gn <
Pmax

mC
2−

n+1
2 β

− n+1
2

x,y J
− n−1

2
x,y (9)

Where gn is the threshold multipole strength, Pmax is a

design value determining how much percentage of action

growth we are allowing. m is the multipole kick number

distributed along the whole linac, C is the maximum value

of phase factor sinψx,yΦ(ψx ,ψy ). β and J represent β-

function and action respectively.

Eq.9 can be an easy and useful metric to determine if a

multipole component can be a threat to beam dynamics or

not.

APPLICATION TO FRIB LINAC

SEGMENT

FRIB, a new national user facility, funded by the U.S.

Department of Energy, is now under construction at MSU [9].
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(a) (b)

Figure 3: (a) Electric multipole streghth curve. (b) Magnetic

multipole streghth curve.

We choose FRIB linac segment 1 (LS1) as an example and

use the above scheme to estimate the high order effects on

beam dynamics.

Cavity Field Multipole Expansion

We use the scheme developed in reference [3] to handle

this problem. It is usually enough to use traditional multipole

components derived from a 2D Laplace equation to do higher

order term estimation. We can do the field multipole expan-

sion for each discrete transverse plane of electromagnetic

field along longitudinal direction and plot out the multipole

strength curve as can be seen in Fig. 3.

Multipole Kick Effects Estimation

To estimate gn , contribution from both magnetic multi-

poles and electric multipoles should be added.Because the

electromagnetic field is time varying, the time-of-flight effect

should be taken into account as is described in reference [3].

For a single cavity, gn can be estimated using Eq.10:

g
tot
n =

[
q

γβ2Es
E0Le f f an (T cos φ0,E − S sin φ0,E )

]
E

∓
[

1
Bρ

B0Le f f bn ((T cos φ0,B − S sin φ0,B)

]
B

(10)

Subscript E means electric component and subscript B

means magnetic component. E0Le f f an (B0Le f f bn ) is the

integrated multipole electic (magnetic) voltage. T and S are

transit time factors. Similar formula can also be derived

with skewed electric terms bn and magnetic terms an .

Using the multipole components drawn in Fig.3, we can

calculate the sextupole strength and octupole strength of

FRIB 0.085 QWR, which can be seen in Fig. 4. After that,

we can use Eq. 9 to estimate the level of effects of high

order multipoles on the beam. We take the real parameter

coming from FRIB LS1. We pick Pmax = 0.01, m = 88,

C = 0.3. The average βx,y of LS1 is 1.7 m, the average Jx,y

of LS1 is 7e-6 m, for sextupole where n = 2, the resulting

estimation g2,e = 2e − 8(rad/mm
2), for octupole where

n = 3, the resulting estimation g3,e = 5e − 9(rad/mm
3).

We can see that both g2,est i and g3,est i are at the similar

level of calculated g2 and g3 plotted in Fig. 4. That means,

(a) (b)

Figure 4: (a) Sextupole strength vs β. (b) Octupole strength

vs β.

even if at resonance, when all sextupole and octupole effects

are added up, the total action (or emittance) growth would

still be around 1% level.

CONCLUSION

A scheme based on action kick to estimate the effects

of superconducting RF cavity multipole components on

beam dynamics is established. The scheme starts with sin-

gle multipole kick, and then is extended to multiple high

order kicks.Then, an easy scheme of estimating multipole

effects using resonance-safe threshold is setup. After that,

the scheme developed above is applied to estimate the ef-

fects of high order terms on FRIB. Multipole components

of 0.085 QWR are extracted. The resonance-safe threshold

for sextupole and octupole of FRIB LS1 are estimated and it

is confirmed that even at worst case when all sextupole and

octupole effects are added up, the total action (or emittance)

growth would around 1% level.
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