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Abstract

Interaction of the charged particle with finite length pe-

riodic structure is considered to estimate the long range

wakefield effects in the constant impedance periodic de-

flecting structure for the special bunch diagnostic. In each

structure passband there is a narrow zone with three modes,

effectively interacting with the particles. To separate these

modes, both frequency domain and time domain simula-

tions are considered and compared.

INTRODUCTION

To describe long range wakefield effects for the m−th

mode of the cavity, both longitudinal and transversal, loss

factor kl
m and kick factor kt

m are used.

kl
m =

|
∫ L

0 Ezm(r = 0, z)e
iωm·z

c dz|2

4Um
, (1)

kt
m =

|
∫ L

0
Ezm(r = re, z)e

iωm·z

c dz|2

4r2
eUm

where Ezm(r, z), ωm and Um are the distribution of z com-

ponent, the frequency and the stored field energy of the m-

th mode. For more details and explanations one can see [1],

for example.

To estimate effects in a wide frequency range, one should

either simulate frequencies and fields distributions in the

structure, or directly simulate wakefields of the short bunch

in the long structure. Below we consider some particular-

ities of the long range wakefields in the periodic structure

with finite number of periods.

PARTICLE INTERACTION WITH FINITE

LENGTH PERIODIC STRUCTURE

For the traveling wave in the infinite periodic structure

each field component can be represented in complex for

and expanded in a series of spatial harmonics:

Efj(r, z) = ℜEj(r, z) − iℑEj(r, z) = (2)

=

p→+∞∑
p→−∞

ajp(r)e
−i(Θ0+2pπ)z

d , 0 ≤ Θ0 ≤ π.

where d is the structure period, Θ0 is the phase advance

per period. Suppose the structure has a finite number of

periods N and appropriate (half cells) terminations. For

the standing wave a discrete set of possible phase advance

∗ paramono@inr.ru

Θm = mpi
N , m = 0, 1, ..., N is possible and the field distri-

bution can be described, [2], as:

Esjm(r, z) =

p→+∞∑
p→−∞

2ajp(r)cos(
(Θm + 2pπ)z

d
) (3)

with the same coefficients ajp(r) as in appropriate traveling

wave representation (2). For such field representation of

the standing wave let us consider the weighting function

S(Θmp), Θmp = Θm + 2pπ, which describes interaction

of relativistic β = 1 particle with p-th spatial harmonics in

the field expansion (3):

S(Θmp) =

∫ L

0

cos(
Θmpz

d
)e

iωmz

c dz = (4)

=
1

2
{
eiL( ωm

c
+

Θmp

d
) − 1

i(ωm

c +
Θmp

d )
+

eiL( ωm
c

−

Θmp

d
) − 1

i(ωm

c −
Θmp

d )
}.

The functions ℜS(Θ), ℑS(Θ) and |S(Θ)| are plotted in

Figure 1: The functions ℜS(Θ), ℑS(Θ) and |S(Θ)| for the

first monopole passband of the LOLA IV deflecting struc-

ture, N = 46

Fig. 1 for the first monopole passband of the LOLA IV [3]

deflecting structure.

The maximal value ℜS(Θs)max = |S(Θs)|max = L
2 =

Nd
2 corresponds to the synchronous interaction ωm

c = Θs

d
and linearly increases with the increasing number of cells

in the structure. The width of the main peak |S(Θ)| (the

distance in Θ between points |S(Θ)| = 0 is dΘ = 4π
N and

for longer structure the main peak is narrowed. Because

the separation between standing wave modes at Θ axis is

of π
N , all time three or four modes belong to the main peak.

The adjacent peaks in |S(Θ)|, see Fig. 1, are placed at the

distance δΘ = ± 3π
N with respect to the main peak Θ = Θs.

The width of adjacent peaks is 2π
N - twice less, as compared

to the width of the main peak. The maximal values of the
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adjacent peaks are |S(Θs ± δΘ)| = Nd
3π and also linearly

rise with the increasing number of cells in the structure.

But, with respect to the main peak, the adjacent peaks are

lower in 1.5π ≈ 4.7 times. In the expression for kl
m, kt

m

the values (1) the weighting function S(Θ) is in the sec-

ond power and all modes, which do not belong to the ± 2π
N

vicinity of the synchronous point, will have at least one or-

der lower kl
m, kt

m values.

In the interaction of the particle with the field in the pe-

riodical structure the synchronism has the effect of a band

pass filter - only three modes with the phase advance Θm =
Θs ±

2π
N in the vicinity of the synchronous point can have

a significant kl
m, kt

m values.

One can directly check with (4), that total loss or kick fac-

tor of modes owned by the main peak, is approximately

twice as for synchronous interaction, regardless to the pre-

cise modes position with respect Θs,
∑

kl,t
m ≈ 2kl,t

s .

FREQUENCY DOMAIN APPROACH

The method, essentially based on the properties of the

structure periodicity, was developed to estimate in the wide

frequency range kl
m and kt

m values of the Transverse De-

flecting Structure (TDS) for special beam diagnostic in the

European XFEL. XFEL TDS has sections of the constant

impedance deflecting structure with N = 16 and N = 46.

The TDS prototype for N = 14 is considered in [4].

At first, considering only one period of the structure, we

simulate with traveling wave regime in wide frequency

range frequencies ωn and complex fields distributions Ezn

of all modes for the reference set of the phase advance

Θn = nπ
N1

, n = 0, 1, ..., N1. To simplify simulations, sym-

metry properties of the structure should be used actively.

Defining for the m-th mode three intermediate functions,

Iee,eo,oo
m (Θn) =

∫ d/2

0

ℜEzmcos

ℜEzmsin

ℑEzmsin

(
ωmz

c
)dz, (5)

and taking into account (3), we can express the integral in

(1) as:

kl
m

UM
= (

Iee
m (Θm){1 + (−1)mcos(Nφm) + 2Scc

m}

Um
+ (6)

+
Ieo
m (Θm)(−1)msin(Nφm) − 2Ioo

m (Θm)Sss
m

Um
)2 +

+(
Iee
m (Θm){(−1)msin(Nφm) + 2Scs

m}

Um
+

+
Ieo
m (Θm){1 − (−1)mcos(Nφm)} + 2Ioo

m (Θm)Ssc
m

Um
)2

where the coefficients

Scc,cs,sc,ss
m =

N−1∑
n=1

cos

cos

sin

sin

(nΘm)

cos

sin

cos

sin

(nφm) (7)

are discrete analogs of the weighting function S(Θmp) in

(4) with the same filtering properties. The intermediate

functions in (5) are slow functions of the phase advance

Θn and for intermediate Θm values one can apply smooth

interpolation. Similar expression can be obtained for kick

factor values kt
m, (1).

The relation (6) describes the general case of interaction.

In the case of synchronism this formula is more simple:

kl
mmax

=
N2(Iee(Θs) + (−1)nbIoo(Θs))

2

Um
, (8)

where nb = ωsπ
ω0Θ0

is the number of Brillouine zone for syn-

chronous particle - wave interaction. The relation (8) pro-

vides also the upper estimation for kl
m, kt

m values in each

passband of the structure.

The results of this method were compared with kl
m, kt

m val-

ues, obtained from the direct frequencies and fields distri-

bution for the lowest monopole and dipole passbands in

TDS sections with N = 16 and N = 46 and one can see

comparison in Fig. 2.

The method has been applied to estimate kl
m, kt

m values

Figure 2: The loss factor kl
m values calculated from direct

field distributions simulations (blue) and from field recon-

struction (magenta) for the TDS with N = 16 cells (a) and

N = 46 (b). The green triangles are for the full end cell

terminations.

in the XFEL TDS sections and results to be published in

details in another papers. For example, in Fig.3 the TDS

dispersion diagram for monopole modes in wide frequency

range.

The frequency resolution of our method doesn’t depend

Figure 3: The diagram of interaction for the particle v = c

with monopole modes in the TDS XFEL structure.

both on the structure type and number of cells in the struc-

ture. All time for each passband three or four modes are

allocated with maximal kl
m, kt

m values for this passband.
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TIME DOMAIN SIMULATIONS

For more confidence, the special set of simulations with

our method has been performed for LOLA IV structure and

results for N = 104 were compared with results of time

domain simulations [5].

In Fig. 4 the longitudinal wake potential, calculates with

PS CST [6] for Gaussian bunch with σ = 6mm is shown

at the distance s = 500m for the LOLA IV structure

with N = 16. One can clearly see the beating with

the length λb ≈ 25m, corresponding to the frequency of
c

λb
≈ 12MHz. It is exactly the frequency difference be-

tween neighbor modes at the first monopole passband in

LOLA IV for N = 16 in the vicinity of synchronous point

Θs ≈ 96o. In general case the modes separation in fre-

quency for vicinity of synchronous point is δω =
ωsβgπ
NΘs

,

where βg is the group velocity.

To extract the wake impedance from wake potential with

the Fourier transform, highlighting the contributing modes,

transform resolutions should be much better than δω.

To extract contributing modes reliably, the wake poten-

Figure 4: The longitudinal wake potential in LOLA IV

structure (N = 16) at the distance of 500 m.

tial should be calculated at the distance s > 2πc
δω ∼ cNΘs

πfsβg
.

Another case the information in wake potential is not suf-

ficient for reliable modes separation. In Fig.5 the plots

are shown for wake impedance, extracted with sufficient

Fourier transform resolution from longitudinal wake poten-

tial, calculated at the distances 5m, 25m and 50m.

With simulations at short distance with time domain

approach one get the total value of the wake impedance

for the total passband, without separation to contributing

modes.

SUMMARY

In the interaction of particle with finite length periodi-

cal structure at the phase advance scale in each structure

passband there is the zone of effective interaction in the

vicinity of synchronous interaction. The width of this zone

decreases with increasing number of periods in the struc-

ture, but all time four or three modes at each passband be-

long to such zones. The total value of loss or kick factors

for modes owned by each such zone is approximately twice

as for synchronous interaction, regardless to precise modes

Figure 5: The calculated wake impedance of monopole

modes in LOLA IV structure for simulations s = 5m, 25m

and 50m, N = 16

placements inside zone.

Frequency domain approach, essentially use periodicity

properties of the structure, developed to estimate long

range wakefields of the structure. The method resolution

doesn’t depends on the structure type and number of peri-

ods in the section, all time showing the fine structure for

the zones of effective interaction at each passband.

With time domain simulation the modes separation is also

possible, but for long structures with small group velocity

requires wake potential calculation at long distance and re-

sults treatment with high Fourier transform resolution.
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