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Abstract

The design and operation of the LHC Machine Protec-
tion System (MPS) implicates a trade-off between machine
safety and beam availability. A simulation-based method-
ology has been developed to address that trade-off. It yields
the probability of the relevant scenarios missed emergency
beam dump and false beam dump. This paper introduces an
analytical description of the underlying model, which pro-
vides an accurate verification of the simulation results and
the chance for an adequate alternative to the simulations.
The paper indicates the extent to which the simulations can
be replaced by the analytical model description and where
the latter reaches its limits.

INTRODUCTION

The trade-off between LHC machine safety and beam
availability is defined by the MPS reliability with regard
to the scenarios missed emergency beam dump and false
beam dump. Estimated probabilities for missed emergency
beam dumps and false beam dumps are obtained by Monte
Carlo simulation based on a modular model. The feasibility
and usability of this methodology have been demonstrated
[1, 2]. The common underlying MPS model [1] includes
4768 components modelled as individual objects, covering
the Beam Loss Monitor System and the Beam Interlock
System.

In search of an accurate verification of the simulation re-
sults, an analytical description of the MPS model has been
developed and implemented. It provides the requested veri-
fication and supersedes simulations to a certain extent. This
paper introduces the analytical description by means of the
basic component model applied to a six-component system.
In the second part, the results of its implementation accord-
ing to the MPS model are presented. A set of cross-checks
is described which allow for checking the implementation
and the accuracy of the results. The comparison with the
respective simulation results provides their verification.

ANALYTICAL DESCRIPTION

The component model represents the basic module of
the MPS model and its analytical description. The de-
scribed events are the basis of the scenarios missed emer-
gency beam dump and false beam dump.

Basic Component Model

The component model [1] bases upon the state diagram
illustrated in Fig. 1. Besides the initial state ready, the
component can take the states false and blind, referring to
different failure modes. The transition to either state, i.e.
the failure of the component, is defined by the probability
density function f(t). It represents the distribution of
the time to transition T , if the transition is considered
independently.

Figure 1: Component state diagram, T : Time to transition,
f(t): Probability density function.

Since blind and false are absorbing states, i.e. the com-
ponent once in a state of failure is locked, the transitions are
not independent. The dependency is described on the basis
of the false failure mode and applies to the blind mode ac-
cordingly. The component going false at time t conditions
that it has not gone blind at time t′ < t, i.e. it survived
with regard to the blind mode up to time t. The related
probability density function is given by

˜fF (t) = fF (t)(1 − FB(t)) (1)

where F B(t) is the failure probability with regard to the
blind mode defined by

FB(t) =
∫ t

0

fB(t′)dt′ (2)

The probability of the component going false during
time period t with Eq. 1 becomes

˜FF (t) =
∫ t

0

˜fF (t′)dt′. (3)

The probability of the component surviving with regard
to the false mode is given by

˜RF (t) = 1 − ˜FF (t). (4)

Six-Component System

Fig. 2 illustrates a system of six identical components ac-
cording to the basic component model, representing a sig-
nal path from the virtual component S (start) to E (end).
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Figure 2: Six-component system representing a signal path
from S to E.

The behaviour of component S follows the state diagram
illustrated in Fig. 3. A signal is triggered upon compo-
nent S going system demanding or upon a component go-
ing false (Fig. 1), and it is absorbed by blind components.
The system features 1-out-of-2 redundancy at the start and
end of the signal path.

Figure 3: State diagram of component S. T : Time to tran-
sition, f(t): Probability density function.

The analytical description is demonstrated on two basic
events:

• Event 1 A signal is triggered in component i within
time period t (due to i going false) and reaches the
end of the signal path E.

• Event 2 A signal is triggered in component S within
time period t (due to S going system demanding) and
is absorbed by component i (due to i having gone
blind).

Both events exclude signal triggering by other compo-
nents during time period t.

The subdivision of the signal path with regard to Event 1
is illustrated in Fig. 2 (top). IB marks the relevant section
in-between the signal triggering component i and the end
of the signal path E. BY marks the section beyond the rel-
evant section IB. Section IB is further divided into subsec-
tions SER (including components connected in series) and
PAR (including components connected in parallel). β, σ, π
refer to the number of components within the related sec-
tion.

The probability of a signal being generated in compo-
nent i during time period t and reaching the end of the
signal path E (Event 1) derives from Eq. 1, 3 and 4 to

PF (falsei→E , t) =
∫ t

0

˜fF
i ISIBY ISERIPARdt′. (5)

Event 1 conditions

• component i going false: ˜fF
i

• the survival of component S: IS = 1 − FD

• the survival of the components in BY with regard to
the false mode: IBY = (1 − ˜FF )βi

• the survival of the component in SER:
ISER = ((1 − FF )(1 − FB))σi

• the survival of the redundant components in PAR with
regard to the false mode, excluding the case with both
components blind: IPAR = (1 − ˜FF )πi − ( ˜FB)πi .

The related global probability (i.e. any component going
false) results to

PF (false→E, t) =
6

∑

i=1

PF (falsei→E , t) (6)

due to the mutually exclusive events P F (falsei→E , t)
for different components i.

With path subdivision according to Event 2 (Fig. 2,
bottom), the probability of a signal being generated in S
during time period t and being absorbed by component i
analogously derives to

PD(S→blind i, t) =
∫ t

0

fDIIB
˜FB
i IBY dt′. (7)

Event 2 conditions

• component S going system demanding: f D

• the survival of the redundant components in IB with
regard to the false mode, excluding the case with both
components blind: IIB = (1 − ˜FF )πi − ( ˜FB)πi

• component i going blind: ˜FB
i

• the survival of the components in BY with regard to
the false mode: IBY = (1 − ˜FF )βi .

The related global probability P D(S→blind, t) results
from summing up all signal absorbing events, taking into
account the redundancies.

Given the signal generated in S representing an emer-
gency beam dump request, P D(S→blind, t) corresponds to
the probability of scenario missed emergency beam dump
(affecting machine safety). With the signal generated upon
a component going false representing a false beam dump
request, P F (false→E, t) (Eq. 6) corresponds to the prob-
ability of scenario false beam dump (affecting beam avail-
ability).

RESULTS

The analytical description according to the MPS model
derives from the above description of the six-component
system. It was implemented using Maple 12. The calcula-
tion was performed with t=12 hours, corresponding to the
typical length of a LHC store (’mission’), and a precision
of 15 decimal places for the numerical integration based on
Maple’s default integration method. The calculation time
amounted to a few minutes on a common desktop com-
puter.

The results obtained by numerical integration are shown
in Fig. 4. They comprise five scenarios including false
beam dump (III) and missed emergency beam dump (IV).

Verification of nalytical esults

The analytical description and its implementation are
verified by the following cross-checks:
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87.04%

11.20% 1.76%

2.56E-08

2.33E-09

Mission Completed (I)
Emergency Beam Dump (II)
False Beam Dump (III)
Missed Emergency Beam Dump (IV)
Missed False Beam Dump (V)

Figure 4: Probabilities of the MPS scenarios including
false beam dump and missed emergency beam dump.

1 − PD − PF − PN = 0 (8)

PD − PD(S→E) − PD(S→blind) = 0 (9)

PF −PF (false→E) − PF (false→blind) = 0 (10)

Cross-check 1 (Eq. 8) takes into account the three ba-
sic events emergency beam dump request signal triggered
(P D), false beam dump request signal triggered (P F ) and
no signal triggered (P N ), which are complementary. Once
a signal is triggered it either goes through to the end of the
signal path or is entirely absorbed by blind components.
This characteristic is reflected in the cross-checks 2 and 3
(Eq. 9, 10).

The results satisfy Eq. 8 - 10, thus proving the analyti-
cal description and its implementation to be correct. The
accuracy of the results depends on the precision chosen for
the numerical integration. The precision indicates to which
decimal place accuracy is guaranteed. The cross-checks of
the results show the expected accuracy. Tests performed
with precision set up to 45 (at the expense of calculation
time) yield according accuracies.

Verification of Simulation Results

Simulation results based on 105 missions have been pub-
lished previously [1]. For the benefit of a more advanced
verification, the results of 107 simulated missions are used
for comparison. The relative error of the simulation results
is presented in Table 1 for the five MPS scenarios. The
results of the analytical approach are rounded off, taking
into account the limited number of missions underlying the
simulation results.

The comparison shows very good accordance of the sim-
ulation and analytical approach for the frequent scenarios.
The relative error with regard to Scenarios IV and V is
not available because 107 missions are below an adequate
quantity of simulation data to provide significant results.

CONCLUSIONS

The analytical description of the MPS model is intro-
duced by means of the basic component model applied to
a six-component system. Its results base upon numerical

Table 1: Error of simulation results for MPS scenarios.
Scenario Simulation Analytical |Rel. Error|

Description

I 8.703938E-1 8.703698E-1 2.76E-5
II 1.120218E-1 1.120422E-1 1.821E-4
III 1.75843E-2 1.75849E-2 2.047E-4
IV 1E-7 (1E-8) NA
V 0 (1E-9) NA

integration using Maple and include five scenarios with
missed emergency beam dump and false beam dump be-
ing the most relevant with regard to LHC machine safety
and beam availability. A set of cross-checks prove the im-
plementation of the analytical description to be correct and
accurate. The obtained reliability numbers are in very good
accordance with related simulation results, thus represent-
ing a measure for the verification of the latter.

The analytical description is on a par with the simulation
approach in terms of the covered scenarios. It is superior
with regard to the accuracy of the results and the insignifi-
cant calculation time compared to the extensive simulation
time needed due to the rare events involved in the model.
As for the used MPS model, the analytical approach thus
supersedes simulations. It is to be further investigated to
which extent this applies to advanced models. First at-
tempts towards an analytical description of a MPS model
including a more advanced system demand pattern and the
feature of component masking [2] indicate that the ad-
vanced demand pattern inflates the analytical description in
terms of complexity and the effort for its implementation.
In contrast, the implementation of the advanced demand
pattern in the simulations is clear and straight-forward.

In view of the apparent advantages of both the simula-
tion and analytical approach, the merging of the two ap-
proaches represents an obvious starting point for further
development. An algorithm for the automatic set-up of the
analytical equations based on the graphical model repre-
sentation underlying the simulations would provide an ac-
curate and fast calculation, thus saving the user the effort
of their complex and time-consuming implementation.
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