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ABSTRACT

The results of investigation of the pro-
ton crossing of the integer resonance Q'= 2
(energy ~ 925 MeV) in a cyclotron by means
of numerical integration of the nonhomogene-
ous linear equation of free radial oscillations
are compared with the results of the analyti-
cal treatment . The damping of forced radial

oscillations in the post-resonance zone is

accounted for.

Dynamic Crossing of The Integer Resonance

1. Numerical Simulation

The paper reports the results of investi-
gation of the dynamic proton crossing of the

integer resonances Qr = 2 and 3 depending
on H

2 J -

phase 450) in the isochronous azimuthally-

and eV at 60° (the injection
-symmetric magnetic field . The investigation
was made by numerical integration of the non-
homogeneous linear equation of free radial

oscillations

Q"+ Qg =-RE, Sing¥.

The energy gain per turn was realized ,

© 90° 180°,

(1)

using four equidistant ( 9 = 0
2700) rectilinear resonators ., Energy increa-
sed gradually (8 points in azimuth) inside

each resonator . The main parameters of the
cyclotron: Ho=2 kG , N= 20, £N=1 R Qr=1'1 s

Win= 663 MeV, 1.72 € Ql_s 5, \‘Q =1563.72 cm.
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In Fig.1 curves 2 and 3 describe the
behaviour of the amplitude of forced radial

oscillations of the proton and of its deri-

vative QI: in the process of
acceleration , v%qich are obtained by numeri-
cal integration of Eq.{1) at H,= 2 G and

eV = 2 MeVfturn . Curve 5 illustrates the be-
haviour of the amplitude Q at H2=O.5 G .
Curve 4 describes the behaviour of the am-
plitude of forced radial oscillations of the
proton (of the center of gravity of the beam )
that was obtained by numerical integration of

the nonlinear equation of motion
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at Hy= 2 G, and eV = 2 MeVjturn,

S < N, 5

In Fig. 2 curves 1 and 2 describe the

/
behaviour of Q and 9 ,
on the basis of the numerical integration of

3 MeV/turn with the step

obtained

Eq.(1) at eV =
change with radius of the second harmonic

of the magnetic field H2 from 5 to 0.5 G in

the zone of the integer resonance Qr = 2
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Fig. 1. The H, dependence of and
i 2
q at eV = 2 MeVjfturn in the proton

crossing of the integer resonance

Q

r

= 2

whose length is AQr + 0.05. Curves 3
and 4 illustrate the behaviour of the amplitu-
des , determined by numerical integration

of Egs.(1) and (2), respectively .
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Fig. 2. The I—I2 dependence of ? and
?l at eV = 3 MeVfturn in the proton

crossing of the integer resonance

Q =2

©
The calculations by Egs.(1) showed that
upon reaching the maximum in the zone of

i ? and QI

ased down to zero at Qr 2.8-2.9 and did

the resonance Qr‘ = 2 decre-

not increase in the zone of the integer reso-
Qr

nance

3.2

3 under acceleration up to Qr=
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2. Analytical Treatment

The analytical solution of Eq.(1) was
traditionally described , using Fresnel’s in-

1,2/

tegrals . The amplitude of forced radial

oscillations of a particle can be estimated
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by the formula 2
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where the minus is for the negative values

of the angle ?4 eV

5E,

At y-’“ the steady-state value of the

Y=g -

amplitude ot radial oscillation of a particle is

:gﬁk_es E° 4/2. (4)

S eV

This asymptotic value of the amplitude was

usually regarded as the free radial oscillati-
on amplitucde of a particle Since it is large,
the radial emittance of the beam was conside-
red to increase substantially after the passa-
ge of the interer resonance Therefore ,
attempts were made to decrease the radius
of a ring cyclotron and the resonance har-
monic tolerance and to increase the energy
gain per turn.

In Fig.

2 curve 1 illustrates the calcula-
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tion of the amplitude by the formula (3) at
135O4cm,5=2,H2=2G(82
= 5,2 .10 7)), ev = 2 Mev/tum The straight

R =

line is the asymptotic value of the amplitude.
The numerical integration of Eq,(2) sho-
wed that the crossing of the integer resonan-

ce Qr

tortion of closed orbits with the conservation

2 is accompanied by the finite dis-

of the normalized radial emittance of a mono-
energetic beam in the post-resonance zone

(the phenomexon of conservation of the spa-
ce-time distribution of the beam particles in

3/)'

It was demonstrated in r'ef.z/ that the

the post-resonance zone

post-resonance behaviour of the amplitude of
forced radial oscillations of a particle, ob-
tained by numerical integration of Eqs.{1)
and {2) and in the analytical linear consi-
deration on the basis of the formula (3) ,is
not adequate, Figs.1 and 2 illustrate this
difference .

Thus, the formula (3) determines the
maximum wvalue of the amplitude of forced
radial oscillations of a particle in the integer-
-resonance zone and cannot be used to de-
termine the amplitude in the post-resonance
zone when the frequency of Qr' differs
strongly from the integer value. I we ana-
lyze the passage of the integer resonance
on the basis of the numerical integration of
Eq.(1) we can conclude that it is characte-
rized by the nonlinear properties. A reliable
analytical description of the behaviour of the
amplitude of forced radial oscillations of a
particle in the post-resonance zone is achie-
ved, if the soluticn of Eq.{1) is recorded
not through Freshel's integrals but using the
Bessel and Newmann functions of the index

1/4 . Assuming that the frequency

Q - 4 + Wi.n
SAYE t me g
changes linearly in a21muth , we can write

in quadratures the solution to the Cauchy

proklem for equation (1)
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Using the analyhcal expansion of the

dt ,

ZTE

Bessel and Neumann functions in the case
of large values of the argument U and ma-

Juk e

king the substitutions t
u = |R%E
eV

aHr,

H,

GE

e

we get

o

and

B~ 4
X

Q@)=

&, (6)

x Cog (Q’ 5) o~ R8q, - & dp,

Win
E,
In the stationary-phase method we get

that Q oA < s, at A=
reaches a maximum and at O > S it decreas-~

es down to zero While k—= 0O (Q—»oo)

=1+

where

is small at

which agrees with the numerical integration

of Eq.{1) . The formula (6) describes a
qualitative picture . To describe quantitatively
the amplitude

the bchaviour of in the post-

~-resonance zone, the dependence of the am-

plitude on X (or !f ) should be stronger.
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CONCLUSION

It is shown that if the term proportio-
nal to Q (which corresponds to friction in
oscillation theory) does not occur in Eq.(1),
in the numerical integration of this equation
there arises the sign-inversible nonlinear
radial component of wvelocity leur
leading to damping of the radial oscillations
of a particle in the post-resonance zone ,
This result is supplied with an analytical

explanation .
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