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The transfer matrices of the solenoid lens for intense beam, in which the space charge effect and beam-divergence angle are 
considered, are given by solving the non-linear equation of beam envelope and using the S-Matrix. The transfer 
characteristics of the intense beam in the solenoid lens are also discussed. 

I . Introduction. 

The solenoid lens, as a beam focusing or transmission 
device, is used in the intense accelerator and the pre-injector 
stage of the intense accelerator. Generally, the transfer ma
trices calculation method is adopted for calculation of the 
beam optical characteristics. By using the point-by-point 
approximate method and the intense approach method, the 
transfer matrices of the intense beam accelerating tube have 
been given [\-3). In order to calculate the optical charac
teristics of the intense beam in the solenoid lens, we need to 
know the transfer matrices of the intense beam in the 
solenoid lens. Because both the equations of motion and the 
beam envelop equations of charged particle are self-coupling, 
so the transfer matrices are not easy to be obtained directly. 

In this paper, we have given the transfer matrices for the 

intense beam in solenoid lens by solving the non-linear 

equation of beam envelope and using the S-Matrix method, 
in the case of considering the beam space-charge effect and 

the beam divergence angle (or emittance). And the transfer 
characteristics of the intense beam in the solenoid lens are 

also discussed in detail. The theoretical work and the results 

of the calculations are accurate enough for many application 
purposes. The examples are given to show how the results 

and method would allow one to design an intense beam 

solenoid lens. 

II. S-Matrix. 

Let us consider axis z as the beam transfer direction. In 
case of K -V distribution for the two-dimensional phase-plane 
(x,x'), the coordinate x and x' satisfY the following 

equation: [ \1I4[ 

2 2 ' ,2 ~ (I) CJ22 X - CJ12XX +CJllX = [: 

where [: is the emittance in direction x. The beam elliptic 
coefficients, (which vary with the longitudinal position z) CJ11 

O d 2 2 
>0,0"22> ,an 0"110"22-0"12 =& 

In order to deal with equation (I) easily we take the 
coordinate transformation: 

{

.; := cosrpx + sin rpx' 

';':= - sinrpx + cosrpx' 
(2) 

Eq. ( I) becomes e .;,2 
--;;>+b'= 

Its parametric equation is 

{
,;=acos; 
,;' = b sin; 

Substituting this into (2) ,we find 

{
a cos ¢ = cos cpx + sin cpx' 

b sin ¢ = - sin cpx + cos cpx' 

Noting that, for the initial conditions z = 0, 

x' = x~, and a = ao, b = bo' rp = rpo ,we find 

1 
cos¢ = ...!..(coSCPoXo + sincpox~) 

ao 

. I ( . ) 
Sill ¢ = - - Sill CPoXo + coscpox~ 

bo 

(3) 

(4) 

(5) 

x = xo' 

(6) 

Combining this with Eq.(5),we obtain the transfer matrix 

[

a b.. a. b. : ~COSlPo COSIP + - SIn 1P0 SIn IP ~ SIn 1P0 COSIP - -cos 1P0 SIn IP 
S = ao bo a o bo 

a . b. a.. b 
~coslPo SIntp - -SIntpo COstp ~SInlPo SInIP + -costpo COSIP 
ao bo a o bo 

(7) 

Eq.(7) shows that if we can get a, band rp, we will get the 
transfer matrix S. 

On the two-dimensional phase-plane (x,x'), the beam 

radius X and maximum slope X' satisfY[ I) 

(8) 

and 
(T12 (XX') 

tg2rp = = tg .. 1- 2X2 
0"22 -all . 

a=~Gf(T22+(TII+[((T22-(TS+4u72];J;= ~1{A+(A-4&2);J 2 

J J 

b =v'2{ 0"22 + O"lJ -[(0"22 - O"S +4072]: J 2=v'2{ A -( A -4c'): l 2 

(9) 
In which we define the characteristic radius A : 

".2 +(X¥f 2 (10) 
A := 0"22 + O"lJ = 2 + X 

X 

The ( 9) and (10) show that, if x 2 and X X' are got, 
the transfer matrix S will be got. Now we will show how to 
get X2 and X X ' in the following paragraphs. 
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III. The Equations of Motion and Envelope. 
For the solenoid lens, we suppose that the uniform 

magnetic field with effective length L, which have a sudden 
change from 0 to Bo at entrance port, on the contrary, from 
Bo to 0 at exit port, replace the actual magnetic field. The 
effective length L of solenoid lens is defined bYll][ 51 

r: B(z)dz = BoL (11) 

We define the magnetic action strength Qo: , 
Qo = (8;~')' Bo 

(12) 

where m and q are the mass and electric quantity of particle, 
respectively. V is the gauge electric potential, which is given 
by v = ","'-, here v is the velocity of particle. Eq.(12) shows 

2q 

that for the constant m, V and q, Qo is also a constant. For 
the K-V distribution of axisymmetric intense beam , the 
equations of motion for single particle in solenoid lens 
arel1Jl6j 

x"-2QoY'-~x=o (13) 
R2 

v"+2Q x'-~v=o 
• 0 R2' 

In which R is the maximum beam radius of axis X and y. 
The generalized perveance n is given by 

n = Ttl 
27rli oV' 

where 17 is the charge-mass ratio of the particle, J is beam 

intensity, £0 is vacuum static dielectric constant. 

Eq.(13) shows that the particle equations of motion in 
axis X and yare self-coupling In order to eliminate the 

self-coupling, we adopt the rotational coordinates 
which are given by 

{
x=x,COS'I'-y,Sin'l' 

y = x, Sin 'I' + y, cos 'I' 

(14) 

substituting (14) into (13) ,and suppose that '1" = - Q 0 

and '1/(0) = O,we find 

lx:'+ w; - !!,)x. = 0 

y:'+ w: -112 )Y. = 0 

(15) 

This shows that the xr and Yr have the same equation of 
motion The transformation matrix equation is 

[

:,] __ ;~:~o;"z cos(~"z Q:i;o~~oz sin(~"z l [::] (16) 
v - -S1I1Qoz 0 cosQoz 0) v 
v' -Qo cosQoz - SlIlQoZ -Q" sinQoz cosQoz :v; 

The envelope equation of Eq.( 15) is 
II [;2 

X " + /) ,2, X - - - -- = 0 
;.:: X X' 

( 17) 

here the radius of beam envelope X=R>O. Multiplying both 
sides by 1 X and substituting f{z) = X2 into (17), then 

integrating from 0 to z, we obtain 

(,2 = -40' {' +4TI{InL+4C' (-41;' (18) 
.... () < < fo I. 

where 

foil 2 [; 2 ,2. 2 2 & 2 
C, = -- + Q 0 fo + -- = X 0 + Q 0 X 0 + --2 

4 fa fo X 0 j
f(Z)= X2 = all(z), fo = f(O}= X~ = a,,(O} 

f'(z}= 2XX' = 2a 12 (z}, fo'= 2XoX~ = 2a'2(O} 

(19) 
In general, X is not much bigger than Xo, in first-order 

approximation for Infljo the (18) becomes 

s:; [( Yo - Q 0' ) !' + (C I - I1)f - "" ,] t df = 2 f:dz ' (20) 

IV. The Transfer Matrices For Intense Beam. 

Eq.(20) shows that the different relations between [] 
10 

and Qo' ( i. e. II and Q~ X g) have different result of inte-

gration .We now discuss these problems respectively. 
A. for n = Q g X g . 

Combining (20) with (I 9),we get 

x' = (X" + -"-'-)2' + 2X X 'z + x' o )( ~ 0 0 0 

XX'=(X~2 +~)z+Xox; 
.\ 0 

(21) 

B. for fI < Q; X ; . 

Similarly, we have 

x' = ~ x~(Q~x: - I r[ J;\ sin(~zo h~x ~-=-u + a o) + (CI - In] (22) 

I 

XX' = ''''0 ( __ ~_)2 cos(~z- !Q' 'y , _II' + a ) 
2 Q:X~-II Xo~ 0"'0 0 

here .\ = Q' X 2 + X" _ 11_ -"- + 4X ~ " ( 
2 ) 2 2 2 

o 0 0 X~ X~ 
(23) 

_ • 0 0 0 X; 
[

Q2X2_X'2_ll __ C] 
a ~ - arcslO .J"A 

C for n > Q g X g 
In the same way, we obtain 

x' = ~: (11- Q;x;), expil - ~~: (c I -11)(11- Q; x:)' + ~:; (II - Q; x;), 

+c,-I1)'+4"f:~ -Q~J]eXp(-I,) 
¥ '1' I 

XX'=T(II-Qgx;) 2expl,--"-t-(Il-Q;Xg) (24) 

+C,-II)2+4c't:.~ -Q(~)]eXp(-I') 
here, I, =In[c, +fI-2Q;Xg +2x;~~n---~-)g-);-';j (25) 

~~II-QgXg 
"\ 0 

D. Transfer Matrix. 
Substituting X' and XX' into (9) and (10), we will get 

three different sets of a, band cP . Then substituting a, band 
cP into (7), the transfer matrix S fore x n x;) is obtained. 

Since (Xr ,x; ) and (YnY; ) have similar transfer S, 

combining these results with (16) , we will find the transfer 

matrix of the (XnX; ,YnY; ) 
According to (14), the coordinate transformation matrix 
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equation is ,,oj [1 0 0 

~j 
Xo (26) x:o _ 0 1 -I x' 0 

y" 0 0 1 Yo 
y:o 1 0 0 y' . 0 

We define matrices M, N, K and E as follows: 

( cosQoz cos~oJ ( sinQoz Sin~oz) M= N-
-Qo sinQoz Qo CQsQoz 

K = (~ ~) E = (~ ~) (27) 

Combining (7),(16),(26) with (27), the transfer matrix R2 
in solenoid lens is obtained 

(28) 

V. The Tran~fer Matrices At Entrance Port and At Exit 

Port. 

Since the effective magnetic field have a sudden change 

at entrance port and at exit port of solenoid lens, therefore, 

we consider that the transverse positions Xo, Yo are not 

changed, only slope x:, y: are changed at both ports. 

The equations of motion for by-axial particle in 

axisymmetric magnetic field arelll 

!
X"_2 QY'_Q,y __ I_1 x=() 

x' 
fl 

y" + 2Qx' + Q'x - Xl y = () 

(29) 

In linear approximation, we obtain the four-dimensional 

transfer matrix at the entrance port 
I (j 0 () 

[ " 1 Q" (J 
(30) 

R = 
1 (J 0 I 0 

-Q" () () 

Similarly, the four-dimensional transfer matrix at the exit 
port is 

() () 

1<, 
() I -Q" 
() () 

Qo 0 0 

OJ () 

o 
1 

(31 ) 

From the results of (28), (30) and(31), we obtain the 
four-dimensional transfer matrix R for solenoid lens 

R = R J R 2 R] (32) 

VI.:Application And Discussion On Waist And Peak of 
Beam. 

For the solenoid lens, our interesting lies in its focusing 
characteristics The ideal beam envelope is shown in Fig 1. 
Namely, in the case of X~ > 0, the envelope has a peak in 
solenoid lens, then X' becomes negative after the peak, and 
forms a waist as beam past the exit port. 

Fig.t. The ideal beam envelope 

Studying X' and XX' in section IV ,we find that only 

for n < Q~ x ~, the ideal envelope figure maybe appear, thus we 
will only discuss this case in following. 

We suppose that at position z = 0, the beam radius and 
maximum slope are Xo and X~, respectively. The position 

and radius of beam peak are Z I and x,, and the position and 

radius of beam waist are Z 2 and X2 ,as shown in fig. 1. 

A. At the entrance port. 
According to (30),the radius Xa and maximum slope X; 

of the intense beam are given by 

{
X; = x~ 
xax~ = xox; +Qox~ = xo(x; +Qoxo) 

B. In the solenoid lens. 
According to (22), we find 

X' =~X~(Q~X; - n) ,[ JL\sin(;o hgx g -II +ao)+(', - II] 
1 

Xo( ;\ )2 (2Z~ ) XX'=- cos - Q;X'-II +a 
2 Q;X; - n x 0 0 0 

here 

;\= (X'+Q X )'+Q'X'--"---II + 0 0 , [ 
, ]' 4(X'+Q X )'E' 

o 0 0 0 0 x ~ x: 

. .\ 0 

[ 

Q; x ; - (X ~ + Q" x of - t.:', - II 1 
a 0 = arcsin ...fA 

(33) 

(34) 

(35) 
Eq.(34) shows the rule of beam radius with longitudinal 

coordinate z ,which is drawn in Fig.2. (In this paper, we take: 
Xo = 0005 m, X~ =004rad, the energy of proton is 30 key, 

and beam intensity is 98 mA). 

X(cm ).-----------------O~7~5~1~.-------------, 

2 

o 

-1 
lOT 

-2 

-3 
o 20 40 60 80 Z(cm) 

Fig.2 Curves of beam radius X of proton beam with 
longitudinal coordinate Z for various magnetic 
field Bo. 

At the position Zj of beam peak, X;" = 0, namely, 

XX; " = 0 From (34) we obtain the position of beam peak 
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, I {Q~X~-(X~+QOXO)'-~-Ill 
~\O(") Xo z,=-QoX;-Il 'arCCD r;:-
2 v~ 

(36) 

and the radius X2 of beam peak is 

A? = ~~~ (Q~X~-IIr[~+Cl-n] (37) 

Eq.(36) and (37) show how the radius Xl and position 

ZI of beam peak change with nand Qo' which are shown in 

Fig.3 
The radius Xb and maximum slope X; of the beam at the 

end of solenoid lens are given by 

, I '(Q' " ) 1[/ . (2L JQ'--' - J ] (38) X'=2Xo 0"\0- 11 ""'SID xo oXo-lI+ao+C,-II 

I 

. , x 0 ( '" J' (2L J- 2 1 J .l,X, = " .. _- cos --- QJ)"¥ 0 -II +a o 
2 QoXo-II Xo 

here L is the effective length of the solenoid lens. 
C At the exit port. 

According to (31), the radius Xc and maximum slope X: 
are 

, b (39) 

This shows how the position Z2 of beam waist changes with 

QO ' L and II. FigA.shows the relation of beam waist 

position Z2 with Bo. 

Z2(cm) 
60 

50 

40 

30 

20 

1 0 

o 
0.9101.11.21.3141.5 Bo(T) 

Fig.4. Curves of the position Z2 of beam waist of proton 

beam with the magnetic field Bo-(here, take L=20 em) 

The beam radiusX2 of waist is given by 

, x: ![( )' 4TIc']i ( )1 x, = 2II ('I-II +----xy-- - C,-Il f 
(44) 

{
Xl =x' 
X,x; = X,x; -QoX; = Xb(X; -QoXb) 

D. In the free-drift space (after the lens). 
The beam envelope equation is 

X" _.!.!_£ =0 

This shows the change relation of beam-waist radius x
2 

with Bo' L and II. Fig. 5. shows the relation of beam waist 

(40) radius x, with Bo. 
X X' 

The solution is 

I
, X; x;( ) X:[(' )' 4f1C'] ..J ) X = .. expl - _. (' -.. 1.1 + (-II +--- ex",-I 411 '211 I 411 I x; , 

X\·, = ~ .rSLxp' _ I [xi [(C _ II)' + 41Ic' ]ex..J _/ ) 
4 V II '4 ~ III x; "', 

here C I = (x; - Qox,)' + ;', , 

(c _ ff)' + 4Il~" 
I 1Xf) I X; 

Z, = 4VU-f-I n -------"--------,;-, + I. 
[c, + II + 2.JlT(X; - (loX b)j 

C m 

50 

4 0 

3 0 

2 0 I., 

10 

Y I 

o 65 o 7 0 o 7 5 o 8 0 085090095Bo(T) 

Fig.3.Curves of the position ZI and radius XI of 

beam peak of proton beam as functions of Bo' 

(41) 

(42) 

(43) 

X 2(Cm),----------------------------. 

08 7L,5:--------:-,--':0--=-0-----.,--, ~2 -=-5 ------B-o--'n ) 

Fig.5. Curves of beam waist radius x, of proton 
beam with the magnetic field Bo.(here, take 
L=20em) 
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