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The transient eddy current in iron-solid magnets would clisturb the magnetic field clistribution at the magnet gap with 
variations in both space and time. In order to formalize this phenomenon by an analytical expression, we attempted 
to introduce the incremental permeability to Maxwell's equations together with a fringing field effect. An analytical 
expression for the 0- and C-shape iron-core with a circular cross section is obtained by means of two-climensional 
simultaneous Laplace's transformation for both the space and time. The expression is useful for estimating spatial field 
clistribution and time constant. 

1 Introduction 

In a magnet with an iron-solid core the transient eddy 
current would be induced by changing the magnetic field 
and disturb the magnetic field distribution at the magnet 
gap with variations in both space and time. Theoreti
cal study[l] has suggested that effect for the magnetic 
field due to the eddy current has time constant associ
ated with mode of spatial magnetic field distribution. 
Also experimental study[2], in which transient phenom
ena of the magnetic field were observed for iron-solid 
core magnet, has been reported. It seems that such a 
phenomenon is due to some transient characteristics de
pending on the time constant associated with incremen
tal permeability. The theoretical study, on the other 
hand, suggests that the eddy current effect does not de
pend on the permeability of the iron-core. To solve that 
contradiction we introduce the incremental permeability 
to Maxwell's equations. We also assume leakage flux ra
tio at the magnet gap because existence of the leakage 
flux would affect the time constant since larger amount 
of the leakage makes magnetic flux density higher in the 
iron-core. When discussing the eddy current, we claim 
that permeability for iron-core should NOT be treated as 
a constant value because of hysteresis. The incremental 
permeability can be introduced to Maxwell's equations 
through Faraday's law: 
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In this paper, we tried to formalize the eddy current phe
nomena by treating the permeability as the incremental 

permeability 116 = ;1i, and discuss the magnetic field 
distribution with varIations in both space and time by 
assuming the ion-core whose shape was simplified prop
erly. The leakage flux density has also been introduced 

to discuss that phenomena in which the time constant 
directly depends on the leakage flux ratio. 

2 Formalization of Eddy Current Equa
tion for O-shape Iron-core 

2.1 Derivation of basic equations 

Firstly, we are going to start the discussion about the 
eddy current with simplified iron-core model: O-shape 
(no gap) iron-core with length I and radius on cross sec
tion 1'0, and N-turn coils are wound uniformly around 
the core. The Maxwell's equations considering the in
cremental permeability in the core are given as follows: 
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where we assume Ohm's law and neglect displacement 
current. It is adequate to take cylindrical coordinates 
(1', (), z) for discussing the Maxwell's equations because of 
symmetry, and Faraday's law can be rewritten as follows: 

1 8 ( )) 8E z 8Hz (r,t) (f)') 
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Er , Ez and Er are zero because of symmetry. 
Next, we take surface integral of Ampere's law about 

closed curve along the core and obtain 

f
ro 

IHz(r,t)=NI(t)+lcr.
r 

Ee(r',t)dr', (7) 

where r represents distance between symmetrical axis of 
the core and integrated closed curve, and J (t) the coil 
current. By differentiating (7) with r, we obtain 

(8) 
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Boundary conditions for (6) and (8) are given at the where C(p) the function only depends on p. Now we 
surface of the core (r = ro): perform inverse Laplace's transformation about q to (22) 

N I(t) 
Hz(ro, t) = -Z-

27rroN Eo(ro, t) + Vo(t) = RI(t), 

(9) 

(10) 

where Rand Vo(t) represent resistance of the coil and 
applied voltage to the coil, respectively. 

We treat physical quantities at the time t as a differ
ence from those of final states, at which the eddy current 
has been lost by Ohmic loss, 

i (t) I(t) - If (11 ) 

b( r, t) B(r,t) - Bf(r) (12) 

h( r, t) H(r,t) - Hf(r) ( 13) 

v( r, t) Vo(r,t) - VOf(r) (14) 

E( r', t) Eo(r, t) - 0, (15) 

where suffix f means the final state of each quantity, 
and the Maxwell's equations for these transient states 
are given as follows: 
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where /It!. reprpsents the incremental permeability. 

( 16) 

( 17) 
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2.2 Two-dimensional Laplace's transformations 
and the solutions 

To solve the Maxwell's equations and the boundary con
ditions discussed above, we perform two-dimensional si
multaneous Laplace's transformation to the equations: 

F(q,p) 
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After Laplace's-transforming to (Hi) (17) and differenti
ating hy q, we obtain 
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and (23), 
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where Jo(x), J1 (x) represent Bessel's functions. 
From the boundary conditions we obtain 

1 [Rl ] g(ro,p) = 2
7rr
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(24) 

(25) 

(26) 

where w(p) represents the Laplace's transformation form 
of v(t). We solve f(r,p) and g(r,p) from (24), (25) and 
(26): 
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where I\, /3, z are defined as follows: 
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Because the iron-core has large cr, we can neglect the 
second term of the denominator in (27) and (28). 

Now we assume the case that the applied voltage to 
the coil has a step-like variation in time at t = O. In that 
case, v(t) should be treated as the delta-function because 
v(t) is defined as the difference between two stationary 
states, so that w(p) becomes a constant value woo We 
perform inverse Laplace's transformation about p to (27) 
and (28) by using Heaviside's expansion theorem and 
obtain: 

where ::" satisfies Jo(::,,) = o. 
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From mode analysis discussed above, we conclude 
that the time constant of the eddy current for a n-th 
spatial mode is as follows: 

Tn=J1~(j(::r (34) 

namely, the time constant of the eddy current directly 
depends on not only the spatial mode of the electric and 
magnetic field in the iron-core but also the incremental 
permeability of the core. 

3 Formalization of Eddy Current Equa
tion for C-shaped Iron-core 

Next, we discuss C-shape iron-core magnet whose size 
and material are identical to O-shape iron-core discussed 
in the previous section except that the C-shape core has 
a gap whose height is g. Such an electromagnet would 
generate a magnetic field not only in the gap (T' ::; T'o) 
but also around the gap (T' ;:::: T'o) because of leakage flux. 
It is difficult to dpal with the leakage generally since it 
depends on both pole shape and properties of the core. 
Here, we adopt an assumption in which magnetic flux 
density in the iron-core Bc(r,t) and in the gap Ba(T'::; 
T'o,t) are proportional to each other, namely, 

(35) 

which represents leakage flux ratio and has a value of 
k ;:::: 1. This assumption violates the conservation of the 
magnetic flux density at the surface of the pole, however, 
we treat the leakage flux as a simplified parameterization 
given by k. Also this means that when we take surface 
integral of Ampere's law around closeJ curvp along thp 
core we only neeJ to consider the magnetic field in the 
gap although it depends on the leakage flux. 

Assuming (:~.'») and considering the transient state 
similar to the prpvious section, we ohtain following equa
tions: 

Now consider infinitpsimal variation ill He,o(T',t) and 
H,.,. (r, t) and the inrrempntal permeability p ~ be kept 
a constant value during the change, namely, 

(40) 

The Maxwell's equations and the boundary conditions 
are then given as follows: 
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( 41) 

( 42) 

(43) 

(44) 

and are resolved to that of the O-shape iron core. They 
can be solved by operations similar to that in case of the 
O-shape iron-core, and the time constant of the eddy 
current is given as follows, 

(45 ) 

In this case, the time constant depends on both the in
cremental permeability and the leakage flux ratio. 

4 Discussion and Summary 

4.1 Behavior of the time constant 

Now we discuss the time constant (45) in the case that 
1 )the iron-core has large incremental permeability and 
2)the magnet has large amount of the leakage flux ratio. 

For large J1~ the time constant is writtpn as follows: 

a I (T'O ) 2 T~ P ~ k-J1[){T -:-
g "'n 

(46) 

Namely, (46) indicates that thp leakage flux makes the 
time constant longer and it seems that k makes the gap 
hf'ight shorter. The time constant( 46) corresponds to 
that of the theoretical st\ldy[l] when the leakage flux ra
tio is chosen to he unity, namely, k = 1. In this case 
the time constant dof's not depend on the incremf'ntal 
permeability, but, on the other hand, we need to under
stand some relationships between the leakage flux ratio 
k and tJlP incremental permeability p~. 

(45) shows another intprpsting behavior about the 
leakage flux ratio. If k has large valup, so that l/Jl~ ::?> 
g/J.~JIo is satisfied, the tin\(' constant would be rewritten 
as follows: 

(47) 

that corresponds to the result of O-shape iron core. This 
means that largn leakagp fiux ratio makes the gap height 
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shorter effectively, so that the time constant becomes the 
same that for without gap. Such a case may be realized 
at near the edge of the pole face, and consequently there 
may be some dependence of the time constant on the 
radial position in the gap. 

4.2 Suggestion for experiment 

Some experiments are needed for verification of the eddy 
current effect. The time response of the magnetic field 
for an excitation voltage pattern of the coil should be ob
served with both iron-solid and lamination core magnet 
which have the same dimension each other. 

According to (32) and (33), which are the solutions 
for the step-like variation of the applied voltage to the 
coil, the spatial distribution of the field tends to become 
larger at the edge of the pole than at the center. The 
time constant, on the other hand, implies that the edge 
of the pole tends to have longer time constant than the 
center. Such a dependence of the time constant on the 
position in the gap should also be observed, and similar 
experiments with some patterns of the excitation voltage 
to the coil are needed. 

4.3 Summary 

We tried to formalize the eddy current phenomena in the 
electromagnet and an analytical expression for simplified 
iron-core was obtained by means of two-dimensional si
multaneous Laplace's transformation for both space and 
time and by introducing the incremental permeability 
into the Maxwell's equations. 

The time constant from the analytical solution with 
the leakage flux ratio depends on both the spatial mode 
of the magnetic field and the incremental permeability, 
and the larger leakage flux ratio makes the gap height 
shorter effectively. This effect implies that there is de
pendence of the time constant on the position in the gap. 

Both the analytical formalization and the experimen
tal verification of the eddy current effect for the magnetic 
field would be able to contribute not only accelerator 
control but also experiments in which one uses the elec
trornagrlf't. We are now preparing the experiment for 
the study of the eddy current phenomena in the electro
magnet. 
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