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Abstract

Considerable progress has been made in the design of

muon ionization cooling for a collider. A 6D normalized

emittance of ǫ6D = 0.123 mm3 has been achieved in simula-

tion, almost a factor of a million in cooling. However, the

6D emittance required by a high luminosity muon collider

is ǫ6D = 0.044 mm3. We explore a final cooling channel

composed of quadrupole doublets limited to 14 Tesla. Flat

beams formed by a skew quadrupole triplet are used. The

low β∗ regions, as low as 5 mm, produced by the strong fo-

cusing quadrupoles are occupied by dense, low Z absorbers

that cool the beam. Work is in progress to keep muons with

different path lengths in phase with the RF located between

cells and to modestly enlarge quadrupole admittance. Cal-

culations and individual cell simulations indicate that the

final cooling needed may be possible. Full simulations are

in progress. After cooling, emittance exchange in vacuum

reduces the transverse emittance to 25 µm and lets the ǫL
grow to 70 mm as needed by a collider. Septa slice a bunch

into 17 parts. RF deflector cavities, as used in CLIC tests,

form a 3.7 m long bunch train. Snap bunch coalescence

combines the 17 bunches into one in a 21 GeV ring in 55

microseconds.

INTRODUCTION

The muon collider [1] offers several advantages, as com-

pared to hadron colliders [2], to explore rare and massive

events at the energy frontier due to the point like behavior

of muons. It allows a relatively small collider ring. But,

muons have to be cooled quickly and efficiently due to the

short muon lifetime. Ionization cooling is the best cooling

technique for muons and is being tested at the MICE [3]

experiment. The equations describing the transverse and

longitudinal cooling are given by [4]:
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where dEµ/ds is the energy lost calculated by the Bethe-

Bloch equation. β∗⊥ and βL are transverse and longitudinal

betatron functions. gL and gt are partition numbers that

depend on the absorber geometry. ǫ⊥,eq and ǫL,eq are the

equilibrium emittances which are calculated as:
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The transverse betatron function at the absorber should be

small in order to keep the equilibrium emittance low and

to reduce the heating due to multiple scattering. Strong

focusing is required to cool the beam. Emittance evolution is

estimated using the cooling characteristic equation 5, where

i = x, y, z [4].

ǫ i (s) = (ǫ0,i − ǫ i,equi) exp(−s
gi (dPµ/ds)

Pµ

) + ǫ i,equi (5)

Two muon cooling channels [5, 6] using the transverse

cooling principle and emittance exchange have been simu-

lated. Both show a large ǫ6D reduction, but not quite enough

for a muon collider as noted in Table 1.

Table 1: Helical and Rectilinear Cooling Channel normal-

ized 6D emittances ǫ6D from simulations and the emittance

needed for a muon collider. The channels cool by over five

orders of magnitude and need less than a factor of 10 more

for a collider. The 21 bunches present after initial phase

rotation are also merged into one bunch during cooling.

ǫx ǫy ǫy ǫ6D

mm mm mm mm3

Initial Emittance [6] 48.6 48.6 17.0 40,200

Helical Cooling [5] 0.523 0.523 1.54 0.421

Rectilinear Cooling [6] 0.28 0.28 1.57 0.123

Muon Collider [7] 0.025 0.025 70 0.044

CHANNEL DESIGN

Channel Cell

According to equation 3, low equilibrium emittance re-

quires low β∗⊥. Strong quadrupole focusing [8] can achieve

β∗⊥ values within the required 0.5 to 2.0 cm range. A half

cell is composed of two quadrupole magnets separated by

a short drift space to avoid excessive fringe field interfer-

ence [9] between magnets, as shown in Fig. 1 and 2. The

bore diameter and length for the first quadrupole magnet
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Figure 1: Half cell dimensions. RF occupies 12.5 cm on the

left giving a total half cell length of 67.5 cm.

Figure 2: The fringe fields of quadrupoles [9] into each other

are small. The bore diameters and lengths for the square

green and yellow quadrupoles are 15 and 10 cm, respectively.

The gap between quadrupoles is 13.75 cm. Quadrupole fields

decrease as the cube of distance.

(Q1) is 15 cm. The bore diameter and length for the sec-

ond quadrupole (Q2) is 10 cm. This configuration provides

strong focusing using magnetic pole tip fields of Q1 = 3.24 T

and Q2 = 7.89 T. Quadrupoles with peak fields of more than

12 T have been built with Nb3Sn [10]. The betatron function

evolution for the half cell is shown in Fig. 3.

The chosen quadrupole doublet configuration works with

a flat beam near 600 MeV/c to make β∗x and β∗y have a 2.0

cm minimum located at the flat, 3 cm long lithium hydride

absorber. As noted in Fig. 3, β∗ is only small over a limited

distance. So the absorber must be dense and short [12].

Figure 3: Half cell betatron function vs. distance s. The

Courant-Snyder [11] parameters evolution through the cell

is calculated using a hard edge matrix approximation and

600 MeV/c muons.

The incoming round beam has to be transformed into a flat

beam. Simulations show that a round spinning, muon beam

with angular momentum can be transformed into a flat non-

spinning beam with a skew quadrupole triplet [13]. Cooling

channels [5, 6] can impart angular momentum to a beam,

but it may not be smooth enough. Alternatively and at the

cost of some heating, wedges might lower x emittance and

raise z emittance and then lower z emittance and raise y

emittance [14].

The full cell is composed by two half cells and radio

frequency cavities to recovery the longitudinal momentum

lost in the absorbers. The 650 MHz radio frequency cavities

are 0.125 m long, have a phase of 54.7 o with respect to

rising zero crossing, and a gradient of 26 MV/m. When

two consecutive cells are added there are two RF cavities

to recover the momentum lost. To evaluate the cell stability

the trace from the transport R matrix is taken. The x and y

momentum band passes overlap between 598 and 658 MeV/c.

Adding another quadrupole at the absorber may be worth

exploring.

Figure 4: The cell R matrix has |Tr (R) | < 2 for stable

transport between 598 and 658 MeV/c.

Momentum variations affect the locations for β∗x and β∗y
as Fig. 4 shows, and can shift the minimums out of the ab-

sorbers. This effect is more visible in the x dimension for

which the channel has a very narrow acceptable momen-

tum range. To correct the β∗⊥ shifts, sextupoles and bending

magnets are being tested with a half cell to try to correct

the chromaticity [15]. Bending magnets will also be needed
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for emittance exchange when wedge shaped absorbers are

added to the simulations.

Sextupole Addition

Introducing a bending magnet before each cell creates

dispersion that with the addition of a sextupole before Q2

correct the focus shift for beams with momenta of 570 and

630 MeV/c. Figure 5 shows a bichromatic beam that has two

momenta and the correction effect made by a sextupole.

Figure 5: Half Cell with a bending magnet and sextupole to

test chromaticity correction.

The sextupole shifts the focus location moving it into the

absorber, but the fuzzy foci need to be fixed. This chan-

nel chromaticity correction study is in progress and not yet

concluded. One possibility is to make space and put a com-

bined function quadrupole/dipole between the RF cavities

and to turn each of the two original quadrupoles into com-

bined function quadrupole/sextupole magnets [16] by adding

cos (3θ) windings.

Channel Stages

Calculations [17], but not simulations, have been done for

more channel stages to complete the 6D cooling.

The low β∗⊥ regions are occupied by absorbers made with

different low Z materials such as lithium hydride, beryllium,

and diamond. Table 2 shows why diamond is being consid-

ered. In spite of the equilibrium emittance increment of a

factor of two from LiH to Diamond, density increases by

a factor of four. Thus, the absorber thickness can be less

with the same energy loss. And if β∗ is reduced enough, the

desired cooling can still occur.

Table 2: Material Properties for 600 MeV/c Muons [18]

Material Density LR dE/ds ǫ⊥,eq

g/cm3 cm MeV/cm (mm · rad )

H2 gas 8.4 ×10−5 7.5 ×105 3.522 ×10−4 0.037

LiH 0.82 97 1.665 0.061

Be 1.85 35.3 3.164 0.087

B4C 2.52 19.9 4.469 0.112

Diamond 3.52 12.1 6.670 0.122

To optimize the channel length, several stages with differ-

ent material absorbers are required. The expected emittance

evolution through the channel is plotted in Fig. 6 for 800

MeV/c muons. ǫ6D is calculated using equation 5 and β∗

declines from 2.0 to 0.55 cm. Each channel stage length

is optimized in order to keep the total length as short as is

possible. Nevertheless, cell lengths are long because a lot

of RF was put in to keep βL and the longitudinal emittance

small. Shorter cell lengths may be possible.

Figure 6: Expected emittance evolution [17].

Emittance exchange wedges might be placed between

channel stages to optimize to flatness of the beam. Wedges

might lower x emittance and raise z emittance and then lower
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z emittance and raise y emittance [14]. Cooling is faster if

the transverse emittance is larger.

FIRST STAGE SIMULATION

The first stage of the channel is simulated using

G4beamline [19] and ICOOL [20]. The simulation runs

1000 622 ± 2 MeV/c muons through 210 cells and gets 99%

muon transmission with no RF or absorber, just quadrupoles.

A beam plot for the last two cells is shown in Fig. 7.

Figure 7: Last two cells for a beam emittance ǫ x =126 µm

rad and ǫy = 622 µm rad through 210 cells with p = 622 ±

2 MeV/c. Red is RF. Green and yellow are quadrupoles.

When absorbers and RF are included, but the stochastic

process are off, the transmission drops to 50%. Finally, the

transmission is 20 % when straggling and delta rays, but not

scattering or decays, are activated as Fig. 8 shows.

Figure 8: Transmission for a channel with 210 1.35 m cells.

The first channel stage was simulated using ICOOL and

G4Beamline with p = 622 ± 2 MeV/c. Initial emittance

was ǫ x,y,z = (0.126, 0.622, 0.0) mm rad. Momentum shifts

caused by synchrotron oscillations and perhaps different path

lengths as Fig. 9 shows, mandate the addition of sextupoles.

Figure 9: Longitudinal momentum oscillation for one muon

through a channel with absorbers and RF.

EMITTANCE EXCHANGE

The transverse cooling is limited by the equilibrium emit-

tance that requires very high magnetic field and dense materi-

als to reduce the transverse emittance even modestly. There-

fore, the emittance exchange proposed in [17] is placed at

the end of the last cooling stage. It converts the emittance

from ǫ x,y,z = (0.0714, 0.141, 2.418) mm-rad to a narrower,

longer ǫ x,y,z = (0.025, 0.025, 70) mm-rad emittance. Fig. 10

shows a simplified illustration of the process.

Figure 10: Emittance exchange system schema.

The system includes 16 electrostatic septa that slice the

bunch into 17 parts. The Fermilab Fixed Target Switchyard

used eight electrostatic septa strings to deliver beam to nine

primary slow spill users and one fast spill user [21]. The

bunches are interleaved into a 3.7 m long bunch train using

CLIC RF deflector cavities [22]. After that snap bunch

coalescense [23] combines 17 muon bunches into a single

long bunch with RF in a 21 GeV ring [24,25]. The coalescing

time during a quarter synchrotron period is 55 µs and the

muon decay loss is 13%. The packing fraction approaches

87% [26].

CONCLUSION

The quadrupole doublet channel shows some transmis-

sion through the first stage. The transmission needs to be

improved by adding magnetic sextupoles for chromatic cor-

rection. Admittance needs be moderately improved. If chro-

matic correction can be made to work, the channel has the

potential to reduce the 6D emittance to the level needed for

a high luminosity muon collider.
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