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Abstract
The higher order nonlinear resonances of transverse

betatron oscillation were studied experimentally at the
SRRC's storage ring. The turn-by-turn method and phase
space map were used to analyze the data. The
instantaneous tune was extracted to study the tune
variation from the different betatron amplitude. The linear
coupling due to the difference resonance at around the 6th
order nonlinear resonance has also been investigated.

1 INTRODUCTION
The nonlinear beam dynamics study is continuing at

SRRC’s Taiwan Light Source (TLS)[1,2], a combined
function TBA lattice type storage ring. The effects of
higher order multipoles errors driving the higher order
nonlinear resonances are under investigating. The general
resonance condition is mνx ± nνy = p, where νx and νy are
horizontal and vertical tunes respectively, and m, n, p are
integers. If p is a multiple of the accelerator’s
superperiodicity, the resonance excitation will be very
sensitive to the systematic errors in the lattice elements.
The TLS storage ring has the superperiodicity of 6. For
the one-dimensional non-linear resonance, mνx = p. The
5th order nonlinear resonance with m = 5 and νx = 7.2
gives p = 36. It is a multiple of 6 of the superperiod of the
TLS storage ring. Thus, a study on the 5th order nonlinear
resonance is interesting.

In order to extend the nonlinear resonance study to 6th

order, the horizontal tune was adjusted to νx ~ 43/6. A
linear coupling from the difference resonance appeared at
around νx ~ 7.166 and νy ~ 4.166. The effect of the
coupling complicated the investigation of the 6th order
resonance. A preliminary study of this coupling
phenomenon was also reported.

The extraction of instantaneous tune is interesting in
some applications of the beam physics. With the
numerical analysis of fundamental frequency (NAFF)
method[3] the instantaneous tune can be extracted with a
small number of turns of beam positions. It is used in this
report to study the decoherence effect and also to obtain
some nonlinear resonance parameters.

2 EXPERIMENTAL PROCEDURE
The data acquisition system used for the turn-by-turn

beam position measurement was the same one used in the
previous studies with performance enhanced. The vertical
beam position could be acquired more accurately. One of
the injection kickers was used to kick the electron beam
horizontally to produce the coherent betatron motion. The
beam position signals were measured by beam position
monitors, then, passed through a hybrid junction and

Bergoz's Log-Ratio beam position monitor electronics
(LR-BPM) to the VME based transient digitizers. The
online data acquisition can be initiated with a workstation
installed with GUI based software. The raw data and the
result could be displayed on line and the saved beam
positions would be used for further analysis. During the
experiment it was found that the multi-bunch beam was
adequate for the experiment.

3 RESULT AND DISCUSSION

3.1 Instantaneous tune
The instantaneous tune can be extracted with the NAFF

method proposed by Laskar. The instantaneous tune νm,N

is the tune with N consequent turns starting at turn m by
maximizing the absolute value of )( ,NmvI .
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nf is the turn-by-turn beam position at n-th turn.
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the fundamental frequency, or the tune. nmx − is the weight

function to improve the precision of extracted tune.
The decoherence due to the tune spread results in the

amplitudes of the centroid of the beam positions
measured by beam position monitor decay rapidly as the
kicked amplitude of the electron beam increased. In order
to measure the instantaneous tune at different amplitude
during the rapid decaying of the beam position amplitude,
only a small number of turns can be used. The traditional
plain fast fourier transform (fft) methods using a large
number of beam positions is not suitable. Thus, the NAFF
method provides an alternative solution to obtain the
amplitude dependent tune shift with rapidly decaying
amplitude. In Fig. 1, the instantaneous tune obtained was
plotted vs. the square of the instantaneous amplitude. The
instantaneous amplitude of measured beam position was
obtained with the amplitude of the complex Hilbert
transform. In the figure, the circles represent the tune
obtained with the plain fft method using the whole set of
the beam positions. It shows that the TLS has a negative
detune value about -1.11 ×10-3 (mm mrad)-1 at the
condition used for this measurement. The straight line is
the linear fit to these data points. The other curves
represent the instantaneous tunes obtained with 3
arbitrarily selected data sets of beam positions using
N=256. While at the maximum beam positions right after
the kicks the tunes obtained with both methods give about
the same results. But the instantaneous tunes obtained
with NAFF method show that the tunes do not decrease
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with the square of the amplitude linearly. The tune have
small slope at higher amplitude, but larger at smaller
amplitude. At the smaller amplitude the beam positions
included for the calculation might contain the already
damped beam positions. This could make the calculated
instantaneous tune incorrect. A more detailed study shows
that the number of points, N, selected will make the
instantaneous tune curve different slightly at the lower
amplitude. A selection of larger N will give a little higher
tune, i.e. close to the fitted curve. Thus, the number N
used for the calculation is critical. At the higher amplitude
the calculated instantaneous tune is lower than that using
plain fft method. This might be due to the fact the beam
position measured under the decoherence is the centroid
of the particles in the beam. The actual beam positions of
the particles might be still larger. Thus the instantaneous
tune still shows larger and close to the original just kicked
beam. There might still have other effects, a detailed
study is needed in order to understand it.

Figure 1: Comparison between the instantaneous tune vs.
the square of the amplitude and the tune measured with
plain fft method using the whole set of beam position data.

3.2 5th order Nonlinear resonance
The 5th order nonlinear resonance data was taken with

the chromaticity set to about zero. The nonlinear detuning
parameter, αxx, at this condition was about –1.11 �� ��

��

(mm mrad)-1 . Because of the negative nonlinear detuning
effect of the TLS, the data taking was started at νx slightly
higher than 7.2 and the beam was kicked from lower
kicking strength until it could be kicked out of the ring.
When all of the required conditions were met, the 5th

order nonlinear resonance could be obtained. In Fig. 2,
one set of the turn-by-turn beam positions of the one-
dimensional 5th order resonance and its fft spectrum are
shown. Fig.3 shows its phase space map in the normal
coordinates, and its corresponding map in action-angle
variables (Jx and �). This spectrum contains 13 msec of
data points. It shows that the resonance can stay at almost
the same amplitude for a long period of time. The island
tune νisland can be seen in the side band of the main peak,
vx~7.2, of the fft spectrum. νisland is estimated about
0.0018, which corresponds 555 orbital turns.

The Hamiltonian for the 5th order nonlinear resonance
can be written as
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where δ = νx- l/5 is the resonance proximity parameter;
� = φx - l/5⋅θ + ξ/5; Jx and φx are conjugate action-angle
variables. G and ξ are the resonance strength and phase; θ
is the orbital angle. In the present preliminary study, a
simplified Hamiltonian is used. Near the betatron
resonance at mνx(Jr) = p, Jr is the stable fixed point. The
Hamiltonian can be approximated by [4,5]

⋅⋅⋅+−+−= )cos()(2)(
2
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One set of our data of the island ellipses in the action-
angle variables phase space map was fitted with the
Hamiltonian of Eqn.(3). Its result is shown in Fig. 4. The
resonance strength was estimated about 9 � 10-4 (mm
mrad)-1. A more through study using the Hamiltonian in
Eqn.(2) is underway for understanding the detailed
mechanism of the 5th order nonlinear resonance.

Figure 2: A 32000 turn beam positions vs. turn number
(above) and its corresponding fft spectrum in the νx

range from 0.185 to 0.215 (below).

Figure 3: The corresponding phase space map of data
in Fig. 2, in normal coordinates (left), in action- angle
variables (right).

3.3 Linear coupling around νx=43/6
During the exploration of the 6th order nonlinear

resonance, the quadrupole strength was adjusted to lower
the horizontal tune from that used in the present user shift
(νx ~ 7.22, νy ~ 1.40) to νx ~7.167. At the same time the
vertical tune was also increased following the relation
between the horizontal betatron function and vertical
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betatron function at the adjusted quadrupole. At around
fractional tune of νx ~ 1/6, νy could also have fractional
tune very close to 1/6. With the skew quadrupoles’
strength set at some value, it was found that the horizontal
betatron motion could couple with the vertical betatron
motion. Its turn-by-turn beam position vs. turn number
plot and phase space plot could be similar to those of a 6th

order nonlinear resonance, Fig 5. After studied carefully,
the data shown in Fig. 5 was identified as the result of the
linear coupling. From the beating period of beam
positions vs. turn number one could find that it
corresponds to tune of 0.0172. It is about the tune
difference of the horizontal and vertical tune, ~0.0172,
obtained from the fft spectrum of the beam positions.
With the instantaneous beam positions obtained with the
Hilbert transform, one was able to obtain the ratio of the
minimum of the beam position to the maximum, G = 0.45.
The distance of the tunes from the coupling resonance, |∆|,
and the coupling coefficient, |C|, can be obtained with

Tf

G

rev ⋅
=∆

)1( 21 GC
Tfrev

−= ⋅

where
revf is the revolution frequency of the accelerator,

it is 2.5 MHz at TLS, and T is the beating period. For the
data shown in the figure, |∆| = 0.008, and |C| = 0.015. It
indicated a strong coupling effect occurred when the data
was taken. If the 6th order nonlinear resonance is to be
studied, the coupling effect must be suppressed at
fractional tune of νx at around 1/6. So, it will not
complicate the analysis of the 6th order nonlinear
resonance.

4 CONCLUSION
A preliminary study on the 5th order nonlinear

resonance at νx = 7.2 has been done. Its dynamics of
resonance islands was investigated. During the study of
the nonlinear resonance, the NAFF instantaneous tune
extraction method was also used and studied. For the
exploration of 6th order nonlinear resonance, the
difference coupling was observed and investigated in
order to simplify the studied of the 6th order nonlinear
resonance in the future. At present, the turn-by-turn beam
position data acquisition system has been improved with
better resolution, and the vertical beam positions can be
measured along with the horizontal beam positions easily.
The coupling effect and 2-dimensional resonance will be
studied in the near future.
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Fig. 4: The stable ellipses around island fixed points in
the action angle variables were fitted by a simplified
Hamiltonian of Eq. (3).

Figure 5: The difference coupling appears as the tune of
νx approaching 43/6.
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