
7KH� HOHFWURPDJQHWLF� FRQWLQLRXV� [�UD\� UDGLDWLRQ� �RU
EUHPVVWUDKOXQJ�� KDV� IRXQG� ZLGH� DSSOLFDWLRQ� LQ� YDULRXV
DUHDV� RI� VFLHQFH� DQG� HQJLQHHULQJ� ILUVW� RI� DOO� GXH� WR� LW¶V
JUHDWHVW�SHQHWUDWLQJ�DELOLW\�LQ�FRPSDULVRQ�ZLWK�RWKHU�W\SHV
RI�UDGLDWLRQV��(OHFWURQ�OLQDFV�DUH�XVXDOO\�XVHG�DV�D�VRXUFH
RI�SDUWLFOHV��)RU� LQFUHDVH�RI�D�EUHPVVWUDKOXQJ�RXWSXW� LW� LV
QHFHVVDU\� WR� UDLVH� WKLFNQHVV� RI� D� WDUJHW�� WKXV� D� � UDGLDWLRQ
GLYHUJHQFH� FRQH� DQJOH� FDQ� PDNH� WHQV� RI� GHJUHHV�� VR
LQWHQVLW\� RI� EUHPVVWUDKOXQJ� LV� GHFUHDVHG�� )RU� YDULRXV
QXFOHDU� QXPEHUV� RI� D� WDUJHW� VXEVWDQFH� DQG� HOHFWURQ
HQHUJLHV� WKHUH� LV� WKH� VR�FDOOHG� RSWLPXP� WKLFNQHVV� RI� D
WDUJHW��ZLWK�ZKLFK� WKH� EUHPVVWUDKOXQJ� RXWSXW� UHDFKHV� WKH
PD[LPXP�� +RZHYHU�� ZKHQ� XVLQJ� D� WDUJHW� ZLWK� RSWLPXP
WKLFNQHVV� QRW� DOO� HOHFWURQ� HQHUJ\� LV� DEVRUEHG� LQ� D� WDUJHW
PDWHULDO�

,Q�WKH�UHSRUW�LQYROYHG�RQH�RI�ZD\V�RI�EUHPVVWUDKOXQJ
LQWHQVLW\�LQFUHDVH�LV�GHVFULEHG��,Q�WKLV�PHWKRG�WKH�HOHFWURQ
IORZ� LV� WUDQVSRUWHG� IURP� � WKH� OLQDF� RXWSXW� � LQ� VXFK� D
PDQQHU� WKDW�� SDVVLQJ� D� VHTXHQFH� RI� �WKLQ�� WDUJHWV� �IXWKHU
ZH�VKDOO�FDOO�LWV�³IRLOV´��ZKLFK�WKLFNQHVV�LV�HVVHQWLDOO\��RQ
WKH�RUGHU��OHVV��WKDQ�RSWLPXP�RQH��LQ�DJJUHJDWH�IRUPLQJ�D
�WKLFN�� WDUJHW�� ZKLFK� WKLFNQHVV� FDQ� H[FHHG� RSWLPXP� DQG
HYHQ�UDGLDWLQJ�WKLFNQHVV��LV��FRROHG��RQ�HDFK�VLWH�EHWZHHQ
WKH� QH[W� �WKLQ�� IRLOV�� 7KXV�� �WKLQ�� IRLOV� FDQ� KDYH� VXFK
GLVSODFHPHQW� DQG� IRUP�� WKDW� WKH� UDGLDWLRQ� IURP� SUHYLRXV
IRLOV�SDVVHV�E\�QH[W�RQH�LQ�WKH�VDPH�GLUHFWLRQ��,Q�FRQWUDVW
WR� D� FDVH� RI� WKH� VROLG� �WKLFN�� WDUJHW� ZLWK� HTXLYDOHQW
FRPELQHG� WRJHWKHU� WKLQ� IRLOV� OHQJWK�� WKH� DQJXODU� GLVRUGHU
RQ� HDFK� RI� VLWHV� RI� D� WUDMHFWRU\� LV� QRW� VXPPDUL]HG�� EXW
GHFUHDVHV��RU��DW�OHDVW��UHPDLQV�DV�SUHYLRXV��LI�WKH�IDFWRU�RI
EHDP�HPLWWDQFH� LQFUHDVH� LQ�HDFK�IRLO� LV�HTXDO� WR� IDFWRU�RI
EHDP� HPLWWDQFH� UHGXFWLRQ� �HTXLYDOHQW� WR� LQFUHDVH� RI� D
EHDP� FURVV� VL]H� LQ� �� FRROLQJ� V\VWHP� ��� RQ� D� VLWH� RI
WUDQVSRUWDWLRQ�XS�WR�WKH�IROORZLQJ�IRLO�

,Q�WKH�HOHPHQWDU\�FDVH�WKLV�PHWKRG�FDQ�EH�UHDOL]HG�LQ
D�V\VWHP�ZLWK�DQ�DGLDEDWLFDOO\� �GHFUHDVLQJ�PDJQHWLF� ILHOG
IRUPHG� E\� D� VHTXHQFH� RI� VROHQRLGV�� ,Q� )LJ��� � WKH
H[SHULPHQWDO� IDFLOLW\� � VFKHPH� IRU� FKHFNLQJ�RI� WKH�RIIHUHG
YDULDQW� RI� EUHPVVWUDKOXQJ� IORZ� ZLWK� VPDOO� DQJXODU
GLYHUJHQFH� IRUPDWLRQ� � LV� VKRZQ��7KH�HOHFWURQ�EHDP� IURP
WKH� OLQDF� SDVVHV� WKURXJK� D� IRLOV� VHTXHQFH� )��� )��� )�����
HDFK�RI�ZKLFK�LV�ORFDWHG�RQ�D�VLWH�LQ�D�FHQWUDO�]RQH�RI�WKH
DSSURSULDWH� VROHQRLGV� 6��� 6��� 6������ ZKHUH� WKH� PDJQHWLF
IRUFH� OLQHV� GLUHFWLRQ� � FRLQFLGHV� ZLWK� D� GLUHFWLRQ� RI� D
ORQJLWXGLQDO�D[LV�RI�V\VWHP�

7KH� DFFHOHUDWRU�� GHVLJQHG� IRU� DFFHOHUDWLRQ� RI� N$
HOHFWURQ�FXUUHQWV�LQ�EHDPV�RI�WXEXODU�VKDSH�>�@�FDQ�EH�XVHG
DV� OLQDF� �ZLWK� WKH� VXSHUFRQGXFWLQJ� � VROHQRLGV� IRFXVLQJ� LQ
RSHUDWLQJ�YDULDQW�RI�SUDFWLFDO�UHDOL]DWLRQ��

:LWK� WKH�DQDO\VLV�RI�SURFHVVHV�RFFXUULQJ�ZLWK�DQ�HOHFWURQ
EHDP�SDVVDJH� � LQ� WKH� IDFLOLW\��ZH� VKDOO� XVH� WKH� IROORZLQJ
FKDUDFWHULVWLFV�� :H� �� DQ� HOHFWURQ� HQHUJ\�� w H¶%�P
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F\FORWURQ��IUHTXHQF\���H���P
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¶F���DQ
DFFRUGLQJO\� DUH� FKDUJH�� PDVV�� UHODWLYH� VSHHG� DQG
GLPHQVLRQOHVV� HOHFWURQ� HQHUJ\� ��%� �� LV� D� PDJQHWLF� ILHOG
LQGXFWLRQ���U 9^�

�w���LV�F\FORWURQ�UDGLXV��9^���LV�WUDQVYHUVH
HOHFWURQ�YHORFLW\���U�� �9^�9ÉÉ� �� LV�DQ�DQJOH�RI�DQ�HOHFWURQ
WUDMHFWRU\� LQFOLQDWLRQ� WR� DQ� D[LV� �9ÉÉ� �� LV� ORQJLWXGLQDO
HOHFWURQ�YHORFLW\���)LUVW� RI� DOO��ZH� VKDOO� GHILQH� FRQGLWLRQV
RI� DQ� DGLDEDWLF� PDJQHWLF� ILHOG� FKDQJH� �� ,Q� RXU� FDVH� LW
PHDQV�� WKDW� WKH� WLPH�RI�RQH� HOHFWURQ� F\FORWURQ� UHYROXWLRQ
LQ� D�PDJQHWLF� ILHOG�7F� VKRXOG�EH�PXFK� OHVV�� WKDQ� WLPH� RI
HOHFWURQ� SDVVLQJ� WKURXJK� D� VHFWLRQ� RI� OHQJWK� /� ZLWK� WKH
JLYHQ�PDJQHWLF�ILHOG�YDOXH�%������7F����W���������RU�
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)URP�WKLV�UDWLR�LW�LV�FOHDU��WKDW�ZLWK�WKH�UHGXFWLRQ�RI�D
PDJQHWLF�ILHOG�%�DQG�VPDOO�ORVVHV�RI�HOHFWURQ�HQHUJ\��LQ�D
IRLO�� D� VHFWLRQ� OHQJWK� � JURZV�� WKDW� LPSRVHV� UHVWULFWLRQV�RQ
WKH�PLQLPDO� �PDJQHWLF� ILHOG� YDOXH��ZKLFK� FDQ� EH� XVHG� LQ
IDFLOLW\�� UHODWHG� � WR� WKH� DOORZDEOH� ORQJLWXGLQDO� VL]HV�� )RU
H[DPSOH��ZLWK���:H� ���0H9��g�a�����DQG�D�IRLO�WKLFNQHVV
HTXDO� WR� ���� PP� HOHFWURQ� HQHUJ\� ORVVHV� LQ� IRLO� ZLOO� EH
DSSUR[LPDWHO\� HTXDO� WR� ��� NH9� �� IRU�$O� ��� L�H�� 7F� DQG� W
SUDFWLFDOO\� GR� QRW� FKDQJH�� 7KHQ�� E\� DFFHSWLQJ� W�  � ��¶7F
DQG� OHQJWK� RI� WKH� ODWWHU�� PRVW� H[WHQGHG� VHFWLRQ� HTXDO� WR
�P�� ZH� JHW� YDOXH�%� a� ���� 7�� ,W� LV� REYLRXV�� WKDW� XVH� RI
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���������������GLYHUJHQFH�IRUPDWLRQ�E\�PHDQV�RI
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VPDOOHU� YDOXHV� RI� %� LV� LQH[SHGLHQW� IURP� FRQVWUXFWLYH
UHDVRQV�

/HW
V� SURFHHG� WR� FRQVLGHUDWLRQ� RI� TXHVWLRQV
FRQQHFWHG� WR� DQ� HOHFWURQ� EHDP� �FRROLQJ��� L�H�� ZLWK
WUDQVYHUVH� HOHFWURQ� YHORFLW\� � �� U�� �� UHGXFWLRQ�� 2Q� D� VLWH
EHWZHHQ� WZR� QH[W� IRLOV� DQ� HOHFWURQV� FRQVLVWHQWO\� SDVV� WKH
DUHD� RI� D� KRPRJHQHRXV� PDJQHWLF� ILHOG�� WKHQ� DUHD� RI� D
PDJQHWLF�ILHOG��UHFHVVLRQ�DQG��IXUWKHU��DJDLQ�WKH�VLWH�ZLWK�D
KRPRJHQHRXV� PDJQHWLF� ILHOG�� ,Q� HDFK� FURVV� VHFWLRQ� WKH
PDJQHWLF�ILHOG�LV�FRQVWDQW��GRHV�QRW�GHSHQG�RQ�UDGLXV�DQG
D]LPXWK��� 8VLQJ� DQ� DGLDEDWLF� LQYDULDQW� PHWKRG� >�@�� LW� LV
SRVVLEOH�WR�REWDLQ�WKH�IROORZLQJ�SDULWLHV�

p�¶�%�¶�U�� �FRQVW�������������DQG���������������������
w�¶�5�¶�����¶�U���5��� �FRQVW��������������������������

ZKHUH�UDGLXV�5� FKDUDFWHUL]HV�DQ�HOHFWURQ�SRVLWLRQ� UHODWLYH
WR�DQ�V\VWHP�D[LV�RI�V\PPHWU\�

)URP�(T������ LW� LV�YLVLEOH�� WKDW�F\FORWURQ�UDGLXV�U�a�%�

������DW�WKH�VDPH�WLPH�F\FORWURQ�IUHTXHQF\�w�a�%���DQG�IURP
WKH�IRUPXOD�����IROORZV��WKDW�

D D % %� � � �= ¶ � ���5 5 % %� � � �= ¶ � �����������
������

ZKHUH� D� �� LV� DQ� HOHFWURQ� WUDMHFWRU\� D[LV� GLVSODFHPHQW
UHODWLYHO\�D�V\VWHP�D[LV�RI�V\PPHWU\�

8VLQJ�WKHVH�UDWLRV�RQH�FDQ�HVWLPDWH�WUDQVYHUVH�EHDP
VL]HV�

7DNLQJ� LQWR� DFFRXQW� WKDW�9^�
 �w¶� U� �� DIWHU� VLPSOH

WUDQVIRUPDWLRQV� DQ� H[SUHVVLRQ� IRU� HOHFWURQ� EHDP� DQJXODU
GLYHUJHQFH�UHGXFWLRQ�DIWHU�SDVVDJH�RI�VSDFH�EHWZHHQ�IRLOV
�SURFHVV��QDPHG�DERYH�DV���FRROLQJ����LV�REWDLQHG�
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7KH�YDOXH�RI�H[SUHVVLRQ�LQ�D�GHQRPLQDWRU�RI�WKH�(T�
����LV�HVVHQWLDO�PRUH�WKDQ���RQO\�ZLWK�ODUJH��PRUH�WKDQ�����
YDOXHV� RI� U�� DQG� VPDOO� �OHVV� WKDQ� ����� YDOXHV� RI� WKH� UDWLR
%
�
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�� 7KHUHIRUH� LQ� WKH� ILUVW� DSSUR[LPDWLRQ� ZLWK� DQ
DFFXUDF\�XS�WR�VRPH�SHUFHQWV�LW�LV�SRVVLEOH�WR�VXSSRVH��WKDW

%U a� ���
)RU� DQ� HVWLPDWLRQ� RI� HOHFWURQ� VFDWWHULQJ� LQ� IRLOV� ZH

VKDOO�XVH�WKH�IROORZLQJ�H[SUHVVLRQ�IRU�D�URRW�PHDQ�VTXDUH
VFDWWHULQJ�DQJOH�LQ�D�SODQH�RI�D�WUDMHFWRU\�>�@�
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�ZKLFK�LV�WDNLQJ�LQWR�DFFRXQW�SURSHUWLHV�RI
D�WDUJHW�VXEVWDQFH���LV�QDPHG�DV�UDGLDWLQJ�OHQJWK�

$V�HOHFWURQV�JHW�RQ�D�IRLO�DW�DQ�DQJOH��GLIIHUHQW�IURP
����� FRPSOHWH� URRW�PHDQ�VTXDUH� DQJXODU� GLVRUGHU� LQ� D
EHDP�jH�DIWHU�SDVVLQJ�RI�D�IRLO�ZH�VKDOO�GHILQH�DV�IROORZV�
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ZKHUH��U����LV�DQ�DQJXODU�GLVRUGHU�LQ�D�EHDP�RQ�D�IRLO�LQOHW�
$V��WKH�HOHFWURQ����IORZ��LQWHQVLW\��LV��SURSRUWLRQDO��WR���U�����
UHODWLYH�LQFUHDVH�RI�LW��LQ�FRPSDULVRQ�ZLWK�D��WKLFN��WDUJHW
FDQ�EH�GHILQHG�DFFRUGLQJO\�WR�WKH�IRUPXOD�
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ZKHUH� j
WK

� �� LV� WKH� VFDWWHULQJ� DQJOH� DSSURSULDWH� WR� DQ

HTXLYDOHQW��WKLFN��WDUJHW�ZLWK�W
WK
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H

���LV
GHILQHG�IURP�WKH�(T������

:KLOH� � SDVVLQJ� D� WDUJHW� DQ� HOHFWURQ� DW� HDFK
LQGLYLGXDO� DFW� RI� LQWHUDFWLRQ� ZLWK� DWRPV� RI� VXEVWDQFH
SURGXFHV�D�EUHPVVWUDKOXQJ� IORZ�ZLWK�PLQLPDO�GLYHUJHQFH
j5� a� �� �� g� � UHODWLYH� WR� DQ� HOHFWURQ� PRYHPHQW� GLUHFWLRQ�
7KHUHIRUH� PD[LPXP� YDOXH� j5�

LQ� URRW�PHDQ�VTXDUH
DSSUR[LPDWLRQ�FDQ�EH�HVWLPDWHG�DV�

j j g5 H= +� �� � ����������������������������

,Q� )LJ��� WKH� FDOFXODWHG� GHSHQGHQFHV�j5�
XSRQ� XVHG

IRLOV� WKLFNQHVV� W
)

� DUH� JLYHQ� ZLWK� YDULRXV� YDOXHV� RI� D
PDJQHWLF� ILHOG� UHFHVVLRQ� �Q
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��� ZKLFK� VXSSRVHG
LGHQWLFDO� LQ� DOO� VLWHV�� 7KHUH� DQJXODU� GLYHUJHQFH� RI� D
EUHPVVWUDKOXQJ� IORZ� IRU� DQ� HOHFWURQ� EHDP�� SDVW� �WKLFN�
WDUJHW� RI� HTXLYDOHQW� WKLFNQHVV�� LV� VKRZQ�E\� D� GRWWHG� OLQH�
7KH�UHVXOWV�DUH�JLYHQ�IRU�D�IRLO�QXPEHU��1

)

�HTXDO���DQG���

7KH� UHODWLYH� LQFUHDVH�RI�EUHPVVWUDKOXQJ� IORZ� LQWHQVLW\
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��ZLWK�XVH�RI��WKLQ��IRLOV�LV�VKRZQ�LQ�)LJ���

)LJXUH���&DOFXODWHG�GHSHQGHQFHV�RI�D�UHODWLYH
������������EUHPVVWUDKOXQJ�IORZ��LQWHQVLW\�LQFUHDVH�,
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7KH� DQDO\VLV� FDUULHG� RXW� DERYH� VKRZV�� WKDW� DOO
�DQJXODU�� FKDUDFWHULVWLFV� RI� D� EHDP� DQG� UDGLDWLRQ� GR� QRW
GHSHQG�RQ�DEVROXWH�YDOXH�RI�D�PDJQHWLF�ILHOG�LQGXFWLRQ�%�
$W�WKH�VDPH�WLPH��EHDP�UDGLXV�5�DQG�WKH�OHQJWK�RI�VHFWLRQV
GLUHFWO\� GHSHQG� RQ� YDOXH� %�� ,W� LV� SRVVLEOH� WR� GHWHUPLQH
OHQJWK�RI�VHFWLRQV��SURFHHGLQJ�IURP�DQ�DGLDEDWLF�PDJQHWLF
ILHOG�FKDQJH�FRQGLWLRQV������PHQWLRQHG�DERYH��DFFRUGLQJO\
WR�WKH�IROORZLQJ�IRUPXOD�
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ZKHUH�1&� �� LV� WKH� F\FORWURQ� UHYROXWLRQV� QXPEHU�PDGH� E\
HOHFWURQ�LQ�D�OHQJWK�G�RI�VHFWLRQ�

$V� LW� ZDV� DOUHDG\� PHQWLRQHG� DERYH�� ZLWK� YDOXH
%�����7�OHQJWK�RI�VHFWLRQV�EHFRPHV�PRUH�WKDQ���P�7RWDO
OHQJWK� RI� WKH� GHYLFH� ZLOO� EH� GHILQHG� E\� QXPEHU� RI� IRLOV
XVHG��1)��ZKLFK�LV�HTXDO�WR�QXPEHU�RI�VLWHV�ZLWK�D�FRQVWDQW
PDJQHWLF�ILHOG��E\�YDOXH��RI�D�PDJQHWLF�ILHOG�Q%�UHFHVVLRQ
DQG�E\�D�PDJQHWLF�ILHOG�RQ�WKH�ILUVW�VLWH�YDOXH�%��

7DNLQJ� LQWR� DFFRXQW� WKDW� WKH� GHYLFH� � OHQJWK� FDQ� EH
OLPLWHG� E\� YDOXH� RI� WKH� RUGHU� ���P� �D� KLJK� FXUUHQW� OLQDF
FDQ�KDYH�DSSUR[LPDWHO\� WKH� VDPH� OHQJWK���RQ� WKH�EDVLV�RI
WKH� DFFRXQWV� FDUULHG� RXW� LW� LV� SRVVLEOH� WR� RIIHU� VRPH
SRVVLEOH� YDULDQWV� RI� IDFLOLW\� SHUIRUPDQFH�� ,Q� 7DEOH� �� WKH
FDOFXODWHG� SDUDPHWHUV� RI� VRPH� YDULDQWV� RI� WKH� RIIHUHG
GHYLFH�DUH�JLYHQ�XQGHU�FRQGLWLRQV�1&� �����g� ����b�a���
7KH� PDJQHWLF� ILHOG� RQ� WKH� ILUVW� VLWH� YDOXH� %��� � PDJQHWLF
ILHOG� UHFHVVLRQ� SDUDPHWHU� Q%�� QXPEHU� RI� IRLOV� 1)�� WRWDO
V\VWHP� OHQJWK� /�� GLYHUJHQFH� j5� �

�KDOI� RI� WRWDO� DQJOH��
UHODWLYH� EUHPVVWUDKOXQJ� � IORZ� LQWHQVLW\� LQFUHDVH� ,5� DUH
VSHFLILHG�� )RLO� WKLFNQHVV� � LQ� DOO� YDULDQWV� LV� HTXDO� � WR� ���
PP��D�IRLO�PDWHULDO�LV�$O�

7DEOH���
9DU��1R� %���7 1) Q% j5��UDG ,5 /��P

� � � ��� ���� ���� ����
� � � ��� ���� ���� ����
� �� � ��� ���� ���� ���
� �� � ��� ���� ���� ����
� �� � ��� ���� ���� ����
� �� � ��� ���� ���� ����

7KH� FDOFXODWHG� FKDQJHV� RI� D� PDJQHWLF� ILHOG
LQGXFWLRQ�%�DQG�H[WHUQDO�HOHFWURQ�EHDP�UDGLXV�5�DORQJ��WKH
GHYLFH� OHQJWK�/� IRU� WKH�YDULDQWV�DUH�JLYHQ� LQ�7DEOH����DUH
VKRZQ�LQ�)LJ���

7KH�UHVXOWV�REWDLQHG�KDYH�SUHOLPLQDU\�FKDUDFWHU�DQG
DVVXPH� WKH� VXEVHTXHQW� FRUUHFWLRQ� IURP� WKH� SRLQW� RI� YLHZ
RI� GHWDLO� RSWLPL]DWLRQ� FULWHULD� GHYHORSPHQW� � �DFFRUGLQJO\
WR�HIILFLHQF\��DQJXODU�GLYHUJHQFH��OHQJWK�HWF����+RZHYHU�LW
LV�SRVVLEOH�WR�PDNH�D�FRQFOXVLRQ�DERXW�DQ�RSSRUWXQLW\�DQG
SURVSHFWV� � RI� WKH� RIIHUHG� WHFKQLFDO� GHFLVLRQ� IRU� WKH
GHIHFWRVFRS\�DQG�ODUJH�VL]HG�ORDGV�FXVWRPV�FRQWURO�WDVNV�

5()(5(1&(6
���6DUDQWFHY�9���3HUHOVWHLQ�(������&ROOHFWLYH�DFFHOHUDWLRQ
����RI���LRQV�E\�PHDQV�RI�HOHFWURQ�ULQJV���LQ�5XVVLDQ��
����0����$WRPL]GDW�������
���.LUVWHLQ�3���DW�DO������)RUPDWLRQ�RI�HOHFWURQ�EHDPV
����LQ�5XVVLDQ�����0����0LU�������
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