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Abstract

In the paper the results of exact integration of Lorentz
equation for a free electron in the field of a linear
polarized standing electro-magnetic wave are presented.
Standing wave is considered as a sum of two running in
opposite directions linear polarized waves. Projections of
equations on coordinate axes can be integrated once. It
alows us to reduce the task to solution of nonlinear
equation of the second order for electron coordinate. The
axis of projection coincides with a wave line. For
approximate integration of the second order equation the
expansion on two small parameters are used. Velocity and
coordinate of electron in parametric form are presented in
the paper. It is shown that under interaction of a
relativistic electron with stationary wave there is a
motion, which has of beating character. The amplitude
and period of the beating were calculated.

INTRODUCTION

The theory of the electron interaction with a standing
light wave originates in description of the Kapiza-Dirac
effect [1]. The physical sense of the effect is stipulated
rediation of electrons in the field of a stationary wave.
After that sufficiently large amount of papers were
devoted to the theoretical investigations of electron
radiation in the field of alight wave.

The interest to the subject has been revived lately due
to huge progress in intense laser technique. The latest
works use both quantum and classical electrodynamics
approach.

The main difficulty in using of classica
electrodynamics approach is determination of solution of
equations of electron motions in the form which will be
convenient for analytical calculations of the radiation
spectrum and for estimations of the electron velocity and
coordinate evolutions. For example, in basic works [2,3]
the solving of motion equations is reduced to the solving
of the equation system of the two first order equations.
But in this case one can find only approximate solution
and the solution can be formulate as a function of intrinsic
time of the electron. Such approach makes calculations of
the radiation spectrum and other characteristics quite
difficult. In the paper [4] an electron trgjectory in the field
of a standing linear polarized electromagnetic wave was
reduced to the solving of nonlinear differential equation
system with time dependent coefficients. After
linearization of the system the Hill equations has to be
solved.

In the presented paper, the approximate solutions of the
Lorenz equation for an electron in the field of linear
polarized standing wave are presented. The standing wave
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is considered as a sum of two running in opposite
directions waves with the same polarizations.

Two projections of the Lorenz eguation can be
integrated once [4]. It alows to reduce the task to the
solving of a second order nonlinear equation. For the
approximate solution the expanding on two small
parameters was used.

In the work the expressions for velocity and coordinates
of an electron were derived in a form of parametrical
functions of time. Using [5] and with the help of derived
formulas one can calculate radiation spectrum of an
electron in the field of standing linear polarized
electromagnetic wave.

As one can see from the derived solutions, the electron
motion in the standing wave has beating character and can
lead to electron grouping in the propagation direction.
The period and amplitude of the beatings were calculated.

MOTION EQUATIONS

An electron motion in the field of standing wave can be
described with Lorenz eguation:

where, f=v/c, mgthe rest mass of the electron, ¢ is the

velocity of light, e is the electron charge, \7:3—: is the

vector of an electron velocity, T =ix+ jy+kz, tistime,

E,H arevectorselectrical and magnetic field.

We will consider the standing wave as a sum of two
linear polarized running in opposite direction waves..

E=E+5 E=KG; H=kB;

5=0 §,=05,=0 §,=Q @
H=H,+H, H =[Bl=-E,

I:|2 =[; E,] =By 3
H, =0 Hy=Q Hy,=Q H,=0

E, = kEq, co{val[t —%] + 51}

E, = kEq, co{mz(t +§j+ 52};

Substituting (4) in (2) and (3) one can get:

(4)
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- X g
E= k[E01 CO{Z;rvl[t ——j + 51} + = e(VE), (17)
c
(5  one can derive the second order equation for electron
+Egp co{sz(t+§j+52 D coordinate X .
C .
bV __(1-p,)
G- X 1-B2  me @L+y?+A?) g

(6) Co{Zm/l[t - fj + 51} -
-Ep, CO{ZWZ(H%}F%D; c

(18)
—@- ﬁX)Co{Zﬂvl(t —ﬁj + 51} -
Using expression: mc/(l—,Bz)}/2 =¢& (where &-is ¢
electron energy), and expressions (5),(6) we project _ 1+ B,)Cod 27v (t +§j iy
equation (1) on coordinate axes: X 2 2
- -2 : 1 d?
. dt ‘fﬂz e(l B )E01 CO{Zﬁvl(t j+51} - where j, = ﬁx ; dtzx_
X Integrating (18) we derive:
+e(l+ﬂx )Eoz co! 271'V2[t+€j+52} 1+ﬁx 2k, cod ]
dep) 15, I(1+y/ T
caoP)=0 ® g, >COS[¢+ }dt +C,
1+ ﬂ X (to )
e _X _ C,=In——-.
s ePe)- eﬁz[Em ‘m{z’%[t cj+§1} 2= T8 )
« © For standing wave we can set:
~Eor CO{Z’W 2 ” —) * 52D ErEorEos 626,70 viev v,
where 5 _1dXx }E 1 dy Than ¢_ Zm/(t ——j @, = (t+§j.
P= cdtﬂ cdt'B cdt c
Equations (7,8) can be integrated once. As aresults the Asit follows from (19):
following expressions can be derived: 1+, _ 1+, (ty) O (20)
B IN1-5% =y (10) 1-Bx  1-5x(t)
ﬂy/ l— ﬂZ — A (11) WherezeE t
where i = PF +¢&, (12) @) =" =2 J o W‘;’+ 5 {a-Bcodp_1- @+ B )coslp. Tt
F :[Sr{Zm/l t—Xj+5_l}+Sir{2m/2 t+XJ+52D—
c (13) APPROXIMATE SOLUTION
( r{Zm/l x(to) . 61}+Sr{27rv W+ (to)] D Assuming P<<], &, <<1, ®(t) <<1 and
20 _1_p+0P0°
e, S:=7(0)B. () ° 0073
= W A= 7(to),3y (to) one can get from (20):

- 1. 42
tO isinitial time; E(J:EOl:EOZ . By () = By (to) + 5 1= B (t)@(t)

(21)
With use of two integrals (10) and (11) one can  P() = P?®1+P&,d, + P 0, 22)
express, B;,By,¢ through By, v, where )
ﬂz = l/fz(l_ ,82)/(1+ l//2 + AZ) (14) o, = Fiz{ (- E)(COS[ZQ] - COS[2¢+]) -2S n[(pf (to)]
,33 = Az(l— ﬂxz)/(1+1//2 + A2) (15) +Sn[¢+(t0)])(5in[go_]—5in[ +]) (23)

§=mec®(U+y® + A2 (- BE)?

1
1 2 (Cosl2¢_(to)] - Cos2¢, (to)D}
Substituting (14-16) to (9) and using expression:
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@, =2 *{(Snlp_]- Snlp, ) -

24
— (Sinlp_(to)]+ Sinle, (to)D} &9
O, =222V~ { [ Sn[4m/ }dt—
o (25)
t
- [ By (t)S'n[4m/t]dt}
to

and T2 =1+ y% (to)(B° (to) - BE (to)).
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Sng_
(1= Bx (o))

Sing,
1+ A1)

% - - R L {

¢ Pullo) COS[Zﬂ'VtO]}
1- i (to)

As it is followed from expressions (2-3), at ,BX =1

running in the initial propagation direction wave exits
electron oscillations with larger amplitude than the wave
running in opposite direction.

Two last itemsin (32):

(33)

forTr:e approximate solution of (21) we will find in the 1 (1 ﬂx (to))l"‘ 1 21 Sn[ZfrvﬂXt _2770]+
X 2zv 2 ﬂx (to)
==L, ()t —t) + " (g% + X 26
o Bito)t—to) + o (g X + oX%;) (26) +%ﬂx(to)8in[2m/t]}
By = By(to) + 01" (¥ + &p%,) (26)
1=%; X2=%2; o <<l o, << At S =1 an electron motion, which has beating
Substituting  (26,27) to (21) one can get character [7] withperiod T:
m=l, 0{1=P' a2=fz; :—1 (34)
L 22 (1= 3, (t))
T E(l B o), - @) (28) The A, maximum and A, minimum beating
_2:%(1_13300))@2 (29) amplltudezcan be ?eﬂ:rlbed with foliowmg expressions
c 5. ) An _ o] C(l— ﬂx (to)) ﬁx (to)‘ ) (35)
ﬂx = ﬂx(to) +PoX + P§2X2 ; : 8mI? Bi(t)
X 2 2o p2(t)) @[ )]
== B, (1)t —ty) + P x, + P&, X _ Pol= By (o)) T x o 36
c By (to)( 0) 1 S %o (30) A " 5200 (36)

Expressions for cf)l, &)2 one can produce from the
corresponding expressions for ®,, ®, by substitution of
o, @, o xX=ch(ty)t-tp),
P DP9 P,

= 27v((1~ By (to)) + 106
@, = 2mv((1+ B, (to)) = 10)
where 77 = 27zvf3, (to)to

) 1 And after approximate integration (25) is equa to:

D, :rz{ﬁ z )j(l— Cos[2zv, (t)t — 217, ]) +
x\*0

+ B, (to)[Cos[2m1t] - Cos[21t, I}
Integrating (28) and (29) one can get for X;, X,

X_1. 5 2 1 J( 1) Sn2p _ Sn2p,
_2(1 By ()T m{( 4]{(1—&(%)) }

1+ Bi(to))
Cos2p.  Cos2, }
(1-5c(to)) @+ Bi(t))

and change

(31)

—Taniamt] ()

+4Sin[2m/to]{

+ [ﬁx;o) - By (tO)Cos[4m/to]}27rv(t —t) - @ Sn[4mvt]

1
2 ﬂx (tO)

sinf2zvB, (0t - 2no]+§ﬂx(to)9n[2m1}
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Substituting expressions for ,BX and X from (30) to
(14) and keeping items of the second order on P and &,
one can derive approximate expression for ,BZ

B, =T 7M1~ BE(to)) 2(PFy + &,) + OP®
where

Fo = Sin2zv(1— B, ()t +110]+
+Cos27v(L~ B (to))t — 17|+ 28in[2711, |
In the same way, substituting expressions for ﬂx and
X from (30) to (15) and keeping items of the second
order on P and £, we can produce approximate
expression for /3, :
By =r—‘§(1-ﬁ3(to»“{1— P2 /’2(:(())0) % -

2
By (to) %, — P F2 - Pﬁfzz F02}+0P3
1- ﬁx(to)

(38)

- §Z 21" 2

Integrating (37) and (38) we derive dependence

coordinates Z and Y ontime t

FEL Theory



Proceedings of FEL 2006, BESSY, Berlin, Germany

PED.,
2nv
Cosl27v(1- B, (to))t - no]} .,
@+ A1)

2=era- ﬂf(to»“{

Cos[27zv(1- Bilto)t + 770] +

(- (1))

L P 2Cos[271t, ]
27v (1- B (to))

_ A o w2l oy 2 Bite)
y_rz (1 ﬂx(to)) |:(t tO) P 1_ﬁ3(t0)xl

:Bx(to) P2 ‘ 2 szt 2
Pl P rE2g POz (Rt |+ ot
- A2(ty) 2" o2 t{ 0 2 t{ 0 Yo(to)

+(& +28 n[Zm/to])(t —to)} + Zy(to)

(40)

- sz

CONCLUSION

The expressions derived above, describe the electron
motion in the field of standing linear polarized light wave
and allows to calculate spectrum of electron radiation
with use of methods described in [5,6].

Today, it is supposed to use interaction of relativistic
electron with intense laser beams accumulated in an
optical cavity for generation of shirt wave radiation. The
transversal sizes of the beams in the interaction point are
equal of about several tens of micrometers. For this
reason, the evaluation of transversal sizes of the electron

FEL Theory

MOPPHO037

beam during interaction is very actual task. It necessary to
note, that the largest increasing of the electron beam
transversal size is produced with the wave running in the
direction of electron beam propagation and not the wave
which generates the shirt wave radiation.
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