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C. Bonţoiu, P. Craievich‡ , L. Rumiz, ELETTRA, Trieste, Italy

Abstract

The FERMI Project aims to achieve very high-brightness
photon beam pulses of minimum bandwidth. These goals
can be marred by the presence of large wakefields along the
undulator small-gap vacuum chamber. Estimations of the
induced energy-spread caused by the resistive wall and sur-
face roughness wakefields along the FERMI FEL undula-
tor are presented. The energy spread and losses induced by
resistive wall wakefield are determined for three possible
transverse geometries of the vacuum chamber, namely cir-
cular, rectangular and elliptic cross-section, while the en-
ergy spread and losses induced by the surface roughness
wakefields are obtained for the circular cross-section case.
In this last case in-house surface profile measurements car-
ried on a spare vacuum chamber of ELETTRA are used to
provide realistic estimates.

WAKEFIELDS IN THE UNDULATOR
VACUUM CHAMBER

In the undulator vacuum chamber the finite conductivity
of the metal wall and the roughness of the chamber inner
surface wakefields are sources of wakefields. For the FEL
effect, the main concern is the longitudinal wake which
may impress an energy modulation on the electron bunch
and consequently degrade the quality of the FEL radiation.
Transverse wakefields are much less disruptive in the un-
dulator and will be neglected.

Resistive Wall Wakefields

The interaction between the electron beam and the metal
wall has been evaluated for circular, rectangular and ellip-
tical cross-section vacuum chambers. Regardless of the
shape of the cross-section, the chamber is modeled as an
infinite pipe with finite conductivity σ, electron relaxation
time τ > 0 and infinite wall thickness. The relative longitu-
dinal displacement from the bunch head will be denoted by
z. The almost flat-top short bunches which will be used for
the FERMI FEL contain very high frequencies components
induced by the residual current spikes and thus require, as
pointed out by Bane [1], the use of the AC conductivity
model. In the following formulas the skin-depth related

parameter λ =
√

Z0σ|k|
2 (i + sign(k)) will be used, where

Z0 is the intrinsic impedance of the vacuum and k is the
wave number.
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Circular cross-section: For the circular cross-section,
the calculations rely on the formula derived by Chao [2].
Denoting with b the radius of the pipe, the longitudinal cou-
pling impedance is given in SI units by:

Z(k) =
Z0

4π

1
b

2
λ
k − ikb

2

(1)

Rectangular cross-section: For the rectangular shape
the evaluation relies on the formulas given by Henke and
Napoly [3]. Although the theory is elaborated for two con-
ducting infinite parallel plates, we will use it for a rectangu-
lar cross-section neglecting the effects of the lateral walls.
Denoting with b the half gap between the metal plates, the
longitudinal coupling impedance, as given in [4] is in SI
units:

Z(k) =
Z0

4π

∫ +∞

−∞

1
λ
k cosh2 bx− ik

x cosh bx sinh bx
dx

(2)

Elliptic cross-section: For the elliptic cross-section
shape a novel method that holds for AC conductivity and
allows one to evaluate the wakes at very short range, has
been developed. The fields are obtained by developing
a system of solutions to the Maxwell’s equations both in
the vacuum and in the resistive wall and then imposing the
boundary conditions on the wall surface similar to what has
been done for the circular case. The longitudinal and trans-
verse wake functions are then calculated using field expan-
sions. Maxwell’s equations have been solved in an ellip-
tic cylindrical system of coordinates (u, v, z) (see Fig. 1),
taking the source as an ultrarelativistic point charge travel-
ling down the pipe, parallel to its axis, located arbitrarily
in (u1,v1,0). On the cross-section the interface between
the vacuum and the metal wall is the ellipse of equation
u = u0. With the observation that, due to causality, any
field must vanish for z > 0, the Fourier transform of the
electric and magnetic longitudinal fields in the vacuum, can
be written as:

Ẽz =
+∞∑
n=0

An cosh nu cos nv +
+∞∑
n=1

Bn sinhnu sin nv

cB̃z =
+∞∑
n=0

Bn cosh nu cos nv −
+∞∑
n=1

An sinhnu sinnv

(3)
where An and Bn depend on k and are determined by im-
posing the continuity of the fields Ẽz , B̃z , Ẽv , B̃v. In the
vacuum, the transverse fields behavior shows a coupling
between different modes. In detail the components cos nv,
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sin nv depend on the (n− 2)-th, n-th and (n + 2)-th coef-
ficients. Maxwell’s equations in the metal wall, solved by
separation of variables, lead to the angular and radial Math-
ieu functions [5]. For small skin-depth values, the series
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Figure 1: Elliptic cylindrical system of coordinates and the
source point charge.

of products of Bessel and Hankel functions for the Math-
ieu radial functions can be approximated and the boundary
conditions yield a tridiagonal infinite linear system for the
coefficients An and Bn which can be truncated to calculate
explicitly the coefficients. Since in the coefficients matrix
there is no relation between An and Bn, neither between
A2n and A2n+1 nor between B2n and B2n+1, the whole
system can be split up in four independent parts. To solve
a truncated tridiagonal subsystem for the first M + 1 coef-
ficients, the following formula can be used:⎧⎪⎪⎪⎨⎪⎪⎪⎩

XM =
T c

M

CM

Xn =
T c

n − znXn+1

Cn
n = 0..M − 1

(4)

where:

Cn =

{
d0

dn − sn−1zn−1

Cn−1

n = 0
n = 1..M

Dn =
sn−1

Cn−1
n = 1..M

T c
n =

{
t0
tn − T c

n−1Dn

n = 0
n = 1..M

sn, dn, zn and tn are yet to be defined for each kind of co-
efficient, but in the case of the longitudinal wake-function,
if the leading charge is on axis, only the A even subsystem
is excited and all other coefficients are zero. Denoting with
a and b respectively the major and the minor half axis of
the cross-section, with l =

√
a2 − b2 the half focal length

and h = l
√

cosh2 u− cos2 v the metric, the following
formula for the A even subsystem has been obtained:

dn = − ikl2

cosh 2nu0

[
sinh (4n+2)u0

8(2n+1) + sinh (4n−2)u0
8(2n−1)

]
+

+
[

i
k + 2ik

λ2

]
2n sinh 2nu0+

+l cosh u0

[
k
λ

cosh 4nu0
cosh 2nu0

+ λ cosh 2nu0
k

]
sn = ikl2(1+δn0)

8(2n+1)
sinh (4n+2)u0
cosh 2(n+1)u0

zn = ikl2

8(2n+1)
sinh (4n+2)u0

cosh 2nu0

tn = − q
(1+δn0)πε0

cos 2nv1 cosh 2nu1
cosh 2nu0

n = 0..M
(5)

The Lorentz force due to the leading charge experienced,
by a trailing charge qt travelling down the pipe at the speed
of light with coordinates (u, v, z) is:{

FL = qtEz

FT = qt [û (Eu −Bv) + v̂ (Ev + Bu)] (6)

where L denotes longitudinal and T transverse. The lon-
gitudinal wake function is obtained by numerically inverse
Fourier transforming Ẽz in (3), while using the relations:{

Ẽv + cB̃u = − i
hk

∂Ẽz

∂v

Ẽu − cB̃v = + i
hk

∂cB̃z

∂v

(7)

The transverse force is obtained numerically inverting the
term:

i

hk

(
û

c∂B̃z

∂v
− v̂

∂Ẽz

∂v

)
(8)

Next the elliptic cross-section resistive wake function is
plotted for several values of the ratio a/b, including the
limiting cases a/b = 1 and ∞, using the materials speci-
fied in Table 1.

Table 1: Conductivity and relaxation time for Al and Cu.
Aluminium Copper

σ [Ω−1m−1] 4, 22 × 107 6, 45 × 107

τ [s] 8, 00 × 10−15 2, 70 × 10−14

As shown in Figs. 2 and 3 the peaks of the longitudi-
nal wake functions continuously decrease from the circu-
lar case to the parallel plates. The wake functions obtained
using copper as material for the vacuum chamber present
more oscillations which are due to the higher electron re-
laxation time.
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Figure 2: Longitudinal resistive wall wake functions for
aluminium made walls and b = 3 mm.

Surface Roughness Wakefields

The interaction between the beam and the surface rough-
ness of the undulator vacuum chamber is yet another source
of energy spread which could impact FEL process. To a
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Figure 3: Longitudinal resistive wall wake functions for
copper made walls and b = 3 mm.

first approximation the surface roughness makes the vac-
uum chamber behave like a disk-loaded cavity; there will
be a continuous change of energy between the beam and
what is called a synchronous field mode [6, 7]. Further-
more, if the roughness can be approximated by a collec-
tion of bumps whose tangent to the smooth wall is small,
there will be one more contribution to the total roughness
wakefield coming from their individual impedance, aver-
aged over a certain distribution function [8].

Surface analysis: Several AFM surface scans (see
Fig.4) have been carried on a spare vacuum chamber of the
ELETTRA storage ring [9] in order to obtain information
on the average peak height and periodicity of the rough-
ness.

Figure 4: Measured 3D surface profile.

First, it is necessary to distinguish between the long
and short range variation of the surface-vacuum boundary.
Thus, a longitudinal scan over 120 μm has been filtered
(Gaussian filter of 15 μm standard deviation) separating out
a low-frequency surface component from a high-frequency
component, (see Fig. 5). Fourier transforms of these two
components reveal their frequency content ν = c

λ which
together with the rms height hrms makes it possible to fit
them to a sinusoidal corrugation model. It turns out that the
low frequency content can be treated within the resonator
model with some corrections due to the very small size of
the roughness height [7], while the high frequency compo-
nent, due to its higher aspect ratio, can be considered within
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Figure 5: A Gaussian filter is applied to the real surface
profile (red) in order to detach its low (blue) and high (or-
ange) frequency components

Table 2: Overview of the corrugation parameters.
Component λ hrms AR = λ/hrms

low-frequency 30 μm 250 nm 120
high-frequency 10 μm 40 nm 250

the Stupakov’s statistical (small-angle) model [8].

Surface wakefield in circular cross-section pipes:
Within the modified resonator model proposed by Stu-
pakov [7], the roughness wake function has a cos-like vari-
ation of constant amplitude and is defined as:

w||(z) = Z0c
4π

h4
rmsκ6

64 cos k0z (9)

where κ = 2π/λ, b is the vacuum chamber radius and k0 =
κ/2 is the rough synchronous mode, while the statistical
model predicts a damped wake function with a singularity
at z = 0:

w||(z) =
Z0c

4π

h2
rmsκ

2

b

1
2
√

π

∂

∂z

cos 1
2κz + sin 1

2κz√
κz

(10)

Using the parameters in Table 2, both wake functions are
plotted comparatively for b = 3 mm in Fig. 6.
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Figure 6: Surface roughness wake functions.
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WAKEFIELD INDUCED ENERGY
SPREAD

In this section some results concerning the induced en-
ergy spread for the medium bunch configuration of FERMI
FEL [10] are presented considering contributions from the
resistive wall and surface roughness wakefields.

Contribution of the electrical resistivity

Considering only Al for the vacuum chamber walls and
AC conductivity, Fig. 7 shows the induced energy spread
obtained through convolution between the circular/elliptic
(a/b = 6)/rectangular (parallel plates) cross-section resis-
tive wake functions and the longitudinal bunch profile men-
tioned above. Therefore, the rectangular cross-section with
rounded lateral sides proposed in the FERMI CDR [10] can
be replaced by an elliptic cross-section with a/b > 6 with-
out changing the energy spread.
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Figure 7: Resistive wall induced energy spread.

Surface roughness contribution

Convoluting separately the wake functions given by (9)
and (10) with the medium bunch profile [10] the energy
spread is obtained as shown in Fig. 8. As it can be seen, at
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Figure 8: Roughness induced energy spread.

the core of the bunch the contribution of the low-frequency
roughness component predominates over the contribution
of the high-frequency roughness component both falling in
the same range of magnitude.

CONCLUSIONS

Table 3 lists the maximum values of the energy spread
in the useful part of the bunch (200 μm for the medium
bunch and 350 μm for the long bunch). If the FERMI
undulator would have vacuum chamber surface compara-
ble with the one analyzed above, that is for AR = 120.
In conclusion, it is recommended for the undulator vac-

Table 3: Estimated energy spread for the FERMI FEL un-
dulator.

Source short bunch long bunch
Resistive wall 11.71 keV/m 9. 35 keV/m
Surface roughness 1.73 keV/m 1.17 keV/m
Total 13.44 keV/m 10.52 keV/m

uum chamber to be made of Aluminium, have a rectangular
or elliptic cross-section. In what concerns the rectangular
cross-section roughness wakefield, calculations are on the
way and preliminary results show that the induced energy
spread is 35-40 % lower than for the circular cross-section
case. As for the surface, when AR = 120, the roughness
induced energy spread accounts for about 17 % and 12 %
of the resistive induced energy spread, respectively for the
medium and long bunch.
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