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Abstract
For a high-gain tapered free electron laser (FEL), it is

known that there is a so-called second saturation point where

the FEL power growth stops. Sideband instability is one of

the major reasons leading to this second-saturation and thus

prevents from reaching hundreds of gigawatt (GW) or even

terawatt (TW) level power output in an x-ray FEL. It was

believed that a strong taper can effectively suppress the side-

band instability and further improves the efficiency and peak

power. In this paper, we give quantitative analysis of the

dependence of taper gradient on the sideband growth. The

study is carried out semi-analytically together with numer-

ical simulation. The numerical parameters are taken from

LCLS-like electron bunch and undulator system. The results

confirm the effectiveness of strong undulator tapering on

sideband suppression.

INTRODUCTION
Free electron laser (FEL) is known to be capable of gen-

erating coherent high-power radiation over a broad range of

spectrum. In the x-ray FEL regime, the power efficiency is

about 10−3, indicating that the first saturated power can be
∼50 GW for electron beam with peak current ∼5 kA and

energy ∼10 GeV operating in the self-amplified spontaneous

emission (SASE) mode in a ∼100-m-long untapered undula-
tor. With undulator tapering, the efficiency can be improved

and the power can be further increased in the post-saturation

regime but eventually will reach a so-called second satura-

tion and the radiation then approaches another equilibrium.

Although numerical simulations show that the TW level of

temporally integrated FEL power can be possible when the

undulator tapering (of helical type) is optimized and the self-

seeded scheme is employed [1], in the post-saturation regime

it is the sideband instability that still limits the growth of the

main signal [2–6]. Enhancing the FEL peak power can be

envisioned once the sideband instability is effectively sup-

pressed. Such instability in FELs is caused by the interaction

of the electromagnetic field with the electron synchrotron

motion in the ponderomotive potential well. The potential

well, formed by the undulator field and the main signal, will

trap electrons and result in oscillation with a synchrotron

frequency (and its multiples) away from the resonance or
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main-signal frequency. Once the interaction creates a pos-

itive feedback, the electron beam energy will transfer and

contribute to the electromagnetic field with the synchrotron

sideband frequency. Then the sideband signal will grow and

usually bring about undesirable consequences. In this paper

we will focus on the sideband instability in a single-pass

high-gain tapered FEL in the post-saturation regime based

on single-particle description in a one-dimensional (1-D)

model. The validity of 1-D analysis assumes that the trans-

verse size of the electron beam is large compared with that

of the radiation field, thus ignoring the effects of diffraction

and gradient of transverse electron beam density. Using a

single-particle approach, we can obtain the corresponding

dispersion equation, which accounts for sideband-related

dynamical quantities. Then, by quantifying the so-called

sideband field gain, we compare the theoretical predictions

with the results from a 1-D FEL simulation and they show

good agreement. We particularly focus on the effect of un-

dulator tapering on the sideband growth and study both the

gentle and strong undulator tapering, compared with the

untapered case. Our numerical simulations are based on

similar parameters to those of the Linac Coherent Light

Source (LCLS), the LCLS-like parameters.

THEORETICAL FORMULATION
In 1-D FEL, the main signal is governed by the resonance( )

K2(z)
condition, λR =

λu 1 + , where λu is the undula-2γ2 (z) 2
R

tor period, λR is the radiation wavelength of the main signal,
γR is the electron reference energy in unit of its rest mass
energy, K ≈ 0.934B0[Tesla]λu[cm] is the (peak) undulator
parameter, and B0 the peak undulator magnetic field. Here
λu is assumed constant, and K is in general a function of

the undulator axis z with B(z) = B0 fB(z) and fB(z) is the
tapering profile. The 1-D FEL process can be formulated

based on the following electron dynamics and wave equa-

tions [7, 8]:
dθ
dẑ
=
∂H
∂η
=
η − ηR

fR
, (1)

dη
dẑ
= −∂H
∂θ
= − fB

fR

(
Eeiθ + E∗e−iθ

) 
, (2)

and
dE
dẑ
=

 
∂

∂ ẑ
+
∂

∂û

 
E = fB

fR

(
e−iθ

) 
. (3)
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is the normalized energy deviation with respect to the di-

mensionless FEL or Pierce parameter ρ. In the case of

undulator tapering, the electron reference energy is modified

accordingly through the resonance condition to be γR(z) =
γR0 fR(z) where fR(z) = (1 + K2(z)/2)/(1 + K

0
2/2)./ 

|E | = |E | 4πn0ργR0m0c2 is the normalized amplitude
of the electric field E . Other relevant quantities are normal-
ized as ẑ = 2kuρz, ŝ = 2kuρ (z − βzct) with ku = 2π/λu ,
kR = 2π/λR, ωR = ckR, βz = vz/c, and û = ŝ/(1 − βz).
Equation (3) is obtained by taking the slowly varying en-

velope approximation and the bracket (...) denotes the en-
semble average over the electron beam phases. Inserting

E = |E0 | eiφ into Eq. (3) and letting Θ = θ + φ will give
two separate equations for the amplitude and phase of the

radiation field to the zeroth order:

∂ ∂ fB
+ |E0 | = cosΘ, (4)

∂ ẑ ∂û fR

  ( ) f 2 f 2
2 2 R 4 B 2k2 −Ωsyn (k − κ) −

4
Ωsyn −

2
Ωsyn = 0.

4|E0 | f 2 |E0 |R

(7)

In this equation we will solve for k provided κ is given.
The general behavior of the imaginary part of k, Imk < 0,
features the growth of the sideband signal, where the max-

imum growth rate occurs at κ ≈ Ωsyn(ẑ), shown in Fig. 1.
There exists a cutoff threshold for κ, above which the oscillat-
ing electron beamwill not interact the corresponding spectral

components and the corresponding signals do not exist.

����

���

_,P
�N
_ ����

���

and

∂φ fB|E0 | = − sinΘ. (5)
∂ ẑ fR

For the case of the untapered FEL, the field amplitude af-

ter saturation is constant (or oscillates around an equilib-

rium) and the radiation phase φ is linear in z. In what fol-
lows, the main signal is determined by the conservation

of energy, where the field amplitude is given by |E0 | = f f2f (0)f (0)fE f + (1 − fR(ẑ))/ρ, where E is evaluated at the lo-
0 0

cation of the first saturation and we have presumed cosΘ ≈
cosΘR. Now we can study the stability of such a 1-D FEL

system. Since we are interested in the sideband instability

after the first saturation, we will Taylor expand the dynam-

ical quantities around their saturation equilibria and study

how the perturbation affects the system. Let us assume

+ iδE"" iφE = (|E0 | + δE" ) e ,

η = ηR + δη, (6)

and θ = θR + δθ,

where θR = ΘR − φ. The quantities with δ ahead are con-
sidered to be small and sideband-related quantities. Lin-

earizing Eqs. (1) and (2) using the third relation of Eq. (6)

lead to the small-amplitude electron synchrotron motion

−2 fBwith Ω2 = |E | sinΘR. Next, we presume these per-syn f 2R
turbations do not interact with each other and behave as

ikẑ−iκ ˆ(δθ, δη, δE", δE"") ∝ e u , where κ is assumed real and
k can be in general complex. The real part of k represents the
propagation constant, while the imaginary part indicates the

growth (or damping) of the associated quantities. Inserting

into Eqs.(1), (2), and (4) will result in a set of linear equations.

The stability is then determined by the determinant of the

corresponding coefficient matrix, i.e. the dispersion relation:

����

�
� ��� � ��� � ��� �

κ

Figure 1: The growth rate |Imk | as a function of κ. The
dispersion curve is solved for the case ofΩsyn ≈ 2, |E0 | ≈ 10,

and f = f = 1. The maximum growth rate max |Imk |B R
occurs at κ ≈ Ωsyn.

An approximate analytical expression for the maximum

growth rate can be found by looking for k = Ωsyn+δk, where/
δk is in general a complex quantity and letting d2δk dκ2 =
0, giving [3, 8]:

  √ 1/3
3 f 2(ẑ)Ωsyn(ẑ)B

max |Imk | ≈ f f . (8)
22 f2 f 2(ẑ)fE

0
(ẑ)R

NUMERICAL RESULTS
In this section we will compare the numerical solutions

of Eq. (7) with the full 1-D FEL simulation results [9].

Table 1 summarizes the relevant parameters for a LCLS-

like hard x-ray self-seeding (HXRSS) configuration. To

compare the theoretical prediction with the 1-D FEL sim-

ulation, we need to analyze the FEL output spectra. The

readers are referred to Ref. [10] for the details. We definef f f Es (ẑ) f eΛ ˆthe sideband field gain as G(ẑ) ≡ f Es (ẑ0) f = z , where Es

is the sideband field around ωs ≈ 2γ2 cΩsyn, ẑ0 is at the firstR
saturation, and Λ is the (z-integrated) sideband field growth
rate. In what follows we are mostly interested in the third

(last) section of LCLS undulator, which consists of a total

of 16 undulator segments (the 17th to 32nd undulators) with

the total length about 50 m. The initial saturation occurs at

z ≈ 13 m (not shown here) for all three different cases: no

taper, gentle (0.8%) and strong (10%) undulator taperings.
Now let us look at the effect of different undulator taper-

ings on the sideband instability gain. Figure 2 illustrates the

three different situations. From (a-c) we see that both the
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Table 1: Numerical Parameters for the Beam, Undulator and

Radiation Fields for the Hard X-Ray FELs

Name Value Unit

Electron beam energy

RMS relative energy spread

10.064

10−4
GeV

Peak current 4 kA

Normalized emittances (x, y) 0.3,0.3 μm-rad
Average beta function (x, y) 5,5 m

Undulator parameter K0 (peak) 3.5

Undulator period 3 cm

Input seed power

Resonance wavelength

1

2.755/4.5

MW

Å/keV

First saturation power ∼80 GW

First saturation length ∼13 m

theoretical predictions and the 1-D FEL simulation results

match reasonably well. In particular, we find that as the ta-

per ratio increases, the sideband field gains become reduced.

Comparing Fig. 2(a,b) with (c), there is also an interest-

ing observation that the lower sideband dominates in the

untapered or gentle-tapered case while the upper sideband

may, but not necessarily, dominate in the strong undulator

tapering. Here the theoretical prediction can not distinguish

Figure 2: Sideband field gain lnG(z) as a function of z (left
column) and FEL output spectra at undulator exit (right

column), for (a,d) untapered, (b,e) 0.8%-tapered, and (c,f)

10%-tapered cases. For (a-c) the numerical simulations are

averaged results out from 50 independent runs. For (d-f)

only the lower-sideband portion is plotted; while the upper-

sideband will be symmetrical should we plot it.

whether the lower or upper sideband will dominate because

of employment of the single-particle description 1. From Fig.

2 it appears that the theoretical predictions overall match

the dominant sideband very well. Moreover, the otherwise

dominant sideband has always smaller growth rate and will

be of less concern. Having compared the sideband field

gains, let us examine the evolution of FEL output spectra

for the three different undulator taperings. From Fig. 2(d-f), � � �� �� ��
��

��

��
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it can be found that the main signal with 0.8% taper ratio Figure 3: The main signal and the sideband power (in loga-

increases about 2.5 times of that with the untapered case.

Moreover, the sideband field for the case of 0.8% undula-

tor tapering is comparable to that of untapered case. The

increase of the main signal due to undulator tapering also

results in the increase of synchrotron sideband frequency.

Thus the sampling synchrotron sideband frequency (marked

as thin green lines) over the tapered FEL output spectrum

spans a wider range than that of the untapered case. It can

be even wider for larger taper ratio. The thick green lines

in the figure are used to indicate the final synchrotron side-

band frequency at the undulator exit (only lower sideband is

shown). For the untapered case, the sampling synchrotron

sideband frequency does in fact move back and forth within

a certain sideband spectral range because of the periodic

oscillation of the saturation power about an equilibrium.

The back-and-forth sampling will result in accumulation of

sideband field gain. When increasing the ratio of undulator

tapering, the sideband spectrum will become broadened and

the corresponding sideband field gain will reduce.

1 Such an asymmetric sideband spectrum, either lower or upper sideband

will dominate, can indeed depend on the detailed electron distribution in

the phase space. More specifically, it can be possible that not the entire

range of the upper or lower sideband spectrum will dominate against the

other.

rithmic scale) as a function of the taper ratio. In the axis of

sideband power, the red and blue refer to the lower and upper

sideband powers, respectively. The curves in this figure are

obtained from the averaged results of 50 independent runs

for each taper ratio.

SUMMARY AND CONCLUSION
In this work, we have derived the 1-D FEL sideband dis-

persion relation [7, 8] and obtained approximate analyti-

cal formulas for the maximum sideband growth rate (see

Ref. [10] for more details). The instantaneous growth rate

can serve as a quick estimate for the FEL sideband effect.

Then we studied the FEL sideband effects based on LCLS-

like parameters and have investigated the dependence of the

sideband instability growth rate on the undulator taper ratio.

We find that the undulator tapering can have mitigating effect

on sideband growth, through the direct taper ratio, while the

increase of the main signal due to the undulator tapering will

make the reduction become ineffective. Using numerical

simulations it can be found that 10% appears to be passable

for both maximizing the main signal and reducing the lower

sideband signal. In the meantime the upper sideband begins

to emerge around Δ ≈ 2%, at a however slightly smaller ra-

tio than the lower sideband field being appreciably dropped.
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Figure 3 shows the dependence of the main signal power and

the sideband field gains as a function of the taper ratio. Not

shown here but the similar conclusion is also drawn when

we use 3-D numerical simulation [11].
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