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Abstract 
An electron beam experiences a transverse electric field 

which tests to act like a defocusing force on the beam.  This 
defocusing force will act with different strengths at differ-
ent locations in the electron beam because the current var-
ies along the beam.  A single, quasi-analytic method is pre-
sented to calculate the impact of this force on beam pro-
jected emittance.  

INTRODUCTION 
The effect of transverse space charge on the transverse 

emittance of the beam in the MaRIE [1] accelerator is esti-
mated.  The dominant effect of transverse space charge is 
that it causes an extra defocusing term in the electron beam 
transverse evolution.  This defocusing is different at differ-
ent locations along the electron beam, because electron 
current is different at different locations of the beam.  This 
will cause the beam to go through different betatron oscil-
lations along the accelerator, which will increase the pro-
jected emittance.   

THE MaRIE ACCELERATOR 
Figure 1 shows a schematic of the MaRIE accelera-

tor [2].  The accelerator consists of three accelerator sec-
tions, L1, L2, and L3, with two bunch compressors, BC1 
and BC2.  The initial current after the photocathode is 15 
A.  After BC1, the current is compressed to 150 A, and after 
BC2, the current is compressed to 3 kA.  The final energy 
of the electron beam is 12 GeV.  The accelerating gradients 
of the three sections are all slightly different, with the ac-
celerating gradient in L2 being much lower than the accel-
erating gradient in the other two accelerator sections.  The 
gradient in L2 is lower because the beam is accelerating off 
crest in order to provide a chirp for the BC2 bunch com-
pressor. 

The effect of the transverse space charge decreases as the 
beam accelerates, but increases with current.  Because of 
this, the effect of the transverse space charge is strongest 
right after the bunch compressors.   

 
Figure 1: A simple schematic of the MaRIE accelerator. 

EQUATIONS OF MOTIONS 

Beam Evolution 

In order to examine the effect of transverse space charge, 
we must first look at the transverse dynamics of a single 
  

electron that is being accelerated at a constant rate.  The 
time derivative of the radial component of an electron un-
der the force of a radial electric field is given by 
݀ ⁄ݐ݀ ሺݎ݉ߛሶሻ ൌ ൫݁ܧ௥,௟൯/ߛଶ.  Here ݎሶ  is the time derivative 
of the electron’s radial coordinate, ܧ௥,௟ is the radial field, as 
described in the lab frame of reference, and ߛ is the relativ-
istic factor.   

For a long bunch (݈ߛ ≫ ܽ) with a constant radial current 
density, given in the lab frame by ߩ௟ሺݖሻ (ݖ is the location 
along the electron bunch) we can estimate the radial elec-
tric field using Gauss’s law.  Then we have 

݀ ⁄ݐ݀ ሺݎ݉ߛሶሻ ൌ  .ଶሻߛሻ/ሺ2߳଴ݖ௟ሺߩݎ݁
 

Next, we expand out the derivative, replace ݎሶ  with ݎܿߚ′, 
substitute in the Alven current ܫ஺ ൌ ሺ4߳ߨ଴݉ܿଷሻ/݁, replace 
the current density with the total line current ( ߩ௟ሺݖሻ ൌ
 :ሻ ), and rearrange to getܿߚଶܴߨሻ/ሺݖሺܫ

ᇱᇱݎ ൌ
ሻݖሺܫ	2

஺ܫଷܴଶߛଷߚ
ݎ െ

ᇱߛ

ߛ
 ሺ1ሻ																									ᇱ.ݎ

Equation (1) describes the motion of a single electron 
under acceleration, with no external focusing.  We next 
want to solve for the evolution of the rms value of the ra-
dius of the electron beam: ܴଶ ൌ  when the electron ,〈ଶݎ〉
beam is under constant acceleration.  We use the radial en-
velope equation (3): 

ܴᇱᇱ ൌ
〈′′ݎݎ〉

ܴ
൅
߳௥ଶ

ܴଷ
.																																ሺ2ሻ 

Next, we solve for 〈ݎݎ′′〉.  Using equation 1, we get: 

〈′′ݎݎ〉 ൌ
ሻݖሺܫ	2
஺ܫଷߛଷߚ

െ
ᇱߛ

ߛ
ܴܴᇱ.																									ሺ3ሻ 

Then we can use the approximation that the normalized 
slice emittance remains constant in an accelerator: ߳௡ ൌ
 :Plugging this and equation (3) into equation (2) gives  .߳ߛ

ܴᇱᇱ ൌ
ሻݖሺܫ	2
஺ܫ

1
ሻଷݏሺߛሻଷݏሺߚܴ

െ
ሻݏᇱሺߛ

ሻݏሺߛ
ܴᇱ ൅

߳௡௥ଶ

ሻଶܴଷݏሺߛ
.				ሺ4ሻ 

Here ݏ represents the distance along the accelerator.  Equa-
tion (4) can be used to calculate the evolution of electron 
beams with different values of electron current ܫሺݖሻ.   

Beam Evolution 
In this paper, we analyse the evolution of the transverse 

size of the electron beam at different locations of the elec-
tron beam. We assume that the electron current profile is a 
Gaussian, given by ܫሺݖሻ ൌ 	 ሺെ	଴expܫ ଶݖ ሺ2ߪଶሻ⁄  .   
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Electron Beam Dynamics



A MATLAB [4] code was written to solve equation (4) 
in order to calculate the evolution of the electron beams 
rms size for different values of ܫሺݖሻ.  Figures 2-4 show var-
ious solutions of equation (4) with different starting and 
accelerator parameters (see IV).    

By solving ܴሾܫሺݖሻሿ up to the point at the end of an ac-
celerator section, the growth in electron beam projected 
emittance can be calculated in terms of ܴሺݖሻ and ܴ′ሺݖሻ.  
Figures 5-7 show plots that include both the beam current, 
and the final values of ܴሺݖሻ and ܴ′ሺݖሻ at the end of one of 
the accelerator sections, calculated using equation (4). 

The projected emittance is defined as: 

								߳௣ ൌ ට〈ݎଶ〉௣〈ሺݎ′ሻଶ〉௣ െ    ሺ5ሻ																				௣ଶ〈′ݎݎ〉

The projected values 〈ݎଶ〉௣ and 〈ݎݎ′〉௣ଶ  can easily be calcu-
lated using once ܴሺݖሻ and ܴ′ሺݖሻ are known: 

௣〈ଶݎ〉 ൌ
׬ ݖሻ݀ݖሻܴଶሺݖሺܫ

׬ ݖሻ݀ݖሺܫ
																									ሺ6ሻ 

௣ଶ〈′ݎݎ〉 ൌ
׬ ݖሻ݀ݖሻܴ′ሺݖሻܴሺݖሺܫ

׬ ݖሻ݀ݖሺܫ
																					ሺ7ሻ 

In order to calculate 〈ሺݎ′ሻଶ〉௣, the slice value 〈ሺݎ′ሻଶ〉௦ must 
first be calculated: 

〈ሺݎ′ሻଶ〉௦ ൌ
߳௥ଶ ൅ ሺܴܴ′ሻଶ

ܴଶ
																										ሺ8ሻ 

Then the projected 〈ሺݎ′ሻଶ〉௣ is just: 

〈ሺݎ′ሻଶ〉௣ ൌ
׬ ݖ௦݀〈ሻଶ′ݎሺ〉ሻݖሺܫ

׬ ݖሻ݀ݖሺܫ
																						ሺ9ሻ 

In order to calculate emittance, equations (7-9) are inte-
grated down to the point where the electron current has de-
creased to 1/3 of the peak current.  This is done in order to 
make the emittance calculate relevant for free electron la-
sers [5], where there is little photon generation at low elec-
tron currents. 

RESULTS 
We analyse the evolution of the electron beam after BC1 
and BC2, to look for an increase in the projected emittance 
due to transverse space charge.  The electron beam is as-
sumed to emerge from each chicane at a waist, with a pro-
jected and a slice emittance of ߳௫ ൌ ߳௬ ൌ	0.2 µm. 

Emittance Growth in L2 
Figures 2 and 3 show the evolution of ܴ and ܴ′ for an 

electron beam slice with different values of current in L2, 
for an electron beam with a starting ܴ of 100 µm.  Figure 4 
shows the current profile of the electron beam in and the 
final values of ܴ  at different locations of the beam. Figure 5 
shows the current profile and the final values of ܴ′. 

The final projected emittance at the end of L2 is ߳௫ ൌ
߳௬ ൌ 0.220 µm when the initial rms size coming out of 
BC1 is 100 µm, and is 0.285 µm when the initial rms size 
is 1 mm.  The emittance increase can be decreased by mak-
ing the beam small coming out of the bunch compressor. 

 
Figure 2: The evolution of rms beam size R in L2 for different 
slice current values. 

 
Figure 3: The evolution of R' in L2 for different slice current 
values. 

 
Figure 4: The beam current profile (blue, left), and the final 
values of R at the end of L2 (red, right), for a beam with initial 
rms size of 100 μm. 
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Figure 5: The beam current profile (blue, left), and the final 
values of R’ at the end of L2 (red, right), for a beam with initial 
rms size of 100 μm. 

Emittance Growth in L3 
Figures 6 and 7 show the evolution of ܴ and ܴ′ for an 

electron beam slice with different values of current in L3, 
for an electron beam with a starting ܴ of 100 µm.  Figure 8 
shows the current profile of the electron beam in L3, and 
the final values of ܴ  at different locations of the beam. Fig-
ure 9 shows the current profile and the final values of ܴ′.   

The final projected emittance at the end of L2 is ߳௫ ൌ
߳௬ ൌ 0.255 µm when the initial rms size coming out of 
BC1 is 100 µm, and is 0.405 µm when the initial rms size 
is 1 mm.  The emittance increase is more dramatic in L3 
than in L2. 

 
Figure 6: The evolution of rms beam size R in L3 for different 
slice current values. 

 
Figure 7: The evolution of R' in L3 for different slice current 
values. 

 
Figure 8: The beam current profile (blue, left), and the final 
values of R at the end of L3 (red, right), for a beam with initial 
rms size of 100 μm. 

 
Figure 9: The beam current profile (blue, left), and the final 
values of R’ at the end of L2 (red, right), for a beam with initial 
rms size of 100 μm. 

CONCLUSION 
Modest increases in the projected emittance were found 

in both L2 and L3 as a results of transverse space charge.  
This effect can be reduced by making the electron beam 
have a smaller transverse size at the locations of the chi-
canes. The increase in projected emittance was greater in 
the final stage of the accelerator, L3, than in the central 
stage. 
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