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Abstract
To reach very short wavelengths and high intensities of

light, free-electron lasers, FELs, are used which produce
radiation from amplified noise in an electron beam. In this
SASE regime, mode competition dictates that the dominant
transverse mode of the radiation will be Gaussian. A method
is proposed to suppress the Gaussian mode via phase shifts
which allows higher order Laguerre-Gaussian modes to be
amplified. These modes are of interest as they carry orbital
angular momentum, OAM. Techniques for generating OAM
radiation with a FEL have been proposed previously, how-
ever, this is the first look at altering mode competition in
order to get a dominant OAM mode starting from the initial
shot noise in the electron beam.

INTRODUCTION
Recently, much attention has been paid to light which

carries OAM. This light has helical phase-fronts character-
ized by eilφ , where ϕ is the azimuthal coordinate and l is an
integer number named the topical charge. The magnitude
of l gives the number of intertwined helices in the phase
front and the sign of l gives the handedness of these helices.
Conventional methods for generating OAM light require
downstream optics which convert the radiation from a stan-
dard laser [1]. This has its limitations. The optical elements’
damage threshold limits the brightness and wavelength of
light which is transmitted and constraints arise from the
lasers themselves. In contrast, in the FEL, the phase struc-
ture of light can be controlled through the manipulation of
the electrons themselves and offers the benefit of having a
wide range of wavelengths accessible.

Previous work has shown that OAM can be produced
in a FEL through a variety of methods. Recently, OAM
radiation has been produced at FERMI through harmonic
lasing schemes involving helical undulators as well as using
a spiral zone plate to convert the radiation downstream from
normal FEL output [2]. Another method from Hemsing and
colleges creates OAM radiation by first bunching electrons
into a helix through second harmonic interaction with a
helical undulator. [3].

The current methods for producing OAM radiation in
a FEL have their limitations. The intensity of light from
harmonic lasing schemes is less than that at the fundamental
frequency [2]. Other methods rely on seeding the FEL either
with an OAM seed laser for amplification or with a pre-
bunched electron beam. When a FEL is seeded in this way,
the output is restricted by the quality of seeds available. This

causes difficulty at very short wavelengths as a seed may
not be available at the required wavelength and the intensity
of the seed must be large to overcome the initial shot noise
in the beam. It would be useful, instead, for the initial seed
for amplification to come from the shot noise in the electron
beam itself. This work looks at the feasibility of just this,
generating OAM through suppression of the Gaussian mode.

THEORY
Electrons enter the undulator with random phases due

to shot noise in the electron gun. In the self-amplified-
spontaneous emission (SASE) mode of operation, the initial
amplitude due to the noise acts as a seed for the FEL inter-
action and is amplified. The incoherence of the electrons is
mimicked by the radiation they produce. This radiation can
be described by a superposition of the orthogonal Laguerre-
Gaussian beams, LGpl(ϕ, r̂),

E(ϕ, r̂) =
∞∑

l=−∞

∞∑
p=0

aplLGpl(ϕ, r̂), (1)

where apl is the initial mode amplitude. The Laguerre-
Gaussian, LG, modes are chosen as they provide a conve-
nient mode basis and are often used in the study of OAM
beams. These modes are written in terms of their OAM index
l and the radial mode index p. The fundamental Gaussian
mode is found when p = l = 0.

All of the modes will have a contribution from the initial
electron density. However, due to their transverse profile,
the higher order modes have longer gain lengths [4] with
the shortest gain length belonging to the Gaussian mode.
The Gaussian mode, therefore, dominates FEL interaction,
suppressing the higher order modes, leading to the Gaussian
mode of operation typical of a FEL. Here we demonstrate
that suppressing the Gaussian mode will lead to the amplifi-
cation of the higher order modes.

Suppression of the Gaussian Mode
It is possible to disrupt the interaction between electrons

and radiation through a relative phase shift. A longitudi-
nal delay of the electrons which shifts the electron phase
relative to the fundamental wavelength by ∆θ will shift the
electrons relative to the nth harmonic by n∆θ. It has been
demonstrated that the exponential gain of the fundamen-
tal wavelength can be suppressed when ∆θ is a non-integer
multiple of 2π and can increase the power in higher har-
monics [5]. Instead of considering the higher harmonics of
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the radiation, this work looks at the higher order transverse
modes at the fundamental wavelength.

Examination of the transverse phase profile of the
Laguerre-Gaussian modes indicates that a rotational shift,
∆ϕr , of the electron beam about the longitudinal axis results
in a relative phase shift between the electrons and the trans-
verse modes of l∆ϕr . The total phase change, ∆Ψl , between
the electrons and the different l modes from the combination
of longitudinal and rotational shifts is, therefore,

∆Ψl = ∆θ + l∆ϕr (2)

Eq. 2 describes how, through careful selection of ∆θ and
∆ϕr , different relative phase changes between the electrons
and the OAM modes can be achieved. If successive repeti-
tion of the shifts causes the exponential gain of the Gaussian
mode to be disrupted - such that the gain length of the Gaus-
sian mode is longer than of the higher order modes - then a
dominant OAM mode will self-select for amplification.

RESULTS
Initial Results

The FEL is modeled using the FEL simulation code Puffin
[6]. Presented first, is the result of rotating the electrons
along the longitudinal axis according to the rotation matrix,

R(ϕr ) =


cos ϕr 0 − sin ϕr 0

0 cos ϕr 0 − sin ϕr
sin ϕr 0 cos ϕr 0

0 sin ϕr 0 cos ϕr

 (3)

which acts on the phase space vector constructed from the
vaiables (x, px, y, py), where x and y are the transverse co-
ordinates, and px and py are the conjugate of momenta. The
rotation is applied - along with a longitudinal shift - between
undulator modules each around a gain length long. In order
to alter mode competition to select for a LG01 mode, the
shift pairs are chosen so that ∆Ψ1 = 2π. The set-up uti-
lizes three alternating pairs of shifts, the longitudinal shifts,
∆θ = π/2, π and 3π/2 and the corresponding rotational
shifts ∆ϕr = 3π/2, π and π/2 respectively. These sections
are repeated until the end of the undulator lattice.

The results of this set-up are displayed in Fig.1. Decom-
position of the power into the different Laguerre-Gaussian
modes demonstrates that suppressing the competing trans-
verse modes means the LG01 mode dominates the interac-
tion. This causes the LG01 mode to grow over an order of
magnitude above the Gaussian mode. Also included in the
figure is the bunching factor of the different helical modes
calculated using [7],

bl = ⟨exp(iθ j − ilϕ)⟩, (4)

where the brackets indicate the ensemble average over the
whole electron beam. The b1 factor has exponential growth
as the electrons propagate through the undulator while the
bunching factors for the competing modes b0 and b−1 grow

Figure 1: Time-averaged power decomposition of the fun-
damental frequency into Laguerre-Gaussian modes (top)
and mean helical microbunching factor (bottom) when the
phase shifts ∆θ = π, ∆ϕr = π; ∆θ = 3π/2, ∆ϕr = π/2;
and ∆θ = π/2, ∆ϕr = 3π/2 are applied between undulator
modules. This results in the most power being contained in
the LG01 mode.

Figure 2: Intensity (left) and phase (right) at z = 55.28 m
when the phase shifts ∆θ = π, ∆ϕr = π; ∆θ = 3π/2,
∆ϕr = π/2; and ∆θ = π/2, ∆ϕr = 3π/2 are applied be-
tween undulator modules.

at a slower rate. This set has not been optimized and further
disruption of the Gaussian mode may be possible. Further
evidence of the OAM mode is provided in Fig. 2 which
shows a snapshot of the phase and intensity of radiation near
saturation. The phase of the radiation has a transverse profile
typical to the LG01 mode and the intensity is the expected
doughnut structure of OAM modes.

How to Rotate an Electron Beam
The results presented above use a point transform to rotate

the electron beam. Investigated here is a physical method to
achieve such a transform. A beamline for rotating a beam
through an arbitrary angle around the longitudinal axis can
be constructed from a set of quadrupoles with appropriate
tilt angles around that axis. The design that we present here
is based on that of Talman [8], who used a similar system
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for achieving a "Möbius" transformation in a storage ring.
The rotation matrix described by (3) can be created from,

M̄
(ϕr

2
+
π

4

)
M̄
(
−
π

4

)
= R(ϕr ) (5)

The matrices M̄ are defined as,

M̄(θ) = R(θ)MR−1(θ) (6)

where:

M =


cos µ β sin µ 0 0

− 1
β sin µ cos µ 0 0

0 0 − cos µ −β sin µ
0 0 1

β sin µ − cos µ

 (7)

represents a phase advance through angles µ and µ + π
in the transverse and horizontal spaces, respectively. The
required transformation M can be achieved using a set of 5
quadrupoles arranged symetrically:

M = Q1DAQ2DBQ3DBQ2DAQ1 (8)

where Qn is the transfer matrix for a quadrupole of focusing
strength k1Ln and DA(B) is the transfer matrix for a drift of
length LA(B). A transformation M̄(θ) can be constructed
using the same set of quadrupole magnets, but with each set
of quadrupoles tilted by an angle, θ, around the longitudinal
axis.

Using the thin-lens approximation for the quadrupole mag-
nets, the matrix M in (8) can be expressed in terms of the
quadrupole strengths and drift lengths. Equation (7) then
provides a set of constraints from which the quadrupole
strengths and drift lengths can be found for a given µ and
β. Not all values of µ and β admit physical solutions. How-
ever, a solution can be found for µ = π/2, in which case the
required focusing strengths are,

k1L1 =
LBξ

L2
A
− L2

B

k1L2 = −k1L3 =
ξ

LB
(9)

and the drift length LB is given by:

LB =
2
3

(
η +

1
2
+

1
η

)
LA (10)

The quantities ξ and η are defined as:

ξ2 = 1 +
LB

LA
η3 =

27
16
β2

L2
A

©«1 +

√
1 −

32
27

L2
A

β2
ª®¬ − 1 (11)

A system to rotate a beam with the transfer matrix (3), can
be constructed from two sets of five quadrupoles, with each
set having the same drift length and quadrupole strength. In
the first set, the quadrupoles are tilted by an angle ϕr/2+π/4
around the longitudinal axis, where ϕr is the desired rotation
angle in the beam; in the second set, the quadrupoles are
tilted by an angle −π/4. To change the beam rotation angle

requires changing the tilt angle of the first 5 quadrupoles:
this may be done either mechanically or by constructing
each magnet so as to resemble octupole magnets but with
the current in the coils arranged to allow an arbitrary super-
position of normal and skew quadrupole fields. A rotation
of the field is then achieved by changing the ratio of normal
to skew quadrupole field strengths.

An example of a rotation system has LA = 0.35 m,
µ = π/2 and β = 1 m, the overall rotational beamline
length is approximately 5 m and the maximum quadrupole
strength is 2.53 m−1. In practice, the length of the beam-
line is likely to increase when physical lengths are used for
quadrupoles. Since there is no drift on either side of the set
of five quadrupoles, the adjacent quadrupoles in the first and
second sets may be combined into a single quadrupole.

DISCUSSION
Initial trials of the rotation system have been unsuccess-

ful. The first issue concerns the total length of the rotation
beamline. If the radiation diffracts too much between undu-
lator modules, the interaction between the electrons and the
radiation field is diminished and the Gaussian mode is not
suppressed. This may not be a significant concern when the
radiation wavelength is short and diffraction is low. There
are also practical concerns due to the added length of the
FEL, as the undulator line more than doubles in length due
to the added shifts.

The second issue arising comes from the change in the
longitudinal phase (z) position for different electrons. Varia-
tions in the transverse components of momentum change the
z component of momentum pz . Since the electrons will have
different transverse momentum, depending on their distance
from the beam radius, this causes a different longitudinal
momentum variation for different electrons and leads to a
debunching of the electron beam. Further work will examine
if this debunching effect can be reduced.

CONCLUSION
The feasibility of generating light with OAM in a FEL

from amplified shot noise in an electron beam is investigated.
Trials in which a rotation of the electron beam is used to
manipulate the relative phases between the electrons and the
different OAM modes showed that suppressing a Gaussian
mode will allow growth in the higher order |l | = 1 modes.
However, although physical realisation of the transform ma-
trix (3) has been demonstrated, the resulting transverse mo-
mentum changes debunched the electron beam. Further work
is needed to design a system which could be implemented.
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