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Abstract 
We study coherent longitudinal beam oscillations in the 

Electron Ion Collider (EIC) electron storage ring (ESR). 
We show that to avoid unacceptable hadron emittance 
growth due to finite crossing angle, the amplitude of these 
oscillations needs to be limited to a fraction of a millimeter. 
We estimate the amplitude of these oscillations under the 
two scenarios: 1) the beam is passively stable and the os-
cillations are driven by RF phase noise only; 2) a coupled-
bunch instability, presently expected in the ESR, is damped 
by a longitudinal feedback system. We show that, for the 
2nd scenario, comfortable specifications for RF phase noise 
and feedback sensor noise will be sufficient to maintain the 
oscillations within the required limits.     

INTRODUCTION 
The present ESR design is expected to have longitudinal 

coupled bunch instability, driven primarily by a narrow-
band impedance due to the RF cavity HOM absorbers [1]. 
A strategy needs to be developed to cure this instability, 
either by passive damping with re-designed HOM absorb-
ers, or with a longitudinal feedback system.  Separately, to 
avoid unacceptable hadron emittance growth, the electron 
beam arrival time jitter in the crab cavities must be main-
tained below 1.1 ps rms, which imposes 0.33 mm rms limit 
on the amplitude of coherent longitudinal oscillations in 
the ESR, derived below. These oscillations are expected to 
be primarily driven by the RF phase noise. However, in the 
case that a feedback system is used to cure the instability, 
they can also come from the feedback system itself, which, 
in a certain frequency range, could amplify its own sensor 
noise. In this paper we analyse the expected magnitude of 
these oscillations for both approaches. For more in-depth 
treatment of this problem see [2]. 

 LIMIT FOR LONGITUDINAL POSITION 
OSCILLATION AMPLITUDE IN ESR 

Longitudinal motion of the electron bunches creates di-
pole beam-beam kicks on the hadrons because of the cross-
ing angle. We begin by deriving the transverse kick from 
the electrons and then address emittance growth of the had-
rons. 

Let 𝑧 denote the longitudinal position of an electron with 
respect to the zero crossing of the crab voltage with 𝑧 > 0 
at the head of the bunch. As this particle moves through the 
interaction region its orbit offset is 

 ∆𝑥(𝑧) = 𝜃𝑧 − 𝜃 sin (𝑘𝑧)/𝑘,            (1) 
 

where 𝜃 is the half crossing angle, 12.5 mrad, and k is the 
wavenumber of the crab cavity (corresponding to 394 MHz 
frequency [1]).  When the electron bunch centroid is oscil-
lating as 𝑧଴(𝑡), the average offset of the bunch is 
 ⟨∆𝑥(𝑡)⟩ = 𝑑𝑠∆𝑥(𝑠)𝑓(𝑠׬ − 𝑧଴(𝑡)),      (2) 
 
where 𝑓(𝑠) is the longitudinal distribution function of the 
electron bunch, which we model as a Gaussian of rms 
width 𝜎௟. Expanding the sine to cubic order one gets 
 ⟨∆𝑥(𝑡)⟩ ≅ −𝜃𝑘ଶ𝜎௟ଶ𝑧଴(𝑡)/2,      (3) 

 
where we assume the average oscillation amplitude is zero 
and that the oscillation is small compared with the bunch 
length. This transverse offset creates a beam-beam dipole 
kick which can drive hadron emittance growth. This was 
recently studied in the context of beam-ion instability [3]. 
(Other effects that may lead to proton emittance growth in-
clude RF noise in the main cavities with non-zero disper-
sion [4], and crab cavity RF noise [5]).   

The hadron beam at the interaction point grows as 
 

    ௗௗ௡ 𝜎௫ଶ = 8(𝜋∆𝑄௕௕𝜎௫௘)ଶ ∑ 𝜌(𝑚) cos(2𝑚𝜋𝑄௫)ஶ௠ୀିஶ , (4) 
 
where 𝑛 is turn number, 𝜎௫ is the horizontal beam size, ∆𝑄௕௕ is the beam-beam tune shift, 𝜎௫௘ is the rms of ⟨∆𝑥⟩, 𝜌(𝑚) is correlation function in turns, and 𝑄௫ is the tune. 

Depending on the correlation function the sum can be 
very large, but since the synchrotron tune is smaller than 
the betatron tune, this is unlikely. As an initial estimate we 
take the sum to be 1. We take the initial beam size to be 𝜎௫଴ = 0.1 mm, ∆𝑄௕௕ = 0.015, and 𝑛 = 10 hours/ 12.8 mi-
croseconds, for the beam emittance to double. This yields 𝜎௫௘=14 nm. Using Eq. (3) one gets a rms value of 𝑧଴ of 
0.08 mm for 𝜎௟ = 20 mm bunch length. The electron bunch 
length of about 1 cm results in the rms value of 𝑧଴ of 
0.33 mm, or, equivalently, the electron beam arrival time 
jitter in the crab cavities must be below 1.1 ps rms. 

MODEL FOR BEAM OSCILLATIONS 
Noise-Driven Oscillator with Feedback 

Relevant physics effects can be modelled by a noise-
driven harmonic oscillator with feedback. For an oscillator 
with white-noise excitation and with derivative feedback, 

     𝑥ሷ + 2Γ𝑥ሶ + 𝜔଴ଶ𝑥 = 𝜎 𝜂(𝑡) − 𝑔 × (𝑥ሶ + 𝜉ሶ(𝑡)),        (5) 
 
where 𝑥 is a generic coordinate (not necessarily the hori-
zontal beam position from the previous section),  𝜔଴ is the 
natural frequency, Γ > 0 is the damping decrement, 𝜎 𝜂(𝑡) 
is a stochastic force with zero mean and -function auto-
correlation, 𝑅(𝜏) = 𝜎ଶ𝛿(𝜏) , 𝑔 and  𝜉(𝑡) are the feedback 
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gain and sensor noise. If the drive noise, 𝜂(𝑡), and the sen-
sor noise, 𝜉(𝑡), are uncorrelated, the expected power spec-
tral density (PSD) of 𝑥 is (see e.g. [6]), 
 𝑆௫(𝜔) = ఙమ(ఠబమିఠమ)మା(ଶ୻ା௚)మఠమ + ௚మఠమ(ఠబమିఠమ)మା(ଶ୻ା௚)మఠమ 𝜎కଶ.   (6) 
 

Here the sensor noise PSD is assumed constant in the 
frequency range of interest, 𝑆క(𝜔) = 𝑆క = 𝜎కଶ. Denoting 
the sensor noise bandwidth (in rad/s) by 𝐵క, the total inte-
grated sensor noise power (in m2) is 
  𝜎௦ଶ = ଵଶగ ׬ 𝑆క(𝜔)𝑑𝜔 = ஻഍గ 𝜎కଶ.      (7) 
 

Integrating Eq. (6) over frequency, we get for the ex-
pected rms of the residual oscillation 𝜎௫,   
       𝜎௫ଶ = ଵଶగ ׬ 𝑆௫(𝜔)𝑑𝜔 = ఙೣబమଵାభమ௚/୻ + ௚మఙ഍మଶ(ଶ୻ା௚) ,           (8) 
 
where 𝜎௫଴ denotes the expected rms of the residual oscilla-
tion without the feedback (i.e. at 𝑔 = 0),  
 

          𝜎௫଴ = ඥ〈𝑥ଶ〉 = ఙଶఠబ√୻ = ఠబଶ ටௌೣ(଴)୻  .           (9) 
 

From Eqs. (7), (8) and (9), we obtain the fractional 
change in the power of the residual oscillations due to the 
feedback, 

 

       ఙమೣఙೣబమ = ଵାഏర ೒మ౳మ୻ఙೞమ/஻഍ଵାభమ௚/୻  .              (10) 
 

As expected, increasing the feedback gain from zero re-
sults in the initial reduction of the residual oscillation 
power. At larger gains, the residual oscillations increase, 
eventually exceeding the level without the feedback. 

To minimize 𝜎௫ for a given sensor noise, the feedback 
must be set to the optimum gain, 

 𝑔௢௣௧ = 2Γ൫√1 + 𝛼ଶ/𝛼 − 1൯,    (11) 
 

where we introduced parameter 𝛼 (typically 𝛼 ≪ 1) to ex-
press the normalized sensor noise amplitude, 
 𝛼 = ටగ୻஻഍ ఙೞఙೣబ = ଶ୻ఠబ ට ௌ഍ௌೣ(଴) .    (12) 

 
The resulting minimum level of the oscillations is  
 ఙೣ,೘೔೙మఙೣబమ = 2α൫√1 + 𝛼ଶ − 𝛼൯,          (13) 

 
therefore, for small sensor noise, the residual oscillations 
will be substantially reduced by the feedback. Figure 1 il-
lustrates this point in the frequency domain. 

 
 

 
 
 

 

 
Figure 1: PSD of residual oscillations at the optimum gain 
for several feedback sensor noise levels at Γ/𝜔଴=0.05.  

Feedback-Stabilized Beam Instability  
So far we considered a stable situation, Γ>0, and showed 

that the optimized derivative feedback with a low-noise 
sensor can substantially reduce the residual noise due to a 
stochastic driving force.  

In the context of storage ring longitudinal beam dynam-
ics (well described by a harmonic oscillator model, see 
e.g. [7]) this applies to the case of longitudinally stable 
beam, driven by RF noise (primarily m = 0 mode). A 
bunch-by-bunch feedback system, which essentially acts 
on all coupled-bunch modes, can effectively reduce the re-
sidual beam noise in this case. In practice, feedback con-
trollers utilize a band-limited differentiator implemented as 
a digital FIR filter [8], so they are more complicated than 
the one assumed here. Nevertheless, we believe that our 
model is appropriate for the preliminary design estimates.  

Now we assume that, in addition to the white noise con-
sidered so far, there is an instability the feedback needs to 
damp. To proceed, we: 1) replace Γ → Γௗ − Γ௜, in Eq. (5), 
where  Γௗ is the radiation damping rate and Γ௜>0 is the in-
stability growth rate; 2) require that the beam is stable with 
feedback, Γௗ − Γ௜ + 𝑔 > 0; 3) normalize the residual beam 
motion to the case without the feedback and instability, i.e. 
replace, Γ → Γௗ, in Eqs. (9) and (12). Our final result for 
the minimum level of the residual oscillations at the opti-
mum feedback gain is  
 

      ఙೣ,೘೔೙మఙೣబమ = 2α ቀඥ1 + 𝛼ଶ(Γ௜/Γௗ − 1)ଶ + 𝛼(Γ௜/Γௗ − 1)ቁ,   (14) 
 
which agrees with Eq. (13) for Γ௜ = 0.  

The reduction of the residual beam oscillation power due 
to the feedback, tuned to optimum gain, in the presence of 
instability is illustrated in Fig. 2. It shows that: 1) the feed-
back is ineffective when the sensor noise is large; 2) for 
any instability growth rate, a sensor with low enough noise, 𝛼 ൏ 2Γௗ/Γ௜, allows for substantial reduction of the residual 
oscillations. For α≪1 the reduction factor is ~2α. 

 
Figure 2: Residual beam oscillation power vs. instability 
growth rate for several feedback sensor noise levels. 
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In Fig. 2 we normalize the oscillation power to that with-
out the instability and feedback, Eq. (9) (with Γ → Γௗ), 
which depends on the magnitude of the drive noise. For a 
storage ring application, the latter is primarily given by the 
RF phase noise. For modern electron rings, 0.1 degree rms 
RF phase noise is considered easily achievable, and the 
state-of-the-art is about an order of magnitude lower 
(see [2] for more discussion and measurements from 
NSLS-II). 

ARRIVAL JITTER ESTIMATES FOR ESR 
We take relevant parameters from [1], specifically the 

longitudinal radiation damping time, τௗ = 1/Γௗ =2000 turns (at 10 GeV), the instability growth 
rate Γ௜ =  2π/1000 turns-1, the synchrotron tune ν௦ = 0.05, and the RF frequency fோி = 591 MHz.  

First consider the case without the instability, so that the 
beam oscillations are driven by the RF phase noise only. 
From Eq. (6), the beam response is resonantly enhanced 
around the synchrotron frequency ω௦ and then is sharply 
falling off at higher frequencies, see Fig. 1. Due to higher 
frequency noise being largely irrelevant, we limit it around ω௦ with a bandwidth, 𝐵ோி~ω௦. 

If the phase noise of rms 𝜎థ (in degrees) is distributed 
uniformly in this bandwidth then its PSD, 𝑃𝑆𝐷ோி, is 

ଵగ ׬ 𝑃𝑆𝐷ோி𝑑𝜔னೞାభమ஻ೃಷனೞିభమ஻ೃಷ = ஻ೃಷగ 𝑃𝑆𝐷ோி = 𝜎థଶ.     (15) 

At low frequency the beam follows the RF, so, from 
Eq. (6), we can express the beam motion PSD as    𝑆௭(0) = 𝑃𝑆𝐷ோி ቀ ௖௙ೃಷ ଷ଺଴ቁଶ = గ஻ೃಷ ቀ ௖௙ೃಷ ଷ଺଴ቁଶ 𝜎థଶ. (16)

Note that we use subscript 𝑧 instead of 𝑥 to indicate that 
the model is applied to longitudinal beam oscillations.  

Substituting Eq. (16) into Eq. (9) (with Γ → Γௗ) we ob-
tain the final expression for the residual beam oscillation 
rms,      𝜎௭଴ = 𝜎థ ௖௙ೃಷ ଷ଺଴ ଵସටగ஻ೃಷ୻೏  . (17) 

Plugging in the CDR values, and taking, for instance, 𝜎థ = 0.1 degree and 𝐵ோி = 𝜔௦, we obtain 𝜎௭଴ = 1.6 mm, 
which significantly exceeds the 0.33 mm rms crab cavity 
limit worked out in the previous section.  

For the beam oscillation amplitude to end up right at this 
limit, we must reduce the RF phase noise proportionally, to 
~0.02 degrees rms, which could be somewhat challenging 
in practice. Due to many approximations made, it would 
also be prudent to assume a safety factor of 2-5 at this stage 
of the design. This, however, could bring the required RF 
phase noise spec beyond the state-of-the-art.  

We now turn to the case of longitudinal instability being 
cured by the feedback. As discussed above, on top of cur-
ing the instability, the feedback can damp the residual 
beam oscillations by a large factor, as long as the feedback 

sensor has a good signal-to-noise ratio, see Eq. (14). To il-
lustrate the required sensor performance in real units, we 
express Eq. (14) in terms of the integrated sensor noise, 𝜎௦, 
by using Eq. (12) (with Γ → Γௗ), to get  

𝜎௭,௠௜௡ଶ = 2𝜎௭଴ଶටగ୻೏஻഍ ఙೞఙ೥బ ቌඨ1 + గ୻೏஻഍ ቀ ఙೞఙ೥బቁଶ (Γ௜/Γௗ − 1)ଶ+
ටగ୻೏஻഍ ఙೞఙ೥బ (Γ௜/Γௗ − 1)൱ ,   (18) 

where the residual oscillation rms without the feedback, 𝜎௭଴, is given by Eq. (17).  
Taking from [1] that Γ௜ Γௗ⁄ = 4π and setting the sensor 

bandwidth in Eq. (18) to one synchrotron frequency, 𝐵క =𝜔௦, we obtain the final result shown in Fig. 3. It plots the 
beam arrival position jitter vs. the feedback sensor noise 
for representative levels of RF phase noise.  

The figure illustrates that, e.g. for 𝜎థ= 0.1° rms RF noise 
level, the sensor noise of 0.11 mm rms (or 0.078° of RF 
phase), is sufficient to maintain the arrival position jitter 
less than a factor of two of the 0.33 mm rms crab cavity 
limit derived earlier. This sensor noise level is a factor of 
16 higher than what is measured at NSLS-II [2], so we con-
sider it readily achievable. Separately, similar or better 
bunch-by-bunch feedback BPM noise levels have been 
demonstrated elsewhere [9]. If more stringent RF phase jit-
ter specs can be achieved in the ESR, the requirement for 
the feedback sensor noise will be even more relaxed. 

Figure 3: Arrival position jitter vs. feedback sensor noise 
for several rms values of RF phase noise, 𝜎థ. Bandwidth 
of [0.5 1.5] ω௦ is assumed for both the RF and sensor noise. 

CONCLUSION 
To avoid unacceptable hadron emittance blow-up, the 

electron bunch arrival position jitter in the crab cavities 
must be maintained below 0.33 mm rms. This specification 
can be met in the presence of longitudinal coupled bunch 
instability by using a feedback damper. Our analysis pre-
dicts fairly relaxed specs for the RF phase noise (achieved 
at NSLS-II and elsewhere) as well as for the maximum al-
lowable feedback sensor noise (also achieved). In addition 
to damping the unstable mode(s) the feedback will greatly 
reduce the amplitude of the (stable) m = 0 mode that usu-
ally dominates the noise in the longitudinal plane. 

An alternative option is to passively damp the instability 
(through the cavity damper redesign) but this will also re-
quire meeting much more challenging RF phase noise 
specs. This option is a seemingly inferior one. 
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