
VI. L. Te11g (Argonne National Laboratory) ~--E.h8.se oscillati('lns.-~-

In a linear accelerator radial oscillations are usually strongly in-

fluenced by phase oscillations. It can be said however, that the phase oscillations 

are usually not strongly influenced by the radial oscillations, therefore, it is 

useful, in first approach to treat only uncoupled phase oscillations. This has 

been done in the following analysis. In this only the useful traveling wave com-

ponent has been used. The reverse wave and all higher order components are being 

neglected as representing only perturbations on the phase oscillations. In one 

phase oscillation the effects of these perturbations average to zero. 

Using now the equations of motion describing acceleration by 

the traveling wave component 

Elongitudinal = Eo sin <»0 {t -S ds ) 
\ vo(s) 

...L.. one obtains with ~= . moe 

sin . ( 'S ds ,\ "'o~t - Vats)) 

It is useful here to use the coupled linear form: 

dy, 
-l". 
ds 

ds 
= 

sin ¢ 

and ro 0 = constant. 

~(This material has been elaborated in the reports AGS-IA , LCT-l and LCT-3. 
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With 't 2 = y 2_1 and F3 = -} this is transformed to the following ~anonical funr, 

wi th y and ¢ as variable~. 

:!.1. - __ (tJ~Y O'lQ = dH 
d s 

c Vy2 - vo(s) Oy 
1 

Lt, = e6.J sin ¢ = oH 
d s me -~ 

where 

H = CJ)oY e So (s) cos ¢ 
v (s) + mc2 

o 
This is the }~iltonian for pure uncoupled phase motion; if coupled to the radial 

motion more terms are used. It is assumed here that ~o(s) may be a function of 

s only. However, to solve 
d ¢ = dH 
dS ~ 
dy _ - d H 
crs--a¢ 

adiabatically, it is necessary that ~o is independent of s or only slowly vary-

ing with sand vo(s) also is slowly varying with s. 

The solutions arc readily found for small amplitude oscillations by integ-

rating twice. For larger oscillations the behaviour is non-linear and the first 

integrals, namely H~constant, take the form as shown below in a y-¢ plot. 

I y 

limit 
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For small oscillations assume 

y ::: Ys (s) + f:t.y 

¢ ::: ¢ s (s) + t::. ¢ • 

''-''-substi tution in the original equations results in ;'" 

d 6¢ 
mo (*) ('00 d¢s '1 

W' I 
::: --- 6y - __ +--, 0 I - ;~ ); d s c~2 dy Vo d s 

s s S !, 

~ ct 
¢s (A¢) 1-( ef: 0 sin¢ ::: ~ cos + ds 2 1-- s 

me L mc 2 

It is possible to solve these equations by taking the forms in brackets to be 

equal to zero. This is satisfied if the constants are adjusted accordingly. 

That is, taking vo::: c~s results in d¢ :;:; 0 or 
~:.s. 

¢s = constant 

and 

in 

~(-)(. Note: 

ds 

d Ys 
dS sin¢ s 

Using now adiabatic approximations one can get the dOl1lping terms. Becaus--: 

(tJ 
::: __ 0_ 

c~ 2 
s 

J.P. Blewett. Stlqq0:sten 8. c01Tl1Yllled fOl'lrl for these equations as follows: 

where U ::: 

No approximations were being used in the transformation of the original 
equations into the above expressioQ. 
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the coefficient of /'..y is 8. function of s in the y- p plot the ellipses immediately 

around Y 8' ¢ 8 are not closed but take the form of a spiral around y s ¢ s. , 

For this treatment to be valid it is necessnry that the coefficients in 

the above equation vary slowly, actually for a linenr accelerator (~s)-2(~ does 
dy, }s 

not vary slowly) consequently the results nre approximate only. 

Assuming for the moment that the adiabatic approximation is sufficiently valid, 

then the damping in zero order approxim~tion is g~von by : 

(holds also in the relativistic regien) 

and 

where JL is the angular frequency of the phase oscillation given by 2TT 
.SL 

To the first order these terms become 

!I¢ r;; '1-3/ 4 
(1 + ~ ) 

Oy =1 3/4 (1 -~ __ ) ____ . __ 

JL~~~:3 ::; cot ¢ s (1 - G ) 

where G is given by 
. 3/4 ~~5/4 dVl sJ\ G = 3 Js ds ~ ds Ii -v---
0 0 d\ cos¢s; 

c ds 

="A. -
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The Vrevious analysis 1Jith minor modifications applies also to a synchrotron 

ring. The stability limits for both linac and synchrotron ring are indicated belmr, 

rlssumbg the same applied .cf frequency. 

Consider naw the problem of longitudinal phase-space matching of a linear 

accelerator with final particle energy of 10 Bev with let us scry, a 1000 Bev syn-

chrotron ring. 

Using a conventional linac the output can be represented by curve 1 in the 

diagram below. Passing t.hrough a drift space the phase space area is indicated by 

curve 2, then using a debuncher curve 3 is obtained, which is suitable for 

acceptance in the synchrotron. 
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The problem is here that at 10 Bev particle energy the drift space needed is of the 

order of 10 miles. It '{auld seem des irab1e to try to mod ify the linac in order to 

obt.ain directly curve 3 as shown above. 

Consider again the l1y - to. ¢ diagram. 

I I' 't,y 

stable fixed point 

unstable fixed point 

Particle~ in the region near the stable point are being focussed, near t.he unst.able 

point def~cussed. Now it is possible in a linear accelerator to adjust the phase 

in certain sections such that a shift back and forth t.akes place from the area near 

the stable point to the area r.ear the unstable point. Consequently one can alter-

nately focus and defocus. By judicially adjusting the durations of the focussing 

and defocussing actions one can manipulate the ellipse to any desired shape. 

The following example -will iLLustrate this. 
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operating on 
stable phase 

sCm) T(Bev) 

823 7.9 

967 9.3 

1044 10 

Lin~ar accelerator sections 

7 ,9 _ f operating on 
Bcv I unstable phase 

a b "1-
.026 .026 

.129 .042 10-1 Tr -4 

.122 .04 10-1 0 

~.JLI operating on 
~ stable phase 

." 

i here on unstable phase 
') 

f here on stable phase 

where a and b are the semi~es of the ellipse and ~ was taken as 
ds 

1 Bev per 350 feet. 
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