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1. Introduction 

Most studies on the effects of beam loading in linear accelerators 
have been made using the power r elations or the equivalent circuit analogie s. 
On the other hand, the field equation for cavitie s a nd the equation of motion 
for the char.ged particle s will give a m ore complete picture of this effect, 
e specially when the accelerator is a standing wave type. Thi s study was 
made for the iris-loaded structure being consider ed by the Brookhavep-.-Yale 
proton linac project. 1 The method i s s im ilar to the theorie s developed for 
m icrowave electronic devices, particular ly traveHn g wave tt.bes, and the 
purpose is t o give a brief physical picture but not exact numerical calculations . 

2 . Principle and A ssumption~ 

A ccording to Sla t e r 's well known theory for r e s onant cavities , 2 the 
s olution of Maxwell's equations i s expanded in terms of a s ummation over 
certain normal m odes, which p oss e ss orthogonality propertie s. Any vector 
field can be broken into new fields, one of which is solenoidal and the other 
i s irrotational and, s o far as the wave propagation i s conside r ed, the 
space- charge effect can be separated for th e fir st a pproximation . The effect 
of the beam current on the cavity field whi ch i s operated near th e nth m ode i s 
quite generally expressed bY** 

J--~ 
1 

JFn -'<dv 

(-~n _ :n )+ 1 
= j }E:""" -,-_. Qn ,EWno EFn" 'dv 

-=- ...---
J i s the~urrent density, E the field, and Fn is the s olenoidal norm al m ode 
field . F n is obtained by solving MaxwelP s equations whe n there is no currer:.t 
in the cavity and the walLs are either short- cir cuited or open-circuited, 
(&) no is the r e s onant angular freque ncy of the nth m ode and wn is that 
of the case when the effect of wall losses is taken into account. Rigorously 
wno f W n' but one can safely us e wn instead of wno if t he unloaded 

* On leave fr om the Depart m ent of Physics , University of Tokyo, 

)~~~ Thi s equation i s slightly m odified from Slater's and immediately 
derived from the wave equation for the vector potential, and is quite 
gene ral for the r el a tivistic case . See R ef. 9 and its refer e nce . 
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Q Q . ff"'·"1 . l' " , CD' 18 SlLdClpnu..y npL 'The wt.al Q value of the cavity without beam, 
Qn, :is expr€ssed by 

1 1 + L gi 
(2) _. 

~--....----.-,.-----~ 

Qn QUE Qext, n, i 
i 

h Q . 'h Q' .th . t d ·.!h 1 t f 'Ill ere ext n, i 1 S .~ .. 8 . t.'l\": 1 Otttpuo an gi IS ~.e rea par 0 
tbe reduced admittance of ft:h. gL~ide, Ewe study a standing wave type 
:acceterator such as thosr.'; opc~nSLting in the TT ·-mode, one section having 
N ean be c(mski;:;red as a closed cavIty of Qn c, Qon.. For simplicity 
iJjroc.ghout this papf:r a Lmiform cell structure in e8.ch ca"llity 'NiH be 
assumed, while an actual 'W -mode C2.~\lity WOllld nonuniform structure 
8.S d cussed in the Appendix. Th~~ actua.l E, is also assumed lo\"-ary 
as W t Tvith the operating frequency- W J the integrati on is perform~d 
OVE,r the cavity volume. 

The effe ct of beam loa. ding in a lina. 
h~.nd side of (1); its im;,ginary part giv2;S 

(',an be estimated from tbe left-
13h1£ t of the resonani frequency 

or the detuning effeci aEd the rea] part givES tbe 
bECI.,m Q-v::;J'ile. 

pm'i;er 108s or the 

Thp assumpUonjhroilgho~~t this pa.pF.'r )8 that a tightly bunched (.le,-lLm 
intera(ts iiI.<tb the prop9,g3..U.ng along the c;c",vlty Th(~ beam L!:, also 
assiimt'd to be confined to a regier;: having a small diameter about this 
ax:s'z :;;')(.is), 

II1. the first st:sp, 'W!£- n(~glEct ';;h(i': d lndvced by the beam <md UH.' 
reaction of t.he fjeld on b'eam, clhis appro::dma+,ion vdl.l be valid '\iVrl<fn 

tbe L)ading is sufficiently sm;:i.H ,Jr in a translsni stage whren the induced 
h.'~s net yet built up, 

In l(;rmS of thf" field nqt:_'~t:ion th~: s~t')red energy fo·, the nth mode may 
b ~,::: ~i}/:r~ Jtten as 

( 3) 
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This equation may also bC'Jirri+t,";[l in terms of circuit parameters as 

w Wn ~ Qo'" H n ~" 
1J ~ 

I'sn 
( 4) 

where R is the wall loss per unit length., . L the cavity length, Entb 
the axial-field amplitude (peab';value of the f~s1d strength) of the n "­
harmonic field, and r sn ::: Eno ~ /n th • .o; Shi;Lut impedance for th::; nth mode 
field. Substituting (3) and (4) into (1) 0 ViH:?; obtain 

Now the beam is assumed to b-'~nched in "i wave having the 
propchgation exponent j( W it ~> 1<,1 z} with ;J. bUFch 'liltidth 80 at a. (enh~r 
phaSe 00 , The current density of BeLli beam is aLa~yzed, in a Founer 
series as 

sin 
J - J o + Re --->-~ .. -.---- e 

y g0 

where J 0 is the mean density during one pli.ls f ;: thf;! lka.c opera+.i.oc 
When 'HI 80 « 1, the y compone.rt is 

'. > 1 rt.) 
> •• iY{w t~K z+"'o 
):,::; 

So far as a steady state solution 1.8 cons id\,=,;r!::"d~ omy thE: term (yf 

wlr_,~ ./:w i ~ W n':< should be impor:aLt in thE. ts:i.mation of int,pgral 
J j'Fn"dv. Taking kb c: 'M k' I',L'd 01'1 .'. :!I 00' :it bEcomFS 

':,' '8! is four for the proton liLac pJ.arJH':c. by BrookhaYen. 
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j0b { 
2j1oFn.oe '-:--+!-k . Kn b 

r 
l 

where 10 is the mean current, F. 0 is the axial-field amplitude of the nth n 
normal mode field which is given by 2Fno cos knz in the standing wave 

(7) 

case. For a 1r -mode, knL::: 7r N with the total number of cells, :N, so 
that knL >:> 1. In such a case, one can easily see that the right hand 
side of (7) is dominant for I kn - kb I ~ 0, or for the synchronized wave 
which hereafter is designated by n. It also should be pointed out that 
from here on only the synchronized primary mode will be considered, 
and the effects of all other modes have been neglected. Taking 
! kn - kbi L < < 1, we get from (7), 

Combining (5) and (8) J 

1=<' .wno - :'=-) + ~J 
d. 

where we used ~ relClotioTl, :8~:: L F:l !EFn':'dV =:: :En for the nth 
harmonic field En.; and 0bn is the relatIve phase of the beam bunch to 
the nth harmonic field. Then we have the frequency shift, .~Wll ::; VJ - l.iL) 

and the beam Q-value, Qbn' aE 

( 8) 

( 9) 

(1 
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2 !J,wn r sn10 

'.. Q R 
~n on ~no 

(lOa) 

1 T"sn ~o 
COS 01- , 

~)n 
(lOb) 

1 Q 
1 

'i\,'here the tota. --value is exprf SSAc1. bv -~--
Q·tn 

+ 
1 

4. Effect of Induced Field due to Beam Loadlrlg 

If the beam loading increases, the field induced by the beam increases 
and h;;comes an appreciable part of the fiEld, so that it should not be 
lleg".iE;ct:~;d. The actual field in 11 cavity C'::-::.n be ided lEta two parts; Q,nf 

-<» 
.ls excited by the external SOL:rCi2, E<c, :OLro. tl:ce o~her is induced by the - ~ beam, Eb. The total field is giv·en by 

( 11) 

The induced field is also gIyer_ by fhe use of (1) J which is the 80- caned 
T· th h 'f" d fE' circuit equation in the present papf;L .. h.e n·· .armornc ~lf;:; 0 ."t, 1S 

and its axial componeEt win be given by 

12'1 
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where Ebrco is the complex amplitude including the phase. The axial-field 
amplitude of the nth normal mode, F no' whic!!: is, of coursS;" a real 
number, is obtained from (3) and (4), where E is taken by F n , Since 
W n = f- for the normal mode, 

The value of integral in (12 r) is given as 

j -- >:: 
JFn dv 

from (1) and (8). Substituting (13) and (14) into (12!) 

. 
Eb no 

r sn 

just corresponding to (9). 

(13) 

(14) 

(15) 

In order t.o discuss the effect of induced fie1.0" Vile rnu at consider the 
relation between W band w n . The normal mode f:O:'equency, u) n' is the 
proper frequency of the free oscUlation of the cavity and is just the 
operating resonant frequency, w 0' when beam is not present. If the 
beam comes in, the dynarn.ic resonant frequency iNEl move due to the 
reactive component of the loa.d and differ from u} ,J the amount of i:) 

L 
shift being given by (lOa) in the first approxirn2.Hon. YNe C8.n make a 
readjustment of the tuning of the cavity to resonate at the frequency 
in o;:'der to k,::;ep the synchronous condition for the beam and tbe W&.V'i? 
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velocities . In such a case, t he normal mode fre quency is m oved in t urn 
by the t uning p roce ss and is no lon ger equal t o wo. Because of the 
phase oscillation in the preceding part of the acc e le r a tor, the be a m 
will be bun ch ed to the wave of Wo r athe r tha n that of W n ' or 
w.p ~ Wo f w n . Howevever , a s we can see from ( lOa) and ( lOb) " 

if i 0b I < < 1 or Qb>:> Qon' we m ay put I wb - wnl < <wn / Qn' and 
we have the expression 

whe r e Ebno i s the r eal amplitude or the peak strength of the induced fie ld. 
The induced field is out of phase with that of the bea m bunch a nd 
proportional to the s hunt im pedance . 3 In the pre s ent--designed accel~ 
e rator, 0b::: + a nd Qb ~ 2 Qon' so that the approxim ation of (1 5 ' ) 
would be corre ct . 

Superposing the induced field to the external f ield and repeating 
the process in para graph 3, we have the following results as, 

211w n rsn 10 E eno sin 0bn 
---::: --- -----

= __ 1_ 
Qn 

E 2 + R2 2E E 1ft. eno -'-'bno - . -'eno bno cos Yl bn 

Bn s in 0bn' 

r sn 10 (E eno cos 0bn - E bno) .l- ::: __ _ . _____ . ________ _ 
Qb Q E' 2 E 2 2 E 1ft. on eno + bno -' Eeno bna cos Yl bn 

B 1ft. B 2 . n cos Yl bn - n 

(16a) 

(16b) 
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instead of (108) and (lOb), \~lith the beam loading parameter, 

E Qn r I bno sn 0 
En -- ------_. ::: 

~-----

E Q E eno on eno 

Eeno being the nth harmonic amplitude of external field. If we take 

r sn a~ 20 Mil I m,_ 10 as 0: 1 1~ (the ~aximum d~sign vall£], EUlO ~s 
4 Me"\ I m and Qn -- QOD' VI, e fmd Bn- O. 5, lead_ng to nl n -
1. 5 x 10- 5 ("¥ 10 kc for an 800 Mc accelerator) and Qbn =: 4 x 10 4 for 
Qon= 2 x 10 4 and !bbn -: 7T 16. 

5. Self- Consistent Field 
- -

(17) 

Up to the preceding section, the reaction of the field on the charged 
particles is neglected. In order to find the complete picture, we must 
solve the self-consistent field taking into account the induced current. 
The self-consistent field is the solution of the combination of the circ1J.it 
equation a.:cd the equation of motion (e:~ectronic equationL, this method 
has been extensively developed in studies of traveling wave tubes. 4 
In contrast to the usual TWT theory, the following poiEt,S should be 
considered: 

a. The injected beam is already tightly bunched a.nd the 
induced fie! d is important. Also some the nonlinear behavior should 
be considered. 

b. The motion of thE ch.arged particle is relativ:lstic. 

c. 'fhe rcuH is llsed -'- st,md.ing w"aves a.nd not for trave]jng 
wa·;res. 

For the tightly bu.nched be~Lm, the 80- smc.JJ-sign.aJ theory 8ho 
not be id. In 2. small-s1gna! theory, the velocity, "'Ii, and t};.e ll.ru?ar 
charge density, p, of particles are e)'.pressed 8.6 

P + PI e 

Proceedings of the 1964 Linear Accelerator Conference, Madison, Wisconsin, USA

221



The condition for v will still be valid in the present case, but the 
condition for p is violated since PI "" Po' Spch a 'case is called a 
m oderately large signal case, 5 a nd since the beam impedance is still 

high compar.ed with the circuit impedance, . the coupling between the 
wave and the beam shoul d not be so s trong. This is seen through 
e s timation of the dim e nsionless coupling parameter, C, defined by 
Pierce, 4 the cube root of the r atio of circuit impedance to the beam 
impedance. As wiltsoon .be shown, q is of the order of 10- 2 for the 
present case or qf the same order as in the usual TWT. The weak 
coupling nonlinear the ories for .t he TWT have been presented by 
Nordsiekand others, 6 and som e numerical results are also available . 
Unfortunately , because of the different working conditions, these 
num erical results cannot beus.e d f or. the present case. 

On the other hand, by cdmparlson of these num6rical results 
with the r esults from the simple small"-signal theory , Pie rce pointed 
out that, i f the beam is overbunched~ the effect of nonlinear ity can be 
e stimated, at least qualitatively and almost quantitatively, from the 
results of the small-signal linear theory by setting the a mplitude of the 
varying current equal to 210 , 7 In or der t o obtain the physical picture, 
we examine the self.~consistent fie l.d in this r,nanner. 

The circuit equation is again equation U)' and we .make s om e 
m odifications in order to express it in terms of the propagation constants. 
Then, corre sponding to ( 9). . 

Wn rsn 
E ::: - -----

no 2Q 
on Vge 

r n 
(18) 

. 
where Eno and 1 are the complex amplitudes of fie l d a nd current, having 
tim e a nd z~dependence as exp (jwt - rz) . Taking the phase velocitie s, 
v.lln :nod vP' for the ca~eo without ,:n.d ;ith the beam respect~vely. 
lOn _. J w/vpn and r - J w/vp ("" J n/vpn)' The effectIve group 

velocity, v ge' is defined as 

- j Vge = (19) 
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and the attenuation constant ~ is 

Wn 

v Q 
ge on 

Equation (18) has the same form as given by Pierce for TWT theory and 
the solutions for both forward and backward waves. 

The equation of motion for the changed particle is expressed by 

2 

rb _._--._--
rb - r)2 

E no 
e 

(20) 

(21) 

where r b ::; jkb ::: j W I vo. This is also derived in the similar manner as 
in TWT theory, 2, 4 provided the relativistic effect is taken into the longi~ 
tudinal phase motion by taking the longitudinal mass rnt :::.: rna (1 - v02/c2:-.3/2. 
To derive this equa.tion the standing wave is divided into forward and backward 
waves, and is assumed to jnteract with thf:: beam only through the forward 
wave due to the phase synchronIsm condition. ~l' 

Combining (18) and (21), the self-consistent field is obtained. Taking 
r b - rn (or Vo :::; vpnL the solution for the forward wave is given by 

~ ( 
and the coupling pararnetpr C is given by 

e 
4rnm 

.lfv 

r I \ 
sn 0 I 

v .w Q " ge on 

':< The parU.cular s.ituatic::m cf the 1T -mode, 'which is poinh·dI OlJt 

Leiss, can be hiken into the calculation of shunt impedance .. whi.ch 
wUl be twJce that which was calCll1ated for.' the fonvard ¥lR enJ,\' 

CL.E. Leiss, Minutps of the Conference on Proton Lint:ar Ac 
End,oct) at Ya \",r October 21-25, 1963, p. 74). 

(23) 
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The following values of parameters: w =:: 27r X 800 Mel sec, 
ray:' 20 M n 1m, Qon =:: 2 x 10 4, Vge .::, 4 x 10 5 ml sec, 10:':: 0.1 A, 
2nd the proton kinetic energy·::: 200 MeV, are taken leading to 
C :: 1. 1 x 10- 2 , The estimate of Vge is difficult especially for a 

7r -mode cavity. As is discusseain the Appendix, the group velocity 
win vary along the guide to keep the field distribution uniform in an 
actual cavity. However, assuming the uniform cell structure as is 
jn 1:he present approximation., we may use its average value 
<Vg> :: wL/2Qon' This is about 3.7x 105 m/secforL cc 3m. 

Now the two limiting caSf:S wLE be considered; one is 
CJ,. <: <: Ckb and the other is ot» Ckb' As is shown lcL!tr, the presf:nt 
case is the latter, while such effects as heam blow-upliliould occcLrin 
the former. 

(1) Case 1, CA «Ckb 

As in the TWT theory, ·we have three roots of (22) for the forward 
wave. They are 

(24a) 

24b) 

which c0'rr(:spond to the ir;.creasirgJ decreasing, ar:d Imattermp,tf.d wave s, 
respectively. We have also another solution for the ba(:kI.~/ar'd wavl"; whl~h 
18 gjven by 

r '-' ... r -
4 b 

(24d) 
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3.nd 

c.3k 
8 :._ OL "- b - J -------
424 

(24d ,) 

Since C « 1, we must take into 8.ccouni 0( for the 
the second term on the right-hand side. 

8 4 and may neglect 

These four '\vaves should be superposed with the proper boundary 
condition. A finite beam current 11 (0) at the input (z co: 0) is considered 
and the standing wave conditions at the input and the output are taken as 
fo11o\l1S, at z ~" 0 assuming 18i l« kb' 

jKl1 (0) 

and at z "" L 

where su.fflx(:s nand 0 for E are omitted for simpJicit:v. The 8uffL:,: 
i (::: 1, 2., 3 and 4) of "8i corresponds to the above four sOlutions of .8. 
and zero in parenthssis means z :::: O. The constant K is giv'2n r)y 

(25a) 

(25b) 

(25c) 

(25d) 

(26) 
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from (21), and the third cOEdItion (25c) comes from the assumption of 
v1 (0) ::; O. The solutions for Ei are given by 

where 

6 -

Ee(O) ~ i1 -+ jKi1 (0) Ll i2 :E. (0) = (-1) i+ 1 _________ ~_. __ . ___ _ 
1 ~ 

1 1 

1 1 .-
2 2 

8
1 

8 
2 

1 1 

8~ -T-
2 

1 

1 

8 
2 

3 

1 
.~~ 

-1 

0 

0 

'2 'k· '~)­\ J:b t 04 L 

and l:l .. is the subdetermil'ant of the ith columE b.nd thp, jth rov,". 
Taking 1'~4 as 0./2 1 • 

(27) 

(28) 
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The componentl'? E2(0) and E3(0) are found by interchanging subscripts and 
the component E4(0) is 

where 

Terms having the form proportional to j Kll (0) 8~ give the induced field. 

(2) Case 2, ex» ek
b 

In this case the corresponding four roots of 8 are 

d 

2 

8 ". "-~> 
4- 2 

assuming 0( < < kb" The modified coupling parameter D is 

(2gb) 

( 30) 

( 31b) 

( 31c) 

( 31d) 
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General solutions ar(~ also obtained~rom (27) and (28), while, in the 
first approximation, they are 

81 .~. L 
-- e-

O\. 

2 sinh ,~- L 
2 

2 s:iEh ~ L 

2 sinh -~~ L 

e 

2 sinh ~- L 
2 

'K ~ 2 
J 01 

2 
II (0) 

where we have assumed the resoc&r:ce condi1:ion 2kt,L '-', 2 Iif;c int""g"'r. 
" 

When the phase shift dlle to the tlP:8.m is sufficienUy smaJl as is XP(;~:{~,Ip~d 

(32) 

(33a) 

( 33b) 

( 33c) 

(33d) 

in the present design, this assumpt;Lm 'j,vilI not ch"mge the rf",-;8uUs. tb~ 

actual accelE:rator, ()/, will also vary :98 Z increasl::;s, forv g va:rlri 8. As 
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we have used the aver a ge value of < v g (= w L/2 Q ) for the 
uniform-cell assumpti on, . one may use the cor~e spongrng 0{ = 

wnl <v g Qon = 2 I L..This value of 0. i s about ten times larger 
than the pararnete;r- Ckb for L =: 3 m so that we can. easily see, from 
numerical checks, that the above express ions (33a) tV (33d) should be 
sufficiently close to exact cal culated values. Using (2 0) , (23) , (2 6) , 
(31a ) and (3 2) , the induced field given by the summation of the second 
terms in Ei ' s is found to be expres s e d as 

(34) 

where f(z) is a function of z ta king alm os t real-positive values. Using 
the above stated values for 0( , C and other parameters, f(z) is estimated 
to be about 0.27 at z = 0 and 0.73 at z =: L . It i s i ntere sting to compare 
these value s with that given by (15 1

), taking 11(0) =: 21
0

, Since the 
coupling effect between the beam a nd the field was negle cted, f(z) was 
constant and equal to O. 5 in the preceding section. Taking into account 
the coupling interaction in a lossy guide , the induced field increase s as 
z increas es . This is because the assum ed interaction i s one-directional 
or the beam interacts only with the forward wave . 

6. Dis cuss ion of the Beam Blow-~ Effec! 

In a linear accelerator, which i s heavily loaded by the coupling 
interaction between th e beam and the wave, the so-called beam blow-up 
effect would occur as in el e ctron linacs and traveling wave tubes. The 
beam blow-up effect in electron linacs is caus ed by the excitation of a 
deflecting m ode HEM having a backward group velocity. T heoretical 
studie s have been done by a method similar to the theory of ba ckward 
wave tube oscillators l eading to good a greement with experim ents . 8) 9 
Of course, a similar m echanism is possible in high energy proton 
linacs; however, if we use the 1T - m ode s tructure, the excitation of the 
deflecting m ode is only possible at its space-harmonics having a forwa r d 
group velocity. Therefor e, the wave excitation of a. backward wave tube 
type cannot occur in thi s case . Th e re generative wave excitation will 
only occur throu gh the s t anding wave type interaction, or the feedback due 
t o the backward phase velocity wave .. when the loss at the walls has been 
compensated by the wave amplification due t o the beam . Furtherm ore, 
th e effe ctive shunt impedance to excite such a space-harmonic wave 
should be m uch smalle r than that' for the fundam ental wave, therefore one 
can exp ect that the starting current for the beam blow-up due t o this mode 
should be relatively h i gh in the pre sent case. Thi s problem has been 
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t r eate d by Gluckstern who obtained a starting curr e nt a s h i gh a s 40 A 
for the Brookhaven lina c. 10 

On the other hand, in a s tanding wave lina c, the re.generative 
inter a cti on due t o fe edback through the backwar d phase velocity wa v e 
woul d a l so occur at the other m ode s having h i gh shunt iplpe dance s , for 
example, at fundam en tal harmonics of TM m odes . . Similar phenomena 
have ofte n bee n observed as an internal feedback os cillation in TWT' s 
with l ow loss structures and m ay be r eferred to a s l on gitudinal b eam 
blow-up. 

Since t he beam blow -up effect could start even fr om a sma ll signal 
s uch a s the noise field, t he small-signal theory w ould b e a pplicabl e 
excep t for nonlinear effect s a s a cohe r e nt interaction due t o the t ightly 
bun ched beam. The s tart ing current will be sufficiently h i gh to compe nsate 
l os se s , s o tha t the Case 1 of knC» c< (s till C < 1) is. p r oba ble r ather 

. t ha n Ca se 2. After a n um e rical calculation in TWT theory includin g 
loss e s , 4 ev e n when knC/Cf. "'" 1, the sol ution for 8 i' given by the 
Case 1 approximation, a r e s till clos e to the exact calculat i ons. 

Then, the starting current for a longitudinal b eam blow-up is 
examined a s follows : 

First, becaus e of t he relatively large value Of Ckb L, simultaneous 
tuning for t he three forwa r d waves cannot be m ade; L e. wave 3 w ill be 
com pletely detuned whe n wave s 1 a nd 2 have been a djusted to r e s ona te 
the cavity so a s t o m a ke the wave-beam inte r action. Second, t~L 

decr easing wave 2 will ha ve hi gh attenuation so t hat terms of e ca n 
be ne gle ct ed. Th u s , the beam blow-up effect will oc cur whe n the 
denom inators in (2 9a ) a nd (2 9b) becom e zero if we cons ider only the 
a mplification due t o wa.ve 1, or 

~ L R e( 81 L) 
3 - e e ::: 0 ( 35) 

Taking o{ := ~ , we have ./3/2 CkbL ::: 2 .10, and the s tarting current 
is given by us ing (2 3) a s 
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I .- 57.0 os 

2 
m,tvv Q o ge on 

e rsn W kb L3 

'we use Vo == 0.5 c, L::.: 3.m, w:": 2 7r X 800 Mc, and rsn' 0: 20 Mil/ m , 
.I. "I ... 

(36) 

we obtain about 5. 5 .A for the starting current for the TM01 mode. c,_ This 
current is considerably smaller than that estimated for the deflecting 
mode, 10 though it is sufficiently high compared with the present design. 
The bc;.i1.d-·up time, T b , for this effed is also given by using (19) as 

1 1 
T t -' 

J Re J' (w - w ) . , n 

Certainl~y, a similar longitudinal blow-up having a lower startkg current 
may bo": expected for the excitation of other modes ;as TMOl ,(n :> 0) 
[' ,oth,o·r thar' 'TM A1s() thpy,<> 'r"'''v a'lothoI' me~.'h' anl'sIm" of' J::)10',r'- 1)p 

< Q, '-"!~" .. , ..... l 010 <> ~ ••• -.J.,. - -' L'. ,""..!o ,_. ,"l.1r.)~,J ~ J,,,,. J~~.'-'. , "~'-" -'., ... JL \!/ l,', 

'5 .~ r""sorl~n';' or a coherent I-';on sDgge:c;bd bv Leiss 11 which a.. " ''L.' ). '. _'>~ •. t ".. J ~.L ).."" ~ . _ !l>-. '"' .'.... I' ,J J """:J .' ~ .1. 

should be a quite nonlinear phenomenon, a.nd b:;"!yond this study; hOWP'ii':f:I J 

it might be strongly dependent on. circuit conditions as discussed by 
( "11" 'k ''''1 "'rJ'" 1 0 x ,,\., _.;0 ; •. ' _ ._. 

At any ratE, before such a he:am blow'-up WOUld appear, one I.::an 
aSS1Jmf: that the flctu.al accelerfl.tor should become a decelerator as £1, T"WT 
amplifier. In the first approximation, the critical curr~2nt is given by 
(161::» when the va1:iJ.e of Qb becomes negath."e, UsIng (17) and taking the 
values of parameters used in the paragraph four, one lAdE find about 
O. 2 /1, for the eriti valuE'. Altho'U.gh this value incrf'ases as thf: field 
strlSngth due to the extf~rnal sOIJ,rce increases, the actual limiting current 
of a :high energy pro)ton lina.c will bE determ~.ned by sllch 8 cor!d.ition, 

The author wishes to offer .h.is sin;:.>erf: tbanks to Dr. J. P. Bltcwt:U 
for his stimulating interest in this work and for the hospitality of thf! 

.At thE MURA Linac C'orJI-;rence, 'we; bi1.d neglEcted the erfect 
wall loss in (35) and obtained a m1..l.ch sma.Her value. 
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As is wen known, in the ideal 17" -mode section, we have essentially 
u';ro group velocity from the dispe):'sion curve. On the other hand, in 
the actual guide with losses, to main-taln thE'; field distribution constant 
along the guide, 'lve need continuoJ.s power flow from the external source 
to the guide, or a finite group velocity in the steady state. Such a 
condition is only fulfilled with phase shifts and shifts of resona.nt 
frequencies whicll are different for each ce.~l in one section. This .has 
beE-;n examined and verified experimentallY by Giordano who obtained the 
dep~;ndeEce of these shifts on (";,,,,11 numbers and Qn values12 (Pig. 1 and 
Fig. 2). We have considered such effe from a simple power relahon 
.sr;d a dispersion-eql;[ation, giving aI'. idea of the group velocity in the 

17" d 0:< ~.mo .e. 

Tbe energy now along the gl11d.e is denoted by S(z) (J / sec) and the 
eq;~ation of continuity for the energy flow can be written 80S 

w.i.th tbeUnC'ar density of stored E::r;.e:cgy , 1m) hnd the loss per un~t 
length R z) 0/ sec, m}, In the s~'a.te tbe time dE:rivath'e is z,ero 
so that 1;h::, firsT term of (A ~.l) is Emina The ~;r~ergy now S is 
€;x:pressed q.u.itlE:: genera' b\.' ";,sing' the gl°0~:.p) V whkh is a) so .. "., -, '13 g' .c, •. ~,., • 

a of Z HI the pn~senl. case, by C 

z) 

"""'z) :.:c - R .. (Z",) u,,· , 

As is shown in. paragraph 2, the p~~ak axia.1 fieJd is related to 
'C(z,j thru,}gb lhre shunt: :£mpedance ar~d. th€ Q-;';'l8.1ue by meaea 

(A-1) 

(A-2) 

(A- 3) 

~:~ }\ sc~mew.h~ si.:mi,~.r-:.r" S:LS ~;c;~gll[~ 2hl1d. K.n.a,f.)p' s irlg' 
::w {-qc;jv.2Je.nt 1~, A. Kr,r-.;.pp, MinL a of 
tllt:; C.:orrfE.'I"en.ce oD_l~o I-i.~A.~ E.t. t8~'sit.y·., Octo 1963 y po 171) 
E" .. 17 I 'C' L '1' . M· r~ . 11 /1-' 1\ K' 3 O· 1 a 6 3· . b' ' - h d) ,J.A. ""'napp,~A:,') .. €Ch terno rl<' ,,_,L. -", ct. OJ ,unpn).JlS e .. 
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2! ) Eo ~z 

R(z) =rs and 
w U(z) 

,---
R(z) 

Thus, so far as we consider the ne9.rly uniform structure of cells, the 
constant field-distribution (i. e. E(z) is cODstar,t) corresponds to constant 
loss and stored energy density (i. €. both R(z) and IT(z) are constant). 
G sing the se eond expre ssion of (A'~ 4) J CA ~ 3) be come s 

a vg<z) 
'~~CJ-z -.- .- (A-5) 

By integration, 

w 
v (z) "' - Q - (z + con s t.) . 

g 0 

If the power is fed from z c-: 0 (single feed), it could be assumed. to be 
comp1etely reflected at the end--wall, or Vg ~, 0 at z ::: L. Then, 

(A -6) 

Now., we assume a simple dispersion equation between the freq11Pn y 
and the propagaUoE co:r;.st~nt k like 

w- w .. .8~ cos k L 
o 2 0 

t.8.king the center freq!~ency of the passband, 1M. thEe r!and\vidth, 8w 
, 0 . ~ 

and the unit cell 1.engthJ Leo The grou.p vel'Jc~~ty 16 calculated !y (~m 

-7) 
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Dependence of Phase and Frequency Shifts on Cell Numbers 
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Dependence of the Total Phase Shift on Q- Value 
(Experimental Condition is Different from Fig. 1) 
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this equation as, 

8wL o 
2 

Combining (A-4) and (A-6), the necessary phase shift for the mth cell 
in a 7T -mode guide is 

where z is replaced by mLo consIdering end halfe-cells (m := 0, 1, 2., 
... N for an N -cel1 section). The phase shifts are accumulated and 
th,,,; total shift is given by 

N 

m'''o 

The observed phase shift is the G.ccumuJ.ated phase shift at the center of 
each cell. Referring to the first cell (m ::: oL they are 

N 2 ~ 0. =c -~--. m(2K - m + 1) . n Qow 
o 

n=m 

Corresponding frequency shifts are also obtained by a Taylor expaEsioE 
of (A-i) aTound the 7r -mode propCJ.gc~tion constan:J Dr 

. 1 w + ---
7T 2 

(A-8) 

(A-9) 

(A -10) 

(A -12j 
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T"·· k l'r',g /\"" ,:;! ,C •. '"-"4:n 

1 2 Ilw c;-4-8w (/j,(/J ) m . ill 

2 w 
- .----~-~, 

2 
Q(jD 

Oce can compare these formulae with the 8X!ierimentso Taking w =;: 21T 
x 880 Me, 8w =: 2 11" X 20 7 Me, Q(J c.: 10 7 ::< 10 , ':' and N :: 6., the total 
phasf, shift a.nd the maxim:}m frequE:rJ~'Y shift calculated are 46 0 and 
36 kc, n;spectivel.yo CorrFspoEding experimental va1u(:08 are 47° and 
34 kcwl:dch aTe surprisingly close to the ca~cul;G.ted v('.:Jues, Also tn8ir 
;J:,p,:;nd.,pi;t; on cell-numbers gives good agreement bE:tween ca.1culations 
.;ird '~,xperiments as sho"Nn in Figo 1, ax.;.::: Figo 2 giY':;s resu.!.ts of another 
fxpcrimellt 8ho'\;l/ ing the 1/ Qo depemj.ence of the total phase shift, which 
is 8.1 so foxpf:c';ed by the above analysis, while the calculated absolute 
V~';U"':'S are ahoui: 30% smaHer than observed., probahly because of lhe 
V[~ryiVJde ba..nd structureo 

l\~ow"" we hav\"O an idEa. of 1.he group Vf:;lOc:it:l, which varies along 
thF guide. In the presr:;ut approxima.tion of this an:ic1p, which is based 
on a. vT.\.1.form"dcell structure, we have no reasor. to us€-; veJocity other 
tha.n its a'verage va:ue of <vi! ::: W L/2Qo o This also 
corresponds to the val.ue o1:,tained by tht well known dispt~rsion""relati.on 

(A-13) 

bl't\~if· ... :r::\ thE phasE change a.nd tbe frequ change of a Ie cireu it,in 
wh": WF. considt-:rtl}t;· 'i'lrH)le !T ~'modf' s<t~cU(m as or1":~ cavity. Tn a 
tr-'l..ns phenomf;Eon such as a pulse bui}.d~up, (}ne may find another 
vE'ioc'lty for 1lg<-" which is 1i';\7e] oeity of teais between thr "'ff 00 mode ar:d 
oih<"r modpB cxci by disturbances, The slowf;st velocity is the ve:c:cl;'y 

~h~~ LH?.i: bE'i,W (r~pf' thE'; fllndamental and the nex'c; modes., and should 
mos!: LnportaE" o Forh.J!nately) this S.~OW'Est beat velocity is 81so of I;be 
SBmE-, ordfr" s/.ighHy slower than the average group vfJocity in 
th", sieady Sli'lr:r!., in the pres~nt desigrled CiceeJ fT~!.tOL 

high val UP j 5 

(} 

Wo L 
. ~Q'---
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