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AN APPROACH TO THE STUDY OF
BEAM LOADING FOR THE LINEAR ACCELERATOR

T. Nishikawa™
Brookhaven National Laboratory

1, Intr oductidn

Most studies on the effects of beam loading in linear accelerators
have been made using the power relations or the equivalent circuit analogies.
On the other hand, the field equation for cavities and the equation of motion
for the charged particles will give a more complete picture of this effect,
especially when the accelerator is a standing wave type. This study was
made for the iris-loaded structure being considered by the Brookhaven-Yale
proton linac project, 1 The method is similar to the theories developed for
microwave electronic devices, pariicularly traveling wave tubes, and the
purpose is to give a brief physical picture but not exact numerical calculations.

2. Principle and Assumptions

According to Slater's well known theory for resonant cavities, 2 the
solution of Maxwell's equations is expanded in terms of a summation over
certain normal modes, which possess orthogonality properties. Any vector
field can be broken into new fields, one of which is solenoidal and the other
is irrotational and, so far as the wave propagation is considered, the
space-charge effect can be separated for the first approximation. The effect
of the beam current on the cavny field which is operated near the nt? mode is
quite generally expressed by"

JF *dv w
. w n 1
- 1 = = . = r] <‘M—w# = > + T~ ° ( 1)

£ Wy EFnﬂ" dv n

J is the > current density, E the field, and F, is the solenoidal normal mode
field. F, is obtained by solving Maxwell's equations when there is no current
in the cavity and the walls are either short-circuited or open-circuited.

W, is the resonant angular frequency of the nth mode and w,, is that

of the case when the effect of wall losses is taken into account Rigorously

Who # w,, but one can safely use w, instead of w, if the unicaded

On leave from the Depaf’ament of Physics, University of Tokyo.
L This equation is slightly modified from Slater's and immediately

derived from the wave equation for the vector potential, and is quiie
general for the relativistic case. See Ref. 9 and its reference.
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Q, Qep, is sufficiently high. The total Q value of the cavity without beam
Qrn, is expressed by

Lo B : : (2)
Qﬂ - Qext, n, 1
i
g s 4 - Y Lo 3 fh
where Q - ig the external Q to the 1

ext, n, i A outpul and gi is the real part of

the reduced admittance of the ith guide, If we study 2 standing wave type
a,ccmeramw such as thosm cperating in the 7 -mode, one section having
N cells can be considered as a closed cavity of Q * Qqupe For simplicity
thy gmghczm this papasf z uniform cell structurs in each cavity will be

assumed, while an actual # -mode cavity would have nonuniform structure
: cn%cd in the Appendix, The actual field, E, is algso assumed to vary
25 =1 WP with the operating frequency w , and the integraiion is performed
over the cavity volume,

The effect of beam loading in a linac can be estimated from the left-
hand side of (1); its imzgirary part gives the shift of the resonant frequency
or the defuning effect and the real part gives the further power loss or the
beam Q-valus,

3. Effect of Tightly Bunched Beam {i.ight-loading)

The assumpiion througheout this paper is that a fightly bunched beam
interacis with the field propsgating along the cavity ¢ *'”%5 The beam is also
assumed to be confined fo a region having & small dizametier about this

X

© 2
xis {7 axis).

In the firsi step, we mglﬂc‘ the field induced by the beam and the
action of the field on the beam. This appr@‘xim fion will be valid when
1‘:1: e loading is sufficiently sma?l or in & iransient stage when the induced
field has not yet built up.

In terms of the field equation the siored energy for the nth mode may
i 8

. o < 2N sanh 4>
T\Au' " 'Hﬁ“ € EA}—- n fj v ' 'E:"' =y oV ° (3)
P 3 il
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his equation may alsc be written in terms of circuii parameters a

2
(;2 . B
o~ no

Fan

L (4)

w W, =Qu R L=

is the wall loss per unit length, L +he. cavity length, Enﬁq
e field strength) of the nt?
¢ impedance for the ntht med

where R
the axial-field amplitude (pf—*ak value of the
“/ R the sh

1;‘",, we obtain

barmonic field, and ep =
Substituting (3) and g4) intc

field,
- . -y, gQ(m B T W Wn 1 7
JF dv | EFdv @ e B "L e o e ) ey
Tan = e) w Q. J

to be bunched in a wave hdvmg the
idih 80 a2tz center

Now the beam is assum@
zed in a Fourier

propsgation exponent ](w t -k z) with 2 burch w
phase @, . The current densify of such beam is analy
series as

@® 4 80 , v
5in g v (w =K (j"(b@)
J=J.+ Re 4T el e
© v ::1 o 14 80

where J, is the mean density during one pulse of the lirac operatior
v 80 << 1, the » componert is

When

i , £ s 1
iv{w itk 240,

T 2 T B« o
dy 2 o Re =
term of

ed, only th@;
n of inftegral

So far as a steady state solution is consider
1 o s . s )
vw = w " should ke importert in the estima
v, it b&@@mes

€s) =
j”'f‘"} “gv. Taking ky, = »k' and § -

irac pianned by Brookhaven,

* v is four for the proion linac
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JF dV = = 2j10FnOe {'R"‘-i—‘gb*" [:1 - e (7)
1€ n
1 ﬂ‘“ “j(kn - kb)L N
F o gk 1 ~-e s
kn - ky v
th

where [, is the mean current, Fno is the axial-field amplitude of the n
normal mode field which is given by 2F,, cos k,z in the standing wave
case. For a w -mode, koL = w7 N with the total number of ceils, N, so
that kI, >> 1, In such a case, one can easily see that the right hand
side of (7) is dominant for | k, - k.bs = 0, or for the synchronized wave
which hereafter is designated by n. It also should be pointed out that
from here on only the synchronized primary mode will be considered,

and the effects of all other modes have been neglected. Taking

P ky -kl Lo<<1, we get from (7),

s e ’]qu
i =3 2 ] {
]Jrn dve 21, F o Loe (8)
Combining (5) and (8},
. Pon Qon [ [ w Wn> 1 } (%)
e = - —E TS e pe— R S — 9
e Tsn no |’ % W w Ry,

B

—t®
where we used g relation, D F_ﬂ fﬁﬁ dv = 2, ﬁ‘n fe
harmonic field bn and @, is the relative phase of t}& beam bum,h to
the ntP harmonic field. Then we have the frequency shift, Awn = W

and the beam Q-value, Qp,, as i
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2 Awn Tsn Iy ‘
——— = - : sin {10a)
" bn

Wn Qorz. Tro
1 5N O

Q o 08 By (10D)
br on 1o ‘

. : . . 1
where the total Q-value is expressed bw . t ——
tn Qn an

4, Effect of Induced Field due to Beam Loading

if the beam loading increases, the field induced by the beam increases
and becomes an appreciable part of the field, so that it should not ke
negiected, The actual field in & c:ag:;ity cen be divided info two parts; one
is excited by the external source, E, and the other is induced by the
beam, Ep. The total field is given by

el -y

Ey = Eg + E {11}
The induced field is also giver by the use of (1), which is the so-called
circuit equation in the present paper. 7The rh barmonic field of By, is

o . -
“bn i3 I j By B av {12)
and its axial compoeonent will be given Ly
E 12

Epno 7 Fro f By, By dv
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where Eb o 18 the complex ampiitude including the phase. The axial-field
amplitude of the ntP normal mode, Fp,,, Wh;ch is, of course, a real
number, is obtained from (3) and (4}, where E is taken by W Since

Wy = 725-« for the normal mode,
F . € rsrl wn (13>
ne - Al QL ‘

The value of integral in (12" is given as

o JF_dv
B F “dv= - -
[ b n ewﬁEf (wb‘ un>+é‘
90,
210 e
o7 . 7w Iy i ,
E [ 2 _TE)JF ?"3"‘?5 (14)
ARV
from (1) and (8). Substituting {13) and (14} into (12")
0y
Tan I,e
By o= - (15)
b}'}u‘ o 3 5
o Qon o/ unx e
A
\ 11 n

just corresponding to (9).

In order to discuss the effect of induced field, we must consider the
relation between w b and W . The normal mode jreqvencv W, is the
proper frequency of the free o cillation of the cavity and is just the
operating resonant frequency, w ,, when beam is not prk—mvnf If the
beam comes in, the dynamic resonant frequency will move due to the

eactive component of the load and differ from w , the amount of this
shift being given by (10a) in the first approximation, We can make a
readjustment of the tuning of the cavity to resonate at the freguency w,,
in order to keep the synchronous condition for the beam and the wave
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velocities. In such a case, the normal mode frequency is moved in turn
by the tuning process and is no longer equsl to w_. Because of the
phase oscillation in the preceding part of the accelerator, the beam

will be bunched fto the wave of w & rather than that of w ne OF

w, ® w,{ w_, Howevever, as we can see from (10a) and (10b),

if Hb(bb| << lorQp>> Qy, Wwe may put H wp - wnl<<wn/Qn, and

we have the expression

QL 10y, :

o/ - = ~ J¢ !

Ebnoz T ey rsm _4_06 "nEbnOe b, (15)
on

where Eyp,, is the real amplitude or the peak strength of the induced field.
The induced field is out of phase with that of the beam bunch and
proportional to the shunt impedance, 3 In the present-designed accel-
erator, O, = %~ and Q, ® 2 Q. 50 that the approximation of (15')
would be correct.

Superposing the induced field to the external field and repeating
the process in paragraph 3, we have the following results as,

ZAVVn ) B Ts Ege S0 Orn
w_Q 2 D) -
n on BEons T Bfno = 2Beng Byno ©08 %n
Bl’l sin ¢bn !
R | , (162)

Q 2.:." -
n 1+Bn ZBn co8s (an

1 Tsn Io (Egpne cos ¢bn = Eppno)

2 2 y
Q Qqn Eeno * Ebno” = 2Eepo Epno €08 fpy

2

£

; By, cos b, - B
= 5 (16b)
Qu 1+B,"-28,cos b
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instead of {10s) and (10b), with the beam loading parameter,

B, s —20 .. smo (17)

being the nth

Eeno harmonic amplitude of external field. If we take
ron as 20 M§/m, I, as 0.1 A (the maximum design valgw Feno as
4 MeV/m and Q, = Qorﬂ we find B, = 0.5, leading to

1.5 % 10°5 ( ~ 10 kc for an 800 Mc accelprator) and Qpp = 4 X 104 for
Qon

=2 x 104 and ¢brs = 7 [8B.

5, Self-Consistent Field

Up to the preceding section, the reaction of the field on the charged
particles is neglected. In order to find the complete picture, we must
solve the self-consistent field taking into account the induced current,
The self-consistent field is the solution of the combination of the circuit
equation ard the equation of motion (electronic equation), this method
has been extensively developed in studies of traveling wave tubes,

In contrast to the usual TWT theory, the following points should be
considered:

a. The injected beam is already tightly bunched and the
induced field is imporiant. Also some of the nonlinear behavior should
be considered.

b. The motion of the charged particle is relativistic.
c. The circuit is used for standing waves and not for traveling
WaveS.,

For the tightly bunched beam, the so-called smeall-signai theory should
not be valid. In z small-signal thaory, the Vc.!woc‘_»z:y, v, and the linear
charge densgity, £, of pariicles are @vpr egsed 28

Hw b‘;—kbz)
VE Ve TV e

Vl? << Vg
£ > Jo ) @igt-ka)
= 9 -+ €
A
}fl << P@
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The condition for v will still be valid in the present case, but the
condition for p is violated since p; ~ p,. Such a case is called a

m cderately large signal case, 5 and since the beam impedance is still
high compared with the circuit impedance, the coupling between the
wave and the beam should not be so strong. This is seen through
estimation of the dimensionless coupling parameter, C, defined by
Pierce, 4 the cube root of the ratio of circuit impedance to the beam
impedance. As will soon be shown, -C is of the order of 10~2 for the
present case or of the same order as in the usual TWT. The weak
coupling nonlinear theories for the TWT have been presented by
Nordsiek and others, ® and some numerical results are also available.
Unfortunately, because of the different working conditions, these
numerical results cannot be used for the present case,

On the other hand, by comparison of these numerical results
with the results from the simple small-gignal theory, Pierce pointed
out that, if the beam is overbunched, the effect of nonlinearity can be
estimated, at least qualitatively and almost quantitatively, from the
resulis of the small-signal linear theory by setiing the amplitude of the
varying current equal to 2I1,. 7 In order to obtain the physical picture,
we examine the self-consistent field in this manner,

The circuit equation is again equation (1), ‘end we make some
modifications in order to express it in terms of the propagation constants.
Then, corresponding to (9),

2Qon Vge [(T'f - T?) +a I'H]

iy (18)

where Eno and I are the complex amplitudes of field and current, having
time and z-dependence as exp (jwt - ['2z). Taking the phase velocities,
Vpn and vy, for the case without and with the beam respectively,

Ien = j wf)v pand ['= jw/vp (=] Wn/vpn) . The effective group
velocity, Vges is defined as

W - w
- Ve = e, (19)
ge anr
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and the attenuaiion consiant o is

v Q : (20)

Equation (18) has the same form as given by Pierce for TWT theory and
the solutions for both forward and hackward waves.

The equation of motion for the changed particle is expressed by

. I I
i _ € O b E (21)
1 mﬂ vy 2 ( rb _ T>2 no

where Tb = jky, = jw/vO., This is also derived in the similar manner as

in TWT theory, ™ provided the relativistic effect is taken into the longi-
tudinal phase motion by taking the longitudinal mass my = m_ {1 - 'VOZ/CZ‘E"S/z.
To derive this equsation the standing wave is divided into forward and backward
waves, and is assumed to interact with the beam only through the forward

wave due to the phase synchronism condition, ®

Combining {18) and (21), the self-consistent field is cbtained. Taking
' = T (orvy=v ), the solution for the forward wave is given by
b n o pn g 3

2 A N 3 DX
418+ 8 =0l (2
where & = Fb - T and the coupling parameter C 1is given by
r I
c3 = € sn_ o \ (23)
dmy v :
£ ge Qon /
The particular situation cof the w7 -mode, which is peinted cut oy

Leiss, can be taken into the calculation of shunt impedance, which
will be twice that which was calculated for the forward wave cnly
{7, E. Leiss, Minutes of the Conference on Proton Linear Accel-
evators at Yale University, October 21-25, 1963, p. 74).
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The following values of parsmeters: w= 27 x 800 Mc/sec,

rer © 20 MQ /m, Qup = 2 x 104, vy, = 4% 10° m/sec, I = 0.1 A,
a2nd the proton kinetfic energy = 200 MeV, are faken leading to
C =1.1x 1072, The estimate of v o i3 difficult especially for a

7 -mode cavity., As is discusse(fgfn the Appendix, the group velocity
will vary along the guide to keep the field distribution uniform in an
actual cavity., However, assuming the uniform cell structure as is
in the present approximation, we may use its average value

<vg> = wl/2Qq, . Thisisabout 3.7 x 10° m/sec for L = 3 m.

Now the two limiting cases wili be conrsidered; one is
& < < Cky, and the other is o >> Cky. As is shown later, the present
case is the latter, while such effects as beam blow-up would ocecur in
the former,

(1) Case 1, ) << Cly,

As in the TWT theory, we have three roots of (22) for the forward
wave, They are

1
S - 1
8, =5 (3-) Ciy (24a)
B, < (- V5 - ) Ck
5 © 75 (- - i) (N,‘*b i 24b)
%3 “ g (jkb {24c)

which correspond to the increasing, decreasing, and unatienuated waves,
respectively., We have also another solufion for the backward wave which
is given by

' =-T, - 8 {24d)
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and

842% - j —— : (24d")

Since C << 1, we must take into account & for the 84 and may neglect
the second term on the right-hand side.

These four waves should be superposed with the proper boundary
condition, A finite beam current 11(0) at the input (z = 0) is considered
and the standing wave conditions at the input and the output are taken as

follows, at z = 0 assuming ISi_! << ky,
B (0) + Ey(0) + B5(0) = E4(0) + E_(0) (252)

El(o) E, (0) }';B(o)

g b b Sy = - K (0) (25b)
5 5 5
1 2 3

f:‘,lm EZ(O) . E4{0) . 250
81 3 5 83 ’ e
and at z = 1,
. &L | oL SsL (23t BT
El(O)e + E,.{0)e + ES{O)e E4(O)e ‘ {25d)

where suffixes n and o for E are omitted for simplicity, The suffix
i{=1,2, 3 and 4) of E; corresponds to the above {our soluilons of & :

and zero in parenthesis means z = 0, The constant K is given by

.
. me Vv,

K = = (26)
PR b-’u{j
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from {21), and the third condition {25¢) comes from the assumption of
v1(0) = 0. The sclutions for E; are given by

fre(o) & |, + iKE (0 A

£,(0) = (-] : 2
Ja
where
1 1 1 -1
1 1 1
2 82 82 0
8 > 3
A - (28)
r L 1 0
5 S, 5,
SIL 82 L 531‘. (Z;jkb"‘rv 84) L
e e [ Lol =3

and A . . is the subdetermirant of the i'! columr ard the jﬁh row,

Taking b é4 as /2,

& L. 83L
| Skt RV S 2 - S.e
a«._ R % Z MRV Zr o 3
‘0 - E(0) - jKI{(0) & .1 - e , 55,
=1 - 795 ; , * T, S .
Pkgrg by L BL S L ) (293)
3-e & + e + e )
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The components E2(0) and ES(O) are found by interchanging subscripts and
the component E4(0) is

~(2jkp+ ~%~)L < 0 ele . 52L .0 83L>
"1

. € + EOZ e + E3 e
E4(0) = @ v ' , (29b)
_(2jkb+—2 )L( 3L 3, L 83L>
3-e e + e + e
where
-0 : - 2
E; = E_(0) - jKI;(0)37 . (30)

2 o
Terms having the form proportional to jK{l(O)Si give the induced field,
(2) Case 2, C(>> Ckb

In this case the corresponding four roots of & are

B, - ’J% (1 - §) Dk, (31a)
&= - % (31b)
8 . 1 .

Y1 (1 - J) Dky (31c)
84 ‘-‘gL (31d)

assuming ol << k. The modified coupling parameter D is
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D= [e——C, (32)

General solutions are alsc obiained from (27) and (28), while, in the
first approximation, they are

1 GT 1[&82

B1{0) & e E_(0) = e 1(0) (33a)

& [« ¢
L W “'I_.' 2 2
.2 2 - jK &
1.

- B 11} {
=T 5 11\ ) {33h)

2 gsirh sinh T

— jKSl2

E4(0) = - £,.40) = —rmeee 1(0) (33¢)

B4i0) &~

{33d;

|
4]
by
(0]
[e=]
v
+
S
D
14
!
i
-y
(o7
—
-
S
H@?
)
—
Py
o
-

where we have assumed the resorance condition 2k Lo = 2 7 x integer,
When the phase shift due to the beam is sufficiently small as is expeactad
in the present design, this assumption wiil rof change the resulis, I the
actual accelerstor, o will also vary as =z increases, for Vg varies., As
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we have used the average value of <v> (= wnL/Z Q ) for the
uniform-cell assumption, one may use the corresponalllng =

wn/ <v Qon = 2/1. 'This value of e is about ten times larger
than the parameter Cky for L. = 3 m so that we can easily see, from
numerical checks, that the above expressions (33a) ~ (33d) should be
sufficiently close to exact calculated values. Using (20), (23), (26),
(31a) and (32), the induced field given by the summation of the second
terms in Ei's is found to be expressed as

B = -fz) v, 1,(0) , (34)

where f(z) is a function of z taking almost real-positive values. Using
the above stated values for o¢ , C and other parameters, f(z) is estimated
to be about 0.27 at z = o and 0,73 at z = L. It is interesting to compare
these values with that given by {15'), taking I;(0) = 2I_,. Since the
coupling effect between the beam and the field was neglected, f(z) was
constant and equal to 0.5 in the preceding section. Taking into account
the coupling interaction in a lossy guide, the induced field increases as

z increases. This is because the assumed interactiion is cne-directional
or the beam interacts only with the forward wave.

6. Discussion of the Beam Blow-up Effect

In a linear accelerator, which is heavily loaded by the coupling
interaction between the beam and the wave, the so-called beam blow-up
effect would occur as in electron linacs and traveling wave tubes. The
beam blow-up effect in electron linacs is caused by the excitation of a
deflecting mode HEM having a backward group velocity, Theoretical
studies have been done by a method similar to the theory of backward
wave tube oscillators leading to good agreement with experiments. 8,9
Of course, a similar mechanism is possible in high energy proton
linacs; however, if we use the 7-mode structure, the excitation of the
deflecting mode is only possible at its space-harmonics having a forward
group velocity, Therefore, the wave excitation of a backward wave tube
type cannot occur in this case, The regenerative wave excitation will
only occur through the standing wave type interaction, or the feedback due
to the backward phase velocity wave, when the loss at the walls has been
compensated by the wave amplification due to the beam. Furthermore,
the effective shunt impedance to excite such a space-harmonic wave
should be much smaller than that for the fundamental wave, therefore one
can expect that the starting current for the beam blow-up due to this mode
should be relatively high in the present case. This problem has been
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treated by Gluckstern who obtained a starting current as high as 40 A
for the Brookhaven linac, 10

On the other hand, in a standing wave linac, the regenerative
interaction due to feedback through the backward phase velocity wave
would also occur at the other modes having high shunt impedances, for
example, at fundamental harmonics of TM modes. Similar phenomena
have often been observed as an internal feedback oscillation in TWT's
with low loss structures and may be referred to as longitudinal beam
blow-=up.

Since the beam blow-up effect could start even from a small signal
such as the noise field, the small-signal theory would be applicable
except for nonlinear effects as a coherent interaction due to the tightly |
bunched beam. The starting current will be sufficiently high to compensate
losses, so that the Case 1 of k,C >> el (still C < 1) is probable rather
. than Case 2. After a numerical calculation in TWT theory including
losses, 4 even when knC /ot ~ 1, the solution for & 32 given by the
Case 1 approximation, are still close to the exact calculations.

Then, the starting current for a longitudinal beam blow-up is
examined as follows:

First, because of the relatively large value of CkyL, simultaneous
tuning for the three forward waves cannot be made; i.e. wave 3 will be
completely detuned when waves 1 and 2 have been adjusted to resonate
the cavity so as to make the wave-beam interaction, Second, tl
decreasing wave 2 will have high attenuation so that terms of e can
be neglected. Thus,the beam blow-up effect will occur when the
denominators in (292) and (29b) become zero if we consider only the
amplification due to wave 1, or

-3
2

L Re(SIL)
3-e e =

=0 (35)

2
Taking & = -7~ , we have J3/2 CkyL = 2,10, and the starting current
is given by using (23) as
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) o “ge “on
I(.)s = 57.0

1+ 3
[ I‘Sn w kbL

2

m, v,

. 2
&

2
e v st ka.J

If we use vy = 0.5¢c, L =3m, w=2 7 x800Mec, and rg, =20 M /m,

we obfain about 5.5 A for the starting current for the TMy; mode. * This
curreni 1s considerably smaller than that estimated for the deflecting
mods, 10 though it is sufficiently high compared with the present design,

The build-up time, Ty, for this effect is also given by using (19) as

— 1 1 Qi

reed Gl e T )

4 T - o
b Rejlw - w ) Re{v . &) w

~4 psec .

Certainly, a similar longitudinal blow-up having a lower siarting current
may be expected for the excitation of other modes as TMOlp {n > 0)
rather than TMOlO . Also, there may be another mechanisfil of blow-up
as a resonant or a coherent interaction suggestad by Leiss, which
should be a quite nonlinear phenomenon and bevond this study; however,
it might ke strongly dependent on circuit conditions as discussed by
Gluckstern, ©

At any rate, before such a beam blow-up would appear, one can
assume that the scinal accelerator should become a decelerstor as a TWT
amplifier, In the first approximation, the critical current is given by
(16%) when the value of Q) becomes negative, Using (17) and taking the
values of parameters used in the paragraph four, one will find about
0.2 A for the critical value, Although this value increases as the field
strength due to the exiternal source increases, the actual limiting current
of & high energy proton linac will be determined by such a condition,

The author wishes to offer his sincere thanks to Dr. J. P. Blewett
for his stimulating interest in this work and for the hospitality of the

o
s

At the MURA Linac Conferance, we had neglected the effect of the
wall loss i {35) and obiained a much smaller value.
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Wave Propagation in 2 7 -Mode Accelerator

D

As is well known, in the ideal 7-mode section, we have essentially
zero group velocity from the dispersion curve., On the other hand, in
the actual guide with losses, to mainiain the field distribution constant
along the guide, we need continuous power flow from the external source
to the guide, or a finite group velocity in the steady state. Such a
~ondition is only fulfilled with phase shifts and shifts of resonant
frequencies which are different for sach cell in one section. This has
been examined and Verlfled experimentally by Giordano who obtained the
dependence of these shifts on cell numbers and Qn valuesl?2 (Fig. 1 and

ig. 2). We have cconsidered such effects from a simple power relation

and a dLSpGI“blO‘[‘ equation, giving an idea of the group velocity in the
T ~mode,

=quation of continuity for the energyv flow can be written

The energy flow along the guide is denocted by S(z) {J/sec) and the

RS

13 S
8% 165 [ R-o (A-1)
ot oz
with the linear depsity of stored ensrgy U(z ’} (o"'/m and Ih*’ ] 0$s per unit
length Riz} {J/sec, m). In the siead
so that the firs:t term of {A- 5 i
expressed quite gens hv ”"smg f v, which is also
a furciion of z in ik prf~sens case, b;f -
S{z) = vg*{z} Uiz) (A-2)
Using this expression, (A-1) becomes
T Vol w s -
v (/1} 8Uiz) 4 p@._?r. (z) (i{z) = - Riz) (A-3)
Jdz dz
As is showrn in paragraph 2, the peak axisl field E. (z! is related to
Vizy thro. 1gh the shunt impedance and the Q-value by means W*
% A somewhat similar arnzlysi wgle and Knapp using
an equivalent circuit mo: Krapp, Minutes of

‘[h(— Conference on P, L, A, & «Li\“;;;r“i‘iv, Oct, 1863, p. 171,

E.A. Knspp, LASL Tech \/If—mu P-11/EAK-3, Oct, 1963, unpuklished).
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2,
EO “;Z) w U(Z) ‘1 4)
R(2) =rg and R(2) Qo . (A~

Thus, so far as we consider the nesrly uniform structure of cells, the
constant field-distribution {(i.e. E{(z) is constant) corresponds to constant
loss and stored energy density {i.e. both R{z) and U(z) are constant).
UUsing the second expression of (A-4), {A-3) becomes

ot
0V e (A5
52 Q01 ° e
By integration,
w
Vg(z‘) g (z + const.) .

O

If the power is fed from z = o (single feed), it could ke aszsumed ic be
completely reflected at the end-wall, or Vg = 0atz=1L1L. Then,

- W (1, - =) A-6
Qo ( z) (A-6)

Now, we assume 2z simple dispersion equation between the frequency
and the propagation constant k like

W = w. - ;8;_, cosk L., 14T
2

taking the center frequency of the passband, W, the bandwidth, Sw
5. - . LU N
and the unit cell length, L., The group velocity 1s calculated from
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Dependence of Phase and Frequency Shifts on Cell Numbers
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Fig. 2

Dependence of the Total Phase Shift on Q-Value
(Experimental Condition is Different from Fig. 1)
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this equation as,

BwLO

_dw ‘n kL, A-8)
Ve T GR 5 sin o (A-8

Combining (A-4) and (A-6), the necessary phase shift for the mtP ceil
ina 7 -mode guide is ’

2v .
AO = ALy, = gff % “ng“ {(N-m) , (A-9)
O ($]

where z is replaced by mL considering end half-cells {m = 0, 1, 2,
. N for an N-cell section). The phase shifis ars accumulated and
the total shift is given by

N

wo. T 108

AB = > B8 - G NN (A-10)
m=oc

The observed phase shift is the accumulated phase shift at the center of
each cell, Referring tc the first cell {m = o), they are

N
< w PN ! A
AD =ApAD - ZJ Ao - —é;&;m m(2N - m + 1) . (A-11)
r=m

Corresponding frequency shifts are alsc cbiained by a Taylor expansion
of {A-7) around the 7 -mode propagation consiant, or

2
! . 1 d w B N
Wor = Wt 5 <§m> (L0 . (A-12;
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Taking O - W - w, ., we have

2 w"‘)’ 1

B, = 58w (80 )7« s o (N - m)? (A-13)

Q or

P

re can compare these formulae with the experiments, Taking w= 2%
+ 880 Mc, Bw= 27 x 2.7 Me, Qm 5 1,7%x10%, " and N = 6, the total
ph%t shift and the maximum Are’qUenvv shift ;Licl ated are 46° and
36 ke, respeciively., Corresponrding experimental values are 479 and
54 ke wk ich are surprisingly close to the calculated velues, Aiso their
e on cell-numbers gives gr*wd agreement between calculations
;«;rz.d ar»-:xpef::r‘iments as shown in Fig, 1, and Fig., 2 gives results of anmher
experiment showing the 1/Q, dependence of the total phase shifi, which
is also expecied by the above analysis, while the calculated absolute
vaiues arve about 30% smaller than okserved, probably because of the
very wide band structure,

Now, we have an idea of the group velocity, which varies along
the gulde. In the present approximafion of th.ls article, which is basged
or. a vriform-cell s*ruc ture, we have no reason to velocity cther
thap its average value of <v = w L/2Q,. This veliocity also
corre sponds to the 'value ob:tzined by the well known dispersion-relation

«tween the phase change and the frequency change of a4 rescopant circult, in

consider the whole 7-mode seciion as one cavity, Ina
nt pheromenon such as a pulse build-up, one may find another
velocity for v__, which 1s the velocity of beais between the 7 -mode and
other mades ¢ & ted by d'ii;’iur'bam-es, The slowest velocity 1s the velccily
of the beat belween '\izh& ndamerntal and the next modes, and should be
maost importan rt me]y this slowest beat velocity is alsc of the
same order and si.igha.y slower than the above average group velocity in
the steady state, in the present designed acceleratior,

Observed Q_~-valus is 1,5 x 1043 whereas 2 slightiv high value is

used by izking into account the effect of end-walls,

w The dispersion relation is AV - arg consgidering

g AN . é w“ We L
Xg N g TRk T F -
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