
APPLICATION OF CALCULAT ED F IELDS TO THE 
STUDY OF PARTI CLE DYNAMICS 

D. A. Swenson 
Midwestern Univer s ities · R esearch Association 

We have used a comput e r program by t h e n ame of P ARMILA t o 
study certain aspe cts of the phase an d radial motion of particles in line ar 
accelerators. Until recently, we hav e use d expressions fo r the transit 
t ime factor and the radi al impulse at the gap , which were derived from 
t he simplest app r ox imation of the field in t he gap, t hat is, a field whi ch 
is unifo r m across t he geometric al length of the gap, and zero in t he drift 
tube bore. 

We have a great deal of information av ailable t o u s on the actual 
d istribution of fields in the entire linac cell in the fo r m of output from 
our MESSYMESH program. It is possible to reduce these calculated field 
distribuiions to a few coefficients which refle ct more p recisely the effect 
of these fie lds on the particl~ motion. 

I s houl d say that this work was done p rimarily by Fred Mills and 
Don Young at a time when I was absent from the l aboratory. More recently, 
I hav e gone over this work, and I h ave incorpor at ed it into th e PARMIL A 
p r ogram. 

Let "£ (r , z, t) be the elect ric fie ld v e cto r at radiu s r, lon gitudinal 
position z, an d time t. The fields through which the particles tr avel, 
that is t he fiel ds ne ar the axis of th e linac, can be expressed in term s of 
the axial component of the electric fiel d on t he ax i s , (, (0 , z, t). At t his 
point we take the time dependence t o be sinusoidal and&!e define E z (z ) 
so that 

€z (0, z, t ) =: E z (z) co s (w t + f/J ) • 

l:t is instructive t o compar e the actual field distribution E z (z) with 
the simple un ifo r m distributions of field . Figures 1, 2, 3, and 4 f a cilit ate 
t his compari son for t yp ical lina c geometries at 50, 100, 150, and 200 
MeV . Bot h curv es in each fi gure are scaled so t h at 

t [ L E z (z) dz is unity. 

Maxwell's equation, in gaus ,si an units , for cylindrical coordinate s 
in a charge-free space, with the fur her restriction t hat B = B =: E=:O , r z Q 
yield the following set of nontrivial equations . 
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We now assume that we know the fields on the axis of the lirrac 
[i.. e. J &z (0, z, til ' and we attempt to get a satisfactory expression for 
the fields off the axis in terms of c.,z (0, z, t). We employ an iterative 
procedure to get the nth order field in terms of the n .- 1 st order solu­
Eon. This procedure yields the following expressions for c.,z (r, z, t), 
~r (r, Z, t) and Be (r, z, t). 
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4 + terms in r and higher 
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+ terms in r 5 and higher. 
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We now proceed to use these flel is 1:0 eTialuate the energy gain and 
the radial impulse imparted to a pa::-oticle ont:!_ aver::::ng a particular l~nac 
cell. 

The energy gain ~E is 

-~E - ds -- f l.- £. dz + . z 
path 

which can be written_. with the fields above, as 

2 
~ (0, Z, t) dz _ r 

z 4 

~2 £..z (0, z, t) ) 

ot2 

l:c dr) 
r 

Before evaluat:ing these Lntegral .. ~3_, we make a few defidtions, We 
define the cavity length L and the a-;'Terage electrIc :ield Eo by 

and 

f E z (z) dz 

We define the origin of z by requiring 

f 2 1r :z 
E z (Z] sin--- dt: 

L 
o . 

We define the transit time T by the re1catiof1 

Eo L T 
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and we define an S factor by 

J Z E z (z) sin ~ Z z dz -
2 

Eo L S. 

1 will outline the evaluation of the first integral on the r1ght~'hand 
side of Eq. (8) to illuminatE: the meaning of the tE:rms ot. a.11.d S. 

J tz (0, z, t) dz - J E z (z) cos (w t + 0) dz 

z 1 
W hF'rp j :c._ Let·-
~_v \/. V 

,synchronous particle. 

=J (1 + 01.), where V s is the velocity of the 

No~ing thaf ; wt;:; 2 ~ ~ (1 + O(), we wrEe 

1T z'O:( 

L 
dz 

[ 
27fz 27fzO(.. 27rz 27T'LO<] 

(2) cos ( L + 0) cos .. ---- - sm ( + 0) sin -L-"- dz 
,>-- L L 

(z)[<cos 2 ~~ cos 0 - sin 2 Z Z sin 0)-

~1T" Z ~. 2 7r Z 2 7r Z. ] 
(sin ~- cos 0 -+ cos sm 0) dz 

L I~ 

211" zc( 
where Wf':: have let cos -----~ _. 

L 
2 7r zoe 

L 

For a symmetric gap where E z (z is an even f11EcUon of z, two of the 
four terms in the latter expression integrate to zero .. & . .nd we are left wEh 

f L (0, Z, t) dz 
z 

Eo L (T .- 27T ot S) cos f/J • 

The factor (1' - 2." 0< S) ca.'! be interpreted as a transit time factor for 
particles whose velocity is differe:rt from the synchronous velocity (1. e., 
for eX 1= OJ. 

Wh,,-'r:, we eval-uate the other two integrals on the r'ight·~hand side of 
Eq. (8),lhe expression for the energy gain for ore lirac cen is 
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rr'.". 
T sin f/J} . (8) 

To evaluate the radial impulse imparted to the particle on crossing 
a gap, we write 

6p =[ I~I dt r 
path 

f . e ( c,Y' 
path

L 

VB 
-~~ ) dt . (10) 

Using the expression for the fields g~ven i', Eqs. (6) and (7), apd elimir'.at­
ing third and higher orders in the v arIabl.'~ c, we hEd the ~;xpress;on for 
6r' to be 

flr' ::: e7f 
r sin (/J \1' - 2 .". ex: S) (11 ) 

where 6r! 
m o c{3y 

It is of interest now to compared the factor T a ~ 2.". ~ So.. with the 
transit time function for a uniform Held d:str<b(;tion. ThE' ana1ytic ex­
pression for the transit time factor for ;I:n:~form Eeld dIS t:r'ibution per~ 
turbed by a bore hole of radius "a"2 

T u 

can be expressed as 

where 

-rrG 
{3>-. 

(12) 
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and c<. has the same meaning as above. 
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L 

First of all, we note that the radial dependence of Eq. (12) is the 
same as that of the first term in Eq. (9). Secondly, it is of interest to 
compare the T a and Sa obtai(~ed from the aCt'l_I§J field distribution with 
the Tu and Su derived from the ~Dlf2r:rll field dish'l.bution. A com­
parison is given in the Table I for some t::il)ical linac geometries rangiEg 
in energy from 2 to 200 MeV. 

TABLE I 

MESSYMESH Energy LeA T a Sa 1'u Su 
R ~_g 1\T umlL~ __ (Me y) ___ S:l]'l_~_~:rp-,-~..1E ________ ~ __ .~ _____________ . __ 

25003 
30243 
3042] 
30428 
30430 
30452 

2.16 
18. 21 
49.80 
97.73 

148.05 
195.41 

10 
29 
47 
64 
76 
84 

2.5 
10 
16 

33 
39 

1 
1 
1.5 
1.5 
2 
2 

0.7354 
0.7726 
0.7775 
O. 7101 
0.6262 
0.5636 

0.0727 0.8198 
0.0663 0.8066 
0.0655 0.8126 
0.0829 0.7641 
0.1055 0.7139 
0.1183 0.6786 

0.0280 
0.0546 
0.05~~·fi 

0.0682 
0.0811 
0.0902 

From the Tab} e 1, one can Sf,S thCit the T a 18 from;) to 16% lower 
than T u> and that Sa is 20 to 30% higher than Su wHh exception of t.he 
2 MeV results in which Sa is 150;'1 higheL~ than SUo The actual field dis­
tribl~.tions, shown in Figs. 1 through 4, were obtained from the last four 
MESSYMESH runs presented in Table 1. 

I havE:' made some exploratory runs to determinetht: transverse 
acceptance and the phase acceptance for an eight-tank 200 MeV 1inac. A 
brief descrjption of the 1inac-is given in ;Table H. It is d,,;scI'ibed~n more 
detail in MURA 'Technical Note 472 by Young ar,d A'dE; tin. Tht; results of 
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these inYestigations, which 1 think are self-explanatory, are shown in 
Figs. 5, 6, 7, and 8. 

Tank No. 

Energy (MeV) 

Eo (MeV 1m) 
I..,ength (m) 
Power Actual 

(MW) 

TABLE 

1 2 3 4 5 
-~~-~--------. 

15 46 75 102 128 
2.0 2.8 2.8 ~. 7 2.6 
9.4 14.8 ]4.4 15.4 16.3 
2.25 4.95 4.92 4.82 4.96 

Total Length 
Total Power 

-'-'-'-----

123.5 m 
36.6 MW 

6 7 8 

153 177 200 
2.5 2.4 2. 3 

17. 1 17.6 18.5 
4.96 4.95 4.79 

WALKINSHAW: If you ignore the cbange in VP]O(l"*:y of tlP. pari:icle across 
a gap and do the analysis as you hav-e done, theE you caE show that the cor­
rect formula is Eo L times that next t-::~rm in the brackets 10 of sorne 
factor of r, then the transit time factor and then cos rjJ. I don1t under­
stand where the term in 0( S comes in unless you are a::::suming that the 
particle velocity was chan.ging as it crossed Lhe gap. 

SWENSON: The factor (T- 2 1Ir ot, S) is effecLLvely a transit time factor 
for particles of energy E near the synchronous energy Es. T is the 
trans-,t time factor for the synchronous particle. The paramder o£ is 
defined in the text, but is a function of (E -- B,,). d- is zero for B :: Ee. 

~ u 

MILLS: Let me make some comments about tbi.s work. About fO'Jr years 
ago when we became inteeested in ;'inacs we began looking mostly for 
means for computational studies. Our starting pOllet; was thE report by 
Par;ofsky pubJ.ished in 1953. You can StoP that these f'ormti] ae are exo' 
tensions of those in his report. 

WALKINSHAW: There is in fact a paradox in some of his formulas. 

MILLS: Your specific question about the seeoEd t.erm can be answered 
the following way: In PanofEiky's work, only the part of the fields that 
are traveling with the particle are jnc1uded. This work includes all the 
other harmonics in the gap also. About two years ago, PhH Morton began 
his more cornplete trf,atment of the problem vvhi.ch many of you have seen. 

WALKINSHAW: I think you will fwd that Panofsky row would accept that 
this formula is wrong. 
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MILLS: I am Eot sure which one you mean. 

WALKINSHAW: Well, I thir;,k that in calculating his transit time factor 
he put in a term which was dependent on the velocity. This is probably 
all right when you consider one gap, bllt when you change this into a dif­
ferential equation, and consider the phase oscil.lations of the particle, 
you find that the phase damping i::: dif:f'e r"ent from that in a harmonic 
traveling wave case. This is very curious because you are saying that 
t1w harmonic terms are causing some kind of extra phase damp.ing. We 
wondered once if this was caused by some curious aHerr-,ating gradient. 
Then we carried out the gap approximations, and disco-.rered that there 
are indr:::ed other second-order terms which ca1J.cel out the first one, arJ:l 
you come back to the simple approximatior:. 

MILLS: The primary motivation here 18 thf: tr-;;estigation of coupling 
between the axial and transverse motio'J.8. This is only intended to be 
an expansion in the next leadin.g terms. Ther,c:; is aEother separate 
question. which I think is related to what you said ar.d that was the foHow·_· 
ing: How adiabatic is the motiOl1.? This is a question which was investi· 
gated separately by Young and reported in 1961. lr:;deed the phase motion 
is nlY : adiabatic in the low en""rgy par', of the L:,EC1/;. 

WALKlNSHAW: 1 thiLk that the "orri.:'ct ar:swer i6 the OEE: that you gE:[ 
wheE you iak", the harmoY1ic compoEent only. We are quite sure of thiS. 
We spent a long time on this a~.d ('e,l cespondE:;d with P anofsky. He agreed 
iha!: there was this cur'jOG8 <:::frp':i. It is q(;it)':, complicated. What Panofsky 
was doing here was to integra!:,:; o.CI'OE8 or"e gap .'{ ou have to change th, s 
Into the dIfferential equation. if yO!] do this by mat:rI\ techriques keepIng 
in aLL higher order term::::, incLJd:'Eg veloc;\}".TariaUon, you find the modifica-
tLOr:; to all the terms will can ~jx.acl:!.y I,he term you have on the board. 
Th~; explanat.icm that you are ttcmpted tn ~C)()k ':or is that thE' higher bar­
rnonics, in SODle cu1'io·,ls way, are cdu3ing some coherent effect on the 
L.nac. Thies is what started us off; we c:ovldn't really see why I:his should 
be SOo I think you will find that if you do this propiC'rly the harmonic term 
will in fact give you as accu.rat~ an aEswer asyoLJ wa'1L 

MILLS: I believe this is done p coperly .in J\/Iort.0~:! s thE~sis. :l did ch8ck 
~o see the nature of the next order t.errn a:'l.:1 in fa.cf~ wheri one tou~dSi1p all 
the harmonics, just thos,~ pred-:.mt in th;s tErnl are there. 

o Ifl\]UMA : What kir:;d of y and f3 do ymj USF~? 'thE' ¥ and f3 are chang=.ng 
continuously across the gap. 

-
SWENSON: We neglect the changE' of \,-eloci!:y across the gap and use for 

"" and /3 some sort of mean valut'. 
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OHNUMA; Another question . As I mentioned when I talked, this kind of 
effect or this kind of calculation might be important when energy is, say, 
b elow 50 MeV. But then I seriously doubt, aside from the academic que s ­
tion, in a prac tical design what the real importance of this kind of calcula­
tion would be. This is a point which is not completely clear , because 
there are all kinds of fac tors coming into the beam dynamics. Unless the 
effect is very serious , 1 do not see the particular imp ortance in an exact 
point-by-point integration . 

' GLUCKSTERN; With r egard to the point t h:3.t Bill Walkinshaw made, I 
think there is another motivation for trying t o include some velocity 
dependence in the formula. I agree with you in what you say in that, if 

'. the particle is trapped, then the only thing that can m atte r is the w ave 
. component which is traveling with the velocity of the p article. But an 

additional quantity of interest , if particles escape longitudinally, is the 
place where they strike the bore or the irises and cause radioactivity . 
T o answer this question, I think one has t o worry about the other wave 
components. If a particle escapes from a fish, if it is n e ar the border, 
it will act as if it is stable for quite a way. And not until it ge ts far 
en ough away so that all the waves average to :lero cen you take it as not 
having a change in energy. 

WALKINSHAW ; Well , I think if you truly analyze your p erformance, the 
highe r order harmonics are traveling at such a vastly different phase 
velocity from the particl e itself that the effe ct averages very quickly. 

GLUCKSTERN; That is as long as the par ticle is traveling with the bunch . 

WALKINSHAW; Oh, I s ee. You are s aying you m ay trap them in some 
of the others . 

GLUCKSTERN ; No, I was referring to the fundaIIlental wave component 
only, but for a particle traveling with almos t the right v elocity. When a 
par ticle ,escapes from a bucket, until it gets to a position wher e it does n ot 
oscillate v ery m uch, I think that the effects of the other waves will have 
to be taken into account . 

WALKINSHAW; (Continuation of earlier discussion. ) This par adox is a 
very interesting and amusing one r e ally, because when we saw that the 
phase damping is diffe r ent from the harmonic trav eling wave case, we 
s tarted .to look for a physical expl anation, and you can find one. The 
r e ason is this ; if you l ook at the energy gained going across the gap , it 
will depend on the time it takes acros s the gap. Now. if the par t icle. is 
making phase oscillations , this m eans that it i s taking different times 
during its phase oscillation. Part of the ti.m e it i s going faster across 
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the gap, in which case it gains more energy, and then when it spins 
through half H;:: oscillation, it gains less and you feel that you have 
some kind of integrated effect that could cause an increase in the rate 
of damping. Now that appears to be an explanation, but is the wrong 
explanation. 

SYMON: 1 do not understaG.d how iWO different approximations can give 
two different rates of damping because you can calculate the damping 
independently of any approximaiion jl,st from the fact that the area on an 
energy time plot is rigorously constad independent of any apprmdmations. 
That means that if the for'illula gi\,es you a value which disagrE,~sw~th 
thai:, it must be incorrect. 

WALKINSHAW: I agree. That is whe:.:'e we started. We got two different 
rates of damping according to two approximations and then we tried +,0 

fLnd out which one is correct and we d,ecided it was the harmonic travelh,.g 
wave approximatior. 

SYMON: But you can decide which OEe is correct by whIch one gIves y01, 
the corJ:'ect area in the end? 

WALKIl\;SHAW: Yes, quite so. 

l;'EATHERSTONE: Regar'dmg Dr. Ohnuma's question as to the 'v"al1Je of 
this sort of calculation, I am sort of on 1,he outside here, but looking at 
the figures over there, for ~ E, the differe"cE' between the flat and' 
<ici')al case amounts to more than 10%, wh:ch for thF' persor:'. who has to 
F:;E these things means mon° than 200/,) in rf power. I think tb.is is quite 
significant. 

SWENSON: I believe Dr. Ohnuma qUJ.:"sti.oned the sigr:ificance of +,he 
velocity dependent t8rm rath,c; [' than the tt';:cm which gives 10'Y" effect 
vvhilh you mentioned. Thai: rea};y results fronl a better Cal(>llar.ion c~f 

the transit time factor based on the actual Edds in the gap. 
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