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I. Introduction

Detailed beam dynamics studies for Alvarez-type linear accelerators
have generally been done on high speed computers using impulse-type ap-~
proximations to simulate the particle acceleration within a gap or direct
numerical integrations of the equations of motion. In this summary we
would like to degcribe a procedure for studying such beam dynamics which
retains most of the accuracy of the numerical integration without an exces-
give loss of computational speed as compared to the impulse approxima-
tion method. In addition, the results of some calculations for the proposed
LLASL meson factory will be presented.

Briefly, the procedure which has been used consists of assuming
that the axial electric field within a gap between drift tubes is spatially
constant and zero within the drift tubes. (A more general axial field
could be used but with added complications.) This is as opposed to the
more usual procedure of using the principal harmonic of the axial field
within the gap. TUsing Maxwell's equations and the axial field form, the
off-axis electric and magnetic ficlds can be obtained as a power series in
the radial coordinate, r. This has been done through terms in r°, In
addition, one obtains radial and longitudinal impulsive terms which a par-
ticle will experience on enfering or leaving a gap. Using the electro-~
magnetic fields obtained in this way, an approximate solution to the rela-
tivistic equations of motion for a particle within a gap has been con-
structed. The impulses at the extremities of the gap are, of course,
easily treated.

Comparisons of accelerator calculations using the approximate
solutions mentioned above and an accurate numerical integration of the
particle equations of motion have been made. Agreement to about four
significant figures in energy and phase {absolute phase, not phase rela-
tive to the accelerator design particle) was found afier passage of par-
ticles through 250 gaps. Similar comparisons using an impulse approxi-
mation treatment with the same accelerator design were noticeably
poorer, particularly with respect to the final phase.

*Work performed under the augpices of the U, S. Atomic Energy
Commission.
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7. Method of Calculation

Orly an outline of the computational procedure will be given. This
may be divided into three parts:

(a) the form for the electromagnetic fields within a gap;
(b) the approximate solution of the particle equations of motior;

(c) the beam dynamics code.

A. The Gap Fields

For the purpose of the calculation it is assumed that the z-com-
ponent of the electric field has the following spatial form or the axis,
r = 0:

E, (0,z) = O ~-L/2<z <-g/2
= Eq f(z) -g/2 £z £ g2 (1}
= 0 g/2 <z < LJ/2

where 1. is the distance between drift tube centers ag illustrated in
Fig. 1 and g is the gap length. The field may be thought of asg periodic
with period L. and its time dependence is taken as cos wHt.

Using the knowledge of the E, field at r = 0 and Maxwell's equa~
tions, the off-axis fields in the gap may be obtained as a power series
in r, the first few terms of which give

-

E, (r,z,t) = Eg F {r,z) cos wt

E. (r.z,1) = - BEyGir,z}cos wt  -g/2<z<g/2 (2)
Bg {(r,z,t) = - Eg Q (r,z) sin wt )
where
1 9 . .
Flr,z) = f(z)+ 7r° S {z)
\ _ 1 ; ; df .
Glr,z) = 5r Sz +g/2) £ (z) - S(ZWg/Z)f(z)Jr‘a-: {32
L3 dS z)
16 dz
Q(rz)=-1~r-4“‘if(7)+m}-r3—‘—”¥-8(7‘)
? 2 CZ } 16 ~ 02 o
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ard
w2 q
S = - Lt 48 g/ - B - g/ ()
C

If the &-functions are treated as slightly smeared S-functions,
representing the fall off of the fields within the drift tube hole, and it is
assumed that a particle does not change its posifion or velocity appre-
ciably over the fall-off region, then these terms merely coniribute an
impulse to a particle on entering and leaving a gap. The approximaite
effect of this impulse is given below in Eq. (7). Neglecting the impulse
producing terms, the fields within a gap are

E, = Eyf(z) [1 le~ (:22 r*z] cos wt
df (z) | 1 1 w? 3 4 9
E. = - By “g, !:“5 r- g -—:§ v“ji cos wi } -gl2< z<g/2, {4)
1 Wz 3
By = - I :)_"2_ £ {z) [z r - %6" 7 r“j] sir w t |

In the following, £ (z) has been taker equal to unity, giving Er’ = 0 with-
in the gap. '

B. Approximate Solutior of the Equations of Motion

In Cartesian coordirates, the relativistic equations of motion for
a particle moving in an electromagriesic tield of the sort given in Eq. 3}
are

duy *1
dUz e ] Xr)
dug e . Cn
T 7w Bty By |
J
dx; - ~ (6)
P S =123 o

where indices 1, 2, and 3 correspond to the x, vy, and z directions,

. 2 2 .
respectively, r = a/x] + x, , and ¥ = 1+72/c% . From Eqs. {2},

(3), and (5) it can be showr that the charge in u; due to the impulse
occurring on entering a gap is approximately

343



Proceedings of the 1964 Linear Accelerator Conference, Madison, Wisconsin, USA

2
_ e o _1w_' 1 w 2 . .
Auy = »fﬁEOf(v—g/z}Xl(z % 2" )% cos wt
3
Ao - L€ ) 11w o2\ y ”
u2 - mﬁEOi“‘” gz) YZ _2-_—-1—6— 5 r u3 cos w t ()
U3
e . 1 . ,
Dug = - = Byt (- g/Z)%(Zrsz{/uS sin wt
1w g U1¥1TUyxp |
+Té__w2m T cos wt
C u3

where the coordinates, u components, and time are those corresponding
to the arrival at the gap. Similar equations with opposite sigrs apply on
leaving the gap.

A relatively accurate approximate solution of the equations of mo~
tion across the gap can be obtained by assuming that the components of
velocity may be written in the form

{t) = véi) + V(ll) t + f<i) [cos {wt + \po) - cos 0]

+ g(i) [sin (wt+ \I/O> - sin ‘9{’0]

where Y _ is the phase of the cavity field when the pariicle enters the
gap and the z-coordinate and time at the beginning of the gap are taken
as z =0 and t = 0. Equation {8) is actually part of a more general ansatz
that can be made for the velocity. The coordinates are then approximately

xq (1) = x(()i) + [véi) - féi) cos ¥ 0 g(i’\’ sin \]/0 J t

Vi

(8)

(9

+ % f(i) [sin {wt + \{/O) - sin \4]0] - M(l-um g(i) [cos (wt + \{bo) - COS WO]

If the coordinates and velocities given in Eqgs. (8) and {9) are inserted
irto Eq. (5) for the u;, using the previously described fields with

£4z} =1, the u; can be obiained upon integrationn. These values of Uy

and the relation Vl) = uyla/1 T2/ 2 may then be used to identify the co-
efficients Vgl), £t , and g(l).,

obtains

When small terms are neglected, one
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T(i) - [ (i) _ i) - | _2] .
vy o= Uy Vo Vo u,l/c. /XO i=1,2, 3
(1,2) (1, 2)
f. 2 =
a / 5
3 3} — —= 2
f() = ‘"Vé>VO . a/()foc) (10)
(1,2) _ (1,2) - ., 2
g = -V, vy b’(XO o)
3 { —
(3) _ b(3)/2(0 _ XJ(\)SJ}" 5 b/{XO 02)
where
-2, 9
% - 1/A/1 - vy /c? , and
5 2
) L e ©O8 W {(1 1 w? 2) L1 6 ) Wt S ) v(k)}
- b — d w07 e e - 0 N A L
1 0 2 2 16 2 0 8 0 .2 = 1 0 "o
(2) 2
(i) e Vo i1 1 w 2
= J—, o i, ——— = 1
mEO 9 %0 (2 16 2 r0\) ! > 2
c
(3) p
b(l) - _ifo;m V(l) ( 1 1w r“2>
0 w o2 0 2 " 18 ) 0
: 2 2 2
B e sin Y {w Z ) ) (_1_ 1w rz)Z i(k,} )
© v m Bo 5 Vo T 5 2 "o
1 C2 2 = 0 0 6 ¢ ) 0
3
L3y 0
2
(3) _ e 1 ( 1w 2)
b = 5 EO W 1 o 2 rq
In the limit of pure phase motior one has
(3) 1 . »
ug = u, +r% Eq - [sm {wt + \#Oﬁl gir \4]0]
- (3) e , 1 . , : .
Vg T Vo T m Ey T}? [sm (wt + WO} - sin \I/O] (12)

: o 1 1 ,
T - R, =2 sin ]’t - £ B gy Eos fwt + )}~ cos iE .
0 m 0 w XOJ WO m 0 2 b,l% * \J"O \!JO
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C. The Beam Dynamics Code

The beam dynamics code which has been written using the above
results is essentially the same as most such codes. However, the
method for specification of the accelerator geometry is perhaps some-
what different from what is usual and should be described. Here, input
values of stable phases and the g/L sequences for each tank are used to
define an entering and an exiting phase of the'stable particle' in any gap,

say gap n, by
Vin ) = Yape - T/
Vo = Y+ Tl

Starting at the end of the {n - 1) gap with longitudinal velocity Vo1
the length of the (n ~ 1) th Grift tube is taken as ”

d 4 = (\P. () = Y o - 1)+ 2m )-vn__l/w
The length of the nt gap and the velocity v, at the end of this gap are
obiained from Eq. {12), where the time to be used is t = \JJ {r) - WOT ,m}}/w
since the field was assumed to have phase W]r {r) when ﬁhe paﬂule ertered
the gap and phase Wou* {n) when it left, If € o 1 the energy gain per

meter in the tank containing gap n, the consisnt EO appearing in Eq. (12}

is

E, nY = 2 7 eO/ [sjn Wout {n) - sin VI (p)}

When the geometry of the accelerator has besn determined, par-
ticles with varying initial energy, phase, and off-axis position ard velociiy
can be carried through the structure uasing Eqgs. (8) through (11), The
time required to cross a gap is firs? obiained by iterating the z = xg-
coordinate equation in the form

(3) (3)
+ f . . . +
{ g+ o [bm (wty + tpo sin \4/0] R [COS (wty +Y) - cos WO]}
(3) _.(3) (3) o
X [VO' - 77 cos \J/O - g7 gin \4/0]
using an initial guess of %, = (\if wouf” w . It has been found that

two to three iterations are PPQuLIPd for four-digit convergence. With
this time interval, the remairning particle parameters are found by sub-
stitution into the remaining equations. Transif through quadrupole
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magnets in drift tube sections is accomplished by the standard linear
approximatior.

The code also contains provisions for studying random errors in
tank phase, tank or gap field amplitudes, drift tube and quadrupole mis-
alignment, and quadrupole field magnitude.

ITI. Some Preliminary Resulis

Very little has been done as yet with regard to radial motion studies
using the code described above. However, fairly extensive phase motion
calculations have been made on a number of accelerateor designs. In
these, phase-energy acceptance ''fishes' have been obtained with and with-
out various types and combinations of random alignment and field errors,
and output phase and energy spreads have been examined., A few ex-
amples of these results are given below for a geometry corresponding
to the present design of the LLASL meson factory. A definite statement
about the effect of random errors will not be made since error studies for
this geometry with many different sets of random inputs have not been com-
pleted.

Figure 2 shows a comparison of the phase ard energy oscillations
for a sample particle, using a numerical integration of the equations of
motion (upper graph) and using Eqs. (12) (lower graph). The oscillatory
solid lines give the phase motion and the dotted lines the energy devia-
tiong with respect to the stable particle. In Fig. 3 the acceptance fish
for the design in Table I is shown (solid line) along with that when a par-
ticular set of random errors, specified in Table II, are introduced (dashed
line). The effects of certain type errors, as tank-to-tank phase or field
amplitude errors, have been found to have a more drastic effect on the
acceptance region than when they are present as gap-to-gap errors. The
remaining figures show the maximum phase and energy oscillation ampli-
tudes of particles leaving the machire as a furction of input phase and
energy with and without the errors of Table 1L
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TABLE I

Specifications of the Drift Tube Portion of the ILASL Linear Accelerator

Tank Number 1 2 3 4 5
Initial Energy 0.75 10,75 60. 35 102.0 141.5
Final Energy 10. 75 60. 35 102.0 141.5 176.5
Stable Phase - 26° - 26° - 26° - 26° - 26°
FEnergy gain/meter

(MeV/m) 1.11 1.65 1.42 1.28 1.16
g/L Range .2-.3 .19-.33  .35-.42 .40-.44 .42-.46
Drift Space {meters) 0. 305 0.810 0.610 0.610

TABLE 11

Maximum Field and Alignment Errors for the Sample Problem

Axial Drift Tube Displacement Error +0.001 m
Field Error for Drift Tube Gaps + 2%
Tank Field Error + 2%
Tank Phase Error + 1°
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Figure 1: Schematic diagram of a drift tube section
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Figure %: Phase-energy acceptance region for the accelerator geometry
specified by Table I. The solid curve shows the acceptance
when no errors are present and the dashed curve gives the
acceptance for the errors of Table IT.
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Figure 2: Comparison of phase and energy oscillations for a sample
particle using a numerical integration of the particle
equation of motion and using Equations (12).
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Figure 5: Final ener oscillation amplitude as a function of initial
phase, \(’in 7), for various initial energies when no errors
are present.
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Figure 6: Final phase oscillation amplitiude as a function of initial
phase, win(‘l), for various initial energies when the errors
of Table II are present.
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Figure T: Final energy oscillation amplitude as a function of initial
phase, \‘/in(l), for various initial energies when the errors

of Table II are present.
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