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I. Introduction 

Detai,led beam dynamics studies for Alvarez - type line ar ac cel erators 
have generally been done on high speed computers using im pulse-typ e ap" 
proximatiQns to simulate the particle acceleration within a gap or dire ct 
numerical integrations of t he equations of motion . In this summary we 
would like to describe a procedure fo r studying such beam dynamics which 
retains most o~ the accuracy of the numerical integration without an exces­
sive loss of computational speed as compared to the i mpuls e approxima­
tion method. In addition, the results of some calculations fo r the propOlled 
LASL meSon factory will be presented. 

Briefly, the procedure which has b een use d consists of assuming 
that t he axial electric field within a gap between drift tubes is spatially 
constant and zero within the drift tubes . (A more general axial field 
could be used but with added complications.) This is as oppose d to the 
mure usual procedure of using the principal harmonic of the axial. field 
within the gap . Using Maxwell's equations and the axial field form, the 
off-axis ele ctric and magnetic fields can be obtaine d as a power series in 
the radial coordinate, r. This has bee n done through terms in r3 . In 
addition, one obtains radial and longitudinal impulsive terms which a par­
ticle win experience on ente ring or leaving a gap . Using the electro­
magnetic fields obt ained in this way, an approximate solution to the rela­
tivistic equations of motion for a particle within a gap has be en con­
structed. The impulses at t he extremities of the gap are, of course , 
easily treated. 

Comparisons of accelerator ealculatlons using the approximate 
solutions m entioned above and an accurate numerical integration of the 
particle equations of motion have been made. Agreement to about four 
significant figures in energy and phase (absolute phase, not phase rela­
tive to the accelerator design particle) was found after passage of par­
ticles through 250 gaps. Similar comparisons using an impulse approxi­
mation t reatment with the same accelerator design were noticeably 
poorer, particularly with respe ct to the Enal phase. 

*Work performed under the auspices of the U . S . Atomic Energy 
Commission. 
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n. Method of Calculation 

OrJy an outline of the computational procedure will be given. This 
may be divided into three parts: 

(a) the form for the electromagnetic fields within a gap; 
(b) the approximate so!uhon of the particle equations of motior:; 
(c) the beam dynamics code. 

A. The Gap Fields 

For the purpose of the calcu]ation it is assumed that the z-·com­
ponent of the electric field has the follovling spaLal form on the a:XIS, 

r =- 0: 

E z (0, z) _. 0 

- EO f (z) 

o 

L/2 < z < - g/2 

g/2 ~ z < g/2 (1) 

g/2 < z < L/2 

where L is the distance between drift tube centers as illustrated in 
Fig. 1 and g is the gap length. The field may be thought of as pec'iodic 
with period L and its time deperldence is taken as cos w t. 

t' "lOPS, 

in 1', 

where 

Using the Knowledge of the E z field at r =: 0 and Maxwell l s equa­
the off-axis fie1ds in the gap may be obtained as a power series 
the first few terms of which give 

E z (r,z,t) - EO F (r,z) cos wt 

EO G (r, ~:::) cos w t g/2 ~ z < g/2 (2) 

B8 (r, z, t) EO Q (1', z) sin. wi; 

F' (r, z) 
1 ') , 

f (z) + '4 l' ~ S '-Z) 

G (r, z) tr [8(z+g/2)f(z)- 8(z ') () df] - g! 2 f .z +(Iz 

+ .-.l r3 ,ciS (~1 
16 dz 

Q (1', z) wf(\-+ 1 ,3WS() 2 r 2 2, TEI r 2 z. 
c c 

1 
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2 
S (z) = -~2 f (z) -, 'd~- [8 -I- g!2) f (z - 8(z - g!2) f (z)J . 

c 

If the 8 -functions are treated as slightly smeared 8-funciions, 
represer..ting the fall off of the fle1ds within the drift tube hole, and it is 
assumed that a particle does not change its position or velocity appre­
ciably over the fan-off region, then these terms merely contribute ali. 
impulse to a particle on entering and leaving a gap. The approximate 
effect of this impulse is given below in Eg. (7). Neglectin.g the impulse 
producing terms, the fields wi1.hin a gap at:'8 

[ 2] . 1 w 2 
E z ;;: EO f (z) 1 ... 4" -2~ I"' cos It!!) t 

c 

.~ g /2 < z < g / 2 e (4 ) 

w . [1 1 w
2 3] Be =, .- EO ~ f (z) '2 r - 16 -~ r sin lV t 

In the following, f (z) has been taken equal to unity, giving Er = 0 wi.th~ 

in the gap. 

IE Cartesian coordinates, the nola! .~stlc eglJaijo!!s o~ motioE for 
a particle moving in an e}ectromagYt.<lc ~:"lEJd of the sor:. gh'en in Eq. ) 
are 

du 1 --........ ~ 

dt. 

dU2 --_. 
dr 

dU3 

dt 

dx. 
1 

dt 

=: 

-

"". 

[Er 
e .-m 

e 
[ Er m 

e 
[ E z 

.-
m 

BO] )(1 
Vr ~-~-~-

"~ r 

Be] )(2 
.. V3 

r 
(5} 

(v 1 + xl + v 2 x2) B lye] 
0' . 

(6 ) 

where indices 1, 2, and 3 cor"(-:'~~pond t:o th<::·· x, y., aLd z direct,ions, 

respectively, r = ~x; -+ x~ , and ?( : ~ + U2 / c 2 From Eqs. (2). 

(3), and (5) it can be shown that t.he c;harge in ui dul':" to the impulse 
occurring on enTE,ring a gap is app"("'oxjmat('~y 
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6ul 

2 

- ~ EO f (- g/2) xl (-21 - l -.J!L r2):J.... cos w t 
m 16 u32 u3 

L\u2 ::- ( 
1 1 w

2 
2) 1. - ~ EO f (_. g/2) x2 '2 - T6 --2 r u cos w t 

u3 3 
(7) 

l:!u = 3 - ~ EO f C- g/2).L(1'r 2 w"¥ /u sin wt 
m u3 4 3 

2 ul xl +u x2 
w t) 

1 w r2 2 
+ -- -~ --------- cos 

16 c 2 u 3 

where the coordinates, u 
to the arrival at the gap. 
leaving the gap. 

components, and time are those corr::sponding 
Similar equations wi th opposite sigcs app1y on 

A relatively accurate approximate solution of the equations of mo­
tion across the gap can be obtained by assuming that the components of 
velocity may be written in the form 

Vi (t) = v~) -+- vii) t + f U) [cos ( w t -+- 0/
0

) - cos 'It oJ 
+ g(i} [sin (w t + 'It 0)"' sin 'ltoJ 

(8) 

where 'Ji ° is the phase of the cavity field when the particle enters the 
gap and the z-coordinate and hme at the beginr:ing of the gap are taken 
as z = ° and t = 0. Equation (8) is actually part of a more general ansatz 
that can be made for the velocity. The coordinates are then approximat.:-.::ly 

Xi (t) = xg) + [v~) - f(i) cos 0/ ° -g(i) sin "It ° ] t 

(8) 

1 (i) r. ] 1 (i,l [ ( ,i, . ,', 1 +w- f Lsin (wt + ""0) .. sin \j! ° -'w g' cos wt + '\"0) - cos ""0_,· 

If the coordinates an.d velocities gil/en in Eqs. (8) and (9) are inserted 
ic:,to Eq. (5) for the 1)i' using the p!Oeviously described fields wIth 
f (z) =; 1, the ui can be obtained up~n integration. These val1.Jes of tii 

and the rela. hon v\ = uJ,j1 + u2 / c 2 may then be used to identify the co-
. (1) (i) '. (1). ., '. 

efficients if 1 ' f , and g . When small terms are neglected, one 
obtains 
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where 

(i) 
u 1 

(i) 
a -, 

(i) 
b :::: 

(3 ) 
u -, 

1 

V(i) ::; 
1 

f(1, 2) 

(1, 2) 
g 

[ (i) (i) - . u11 c 2 J j Vo u 1 ~ Vo Vo D, 

(1, 2) I 
= a X o 

(3) - - 2 
- v 0 vO· a/ (10 c ) 

(1, 2) _ __I 2 
= -vo Vo b,(10(") 

(3 ) 
g :::: b(3)jv - v ) V . b'j(v c 2 ) 

tlo 0 0 'DO 

and 

e sin 0/0 
... ill EO ----2-

c 

(3 ) 
a - 0 

In the limit of pure phase motion one has 

(3 ) 
+ e 

E 
1 [ sin (wt + '1'0 \fr 0 ] u 3 

::: uo ". SIn, m 0 w 

(3 ) e 1 
[ sin (w tt 'IjI 0) sin v3 -, Vo -r EO ~)f~i 

-m 
0 

i = 1, 2, 3 

(0) 

i :::: 1, 2 

'lt o ] (12) 
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C. The Beam Dynamics Code 

The beam dynamics code which has been written using the above 
_y.'esults is essentially the same as most such codes. However, the 
method for specification of the accelerator geometry is perhaps some­
what different from what is usual and shou] d be described. Here, input 
values of stable phases and the g / L sequeD.ces for each tank are used to 
define an entering and an exitic.g phase of the" stable particle" in any gap, 
say gap n, by 

'It. (n) '" ljI stable - if (g! L)n ln 

"'ou.t (n) = 'It + ..". (g I L) stable - n 

Starting at the end of the (n -, 1) th gap with longitudinal velocity 
the length of the (E ~ 1) th drift tube is taken a3 

d 
n-1 

(0/. (n) _. l.jI .t (n - 1) + 27T ). v
n 

__ 
1

!w . 
In ou 

The length of the nth gap and the velocity vn at the end of this gap are 
obtained from Eq. (12), where the time to be used is t = ( J./Ii~c k) -- o/01,;,:(n)) / w 
since the field was assumed to ha-Ile phase '0/, when the par-tide er:.tered 

,I, lD. 
the gap and phase 'Yout (n) when it left. If E 0 is the enF]Y gy gain per . 
meter iE the tanh cOD.taining gap n, the CODSt8Ilt EO appearing in Eg. (12J 
is 

When the geometry of the accderator has beo-:::D determined, par~ 
ticles with varying initial energy, phase, and off-axis position aEd -velocIty 
can be carried through the stnicture IJ-B'ng Eqs. (8) through (11). The 
time required to cross a gap is first obtair:ed by iterating the z = x3-­
coordinate equation in. the fOl'm 

~ 1 

x sin 

using an initial glJeSS of ~:O = (\j! in .- \jI out) / w. It has be~;n found that 
two to three iterations are req-,.:ired for four-,digit convergence. With 
this time interval, the remairliEg particle parameters are found by sub> 
stitution into the remaining e'quations. Transit through quadrupole 
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magnets in drift tube sections is accomplished by t he standard linear 
approxi m ation. 

The code also c onains p rovisions for studying random errors in 
tank phase, tank or gap f:l.eld amplitudes, drift tube and quadrupole mis ­
alignment, and quadrupol8 field magnitude . 

III. Some P relimin ary Results 

Very little has b een dOEe a s y et with regard t o radial motion s tudies 
using the code des cribed above. However, fairly exten sive phase motion 
cal.culations have been made on a num ber of acceler ato r designs. In 
t hese , phase-energy acceptance "fishes" have been obtamed with and with­
out various types and c ombinations of rar!dom alignment and field errors, 
and output phase and energy spre ads h a'l8 be en examiEed. A few ex­
ample s of these results are gi ven b elow for a geomeicy c orre sponding 
to the present design of the LASL m eson f a ctory . A defLnite statement 
about the effect of random errors will not be made s ince err or s tu die s for 
this geometry with many different s ets of random input s have n ot b een com·­
pleted. 

Figure 2 shows a comparison of th.e phase aLd ener gy oscillations 
for a sample p article, using a num erical iEtegration of the equations of 
motion (upper graph) and using Eqs. (12 ) (lower graph). The oscillat ory 
solid lines give the phas e motion and the dotted lines the energy devia­
tions with respect t o the stable particle . In Fig. 3 the accep tance fish 
for the design in Table :r is shown. (s olid line) alon g with that when a par ­
ticular set of random errors, specified in Table II, a r e introduced (dashed 
line ). The effect.s of certain cype er:'ors, as tank-,to - tank phase or field 
amplitude errors, h ave been foun d to have a more dr as tic e!: eel on the 
acceptance region that! when they a .r. e p resent as gap- t o - gap errors. The 
remaining figures show the m aximum phase and energy osciEation. ampli -· 
tudes of partic18s l eaving the m achiy,.e as a fur.ction. of input p h as e and 
energy with an d without the erro.:.'s of T able 
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TABLE I 

Sppcific:ations of the Drift Tube Portion of the LASL Linear Accelerator 

Tank Number 

Initial Energy 
Final Energy 
Stable Phase 
Energy gain/meter 

1 

0.75 
10.75 
.- 26° 

2 

10.75 
60.35 
.- 26° 

3 4 5 

60.35 102.0 141. 5 
102.0 141. 5 176.5 

- 26° - 26° - 26° 

(MeV/m) 
giL Range 

1.11 1.65 1.42 1.28 1.16 
.2-.3 .19··.33.35-.42.40-.44.43-.46 

DrHt Space (meters) 0.305 0.610 0.610 0.610 

TABLE II 

.Maximum Field and Alignment Errors for the Sample Problem 

Axial Drift Tube Displacement Error +O.OOlm 

Field Error for Drift Tube Gap s .2: 2% 

Tank Field Error .2: 2% 

Tank Phase Error + 1° 
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Figure 1: Schematic diagram of a drift tube section 
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Figure 2: Comparison of phase and energy oscillations for a sample 
particle using a numerical integration of the particle 
equation of motion and using Equations (, 2) • 
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Figure 7: Final energy oscillation amplitude as a Iunction of initial 
phase, \fin(l), for various initial energies when the errors 

of Table II are present. 

Proceedings of the 1964 Linear Accelerator Conference, Madison, Wisconsin, USA

352


