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Summary 

Two models are considered for defining the 
electrical parameters of biperiodic slow-wave struc
tures (BSWS) with beam loading. The first model is 
represented by a chain of coupled cavities and the 
second one by a chain of lumped-parameters circuits. 
The feeding waveguide is accounted for in both 
models. Two computing programs which use a finite 
difference method on a square mesh were written. 
Some computational results are given. 

Introduction 

A number of requirements in radiography and 
medicine, strongly demand development of compact 
standing-wave electron linacs. Theoretical and 
experimental research on the performance at low 
and high power levels, at biperiodic slow-wave 
linacs, made it possible to start commercial pro
duction of these machines. 

The design of standing-wave electron linacs 
requires the development of computer programs. In 
the modelling of biperiodic slow-wave structures 
(BSWS), two models were considered. In the first 
model, the BSWS was represented by a chain of 
coupled cavities; in the second a chain of coupled 
lumped circuits was used. In both models the 
rectangular feed guide was taken into account, and 
considered to be essential for the design of a 
standing-wave linac with a 3 db hybrid junction 
rf feed scheme. 

Biperiodic Slow-Wave Structures 
As A Chain Of Coupled Cavities 

In this model all rf and accelerating systems 
are divided into two regions: the biperiodic slow
wave structure proper, and the feeding waveguide 
(Fig. 1). This separation is quite practical be
cause it allows regular and irregular regions to 
be considered independent of each other. The 
boundary lies on the surface of the coupling iris. 
The thickness of the separating wall is assumed to 
be negligibly small. Considering the tangential 
component of the field at the boundary to be known, 
one can evaluate the electromagnetic fields in 
regions I and II. Indeed, to preserve continuity 
of magnetic field as one goes through the opening 
in the iris, the following equation must be valid: 

• (1) 

Here HI and HII are boundary magnetic field
vectors in regions I and II. The fields are 

excited by some external sources and ~ a tangen
tial electric field, Etg · (1t.1 and n,l. are 
normals to the boundary surface directed corres
pondingly into regions I and II. Assume first 
there is no current in the BSWS. TIlen, according 
to the superposition principle, and taking into 

h ,:If 0 f 1· . . account t at;e:x. c, or a 1near system 1t 1S found: 

The Ritz-Galerkin method 2 can be used to solve 
equation (2). In this method, the field is repre
sented as an expansion in the full system of co
ordinate functions 

Substituting (3) in (2), and after the usual 

transformations, yields a system of linear equa
tions with respect to unknown coefficients Gf 
(the order of the coefficients is determined by 
the number of the coupling slots and the number of 
coordinate functions taken into account): 

~. -
where -3m is the complex conj ugate of :;} m, Sslot 
is the surface of the coupling slot. The 
accuracy of solving (4) depends on the number of 
terms in (3). For terms of (3), take a set of 
coordinate functions 1"( and ~ which have to 
satisfy the wave equation and homogeneous boundary 
conditions on the coupling iris: 

CJn -0 an. -

where nr is the normal to the surface. In this 
case 
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The next step is to find HI and HII in (4). 
The Kysun'ko method2 can be used for the determin
ation of the magnetic field HI in the feeding 
waveguide. According to this method. the electro
magnetic field is represented by a series in 
eigenvector functions 

) (5) 

where unknown coefficients \}Q,;lg are derived 
from the so called waveguide equations. To f~nd 

the first term in the left side of (4). HI(O, 3;» 
must be determined (the value of the magnetic field 
which is excited in the rectangular waveguide by 
the component ~ at the iris). Then, in accor
dance with (5), and taking into account that in 
(4) the unknown field is a part of the vector 
product, it will suffice to derive only the field 
transverse components in region I at the coupling 
iris. 

For the ultimate solution of (6) it~s necessary 
to write eigenvector functions G,." 1!~ and coor
dinate functions ~ in explicit form. Eigen
vector functionscfA and~ are formed in a similar 
manner to 1". "JlYJlitO)in the right-hand side 
of (6) is defined likewise, but the source here 
is j 1ex , a microwave generator and the coupling 
iris is metal coated, i.e. E~ ; O. In this case 

, (7) 

where Ah depends on magnetic wave power (with index 
h) flowing into the iris: 

p -.L ~ J :jf2 I 
ft.-Z Z~ SdLfrQS 

The last term in (4) must be defined. This problem 
is similar to the definition of fields in a BSWS 
with a side hole in one of its cells. The struc
ture is excited by tangent field Et or its compon-
ent ~ For the solution Slater's equation 3 

will be used with the method described in Ref. 4, 
5. As shown in Ref. 6, a set of equations with 
respect to complex amplitudes Vn and In for a chain 
of cavities coupled by slots, has the following 
form: 

It is assumed that the electric and magnetic fields 
to be determined in (8) can be expressed as 

where n is the cavity number .~" and -Il:n are 
electric and magnetic field eigenvectors in cavi
ties without slots. In (8). e-u/l'ln is the frequency 
of the m-mode in n-cavity, ~m~ is the quality 
factor of the cavity. Et~ is tangent electric 
field on the surface of the coupling slot. In the 
following considerations, the fields in cavities 
of a BSWS will be represen~ed by ~ first term 
of expansion in functions ~m andlt"" In case 
of axially symmetric cavities. it is similar to 
considering the E010 mode (mFl). If the coupling 
slots are narrow enough and cut along the azimuthal 
coordinate near the side wall, they can be repre
sented by a transmission line with aT-mode wave. 4 ,5 
Then the integral over the slot between cavities 
nand n-l looks like: 

Here rs is the location of slot radius; es is the slot 
length; k = err/~ . The equation set (8) is non
homogeneous. due to the term 

• ( 10) 

.". 

Since Et, in (10) is identically equal to~ep~,._ 
the definition of the remaining term in (4) .till(O, Bp) 
is carried out in the following way. After substi
tuting ef' 3', for Et3 in (10) and taking the 
integral, (8) must be solved with the right-hand 
side in the form of (10). The solution is carried 
out separately for every component of the tangent 
electric field EtS' From (8) amplitudes In. Vn 
of the fields in cavities of BSWS with a feeding 
waveguide are obtained. The value of the magnetic 
field at the coupling slot is substituted into (4) 
for the ultimate integration. When all the terms 
of equation (4) are finally determined, it may be 
solved with respect to e p by any appropriate 
method. The solution allows evaluation of the 
dispersion relation, input impedance, reflexion 
coefficient and the electric field distribution in 
the structure. The beam loading problem for the 
first model of BSWS is solved by the ~troduction 
of terms containing the beam current 1h into (8) 

( 1 1 ) 

To express (11) in explicit form, assume that the 
continuous beam entering BSWS has constant density. 
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Divide this beam at every time interval (O,T where 
T = mit.) ) into M elementary b\IDches. Each b\IDch 
can be represented by the first harmonic of the 
Fourier series. Then (11) becomes 

where ~~ is the field phase when the b\IDch appears 
at the cavity entrance and t.f'ZJ< is the field phase 
when it leaves the cavity. I is the peak current. 
With the terms like (12) present,the equations set 
(8) and consequently (4) become non-linear, and an 
iteration method is used to solve them. At each 
iteration, the solutions of (8) and (4) were com
bined with the solution of the longitudinal motion 
equation for the b\IDches in BSWS. This method 
allowed evaluation of the longitudinal electron 
dynamics in BSWS, and takes into account the beam 
loading influence on the parameters of BSWS. 

Biperiodic Slow-Wave Structure As A Chain 
Of Coupled Lumped-Parameters Circuits 

Figure 2 shows an equivalent circuit of a beam 
loaded BSWS with a feeding waveguide. To each cell 
in BSWS ascribe capacitance C, inductance Land 
resistance R. The interactions of the cells are 
due to the mutual inductance, which is character
ized by coupling coefficient Kc. A microwave 
generator is simulated by a voltage source 1]& 
with resistance W. A feeding waveguide is simu
lated by a transmission line with the wave imped
ance of the same value W. The coupling of the 
feeding waveguide with BSWS is simulated in the 
equivalent circuit by inductive coupling with 
transformation coefficient m. The power is fed 
into the g-cell at the terminals "a-a". The beam 
loading effect is taken into aCCO\IDt by an ideal 
current source Vn. For the circuit of the type 
shown the Kirhgoff equations with respect to the 
mesh currents have the following form after some 
transformations: 7 

Here X","" Lv,{ZL\'\) ~ \ }(n \? is the stored energy 

in circuit n, Cf'YI= l-(w-../wY +vJ .... /iQ"w, 0" 
is the circuit n quality factor, uJ~ is the reson
ant frequency, 1.}q" is the voltage amplitude at 
"a-a" terminals. The second term in the right 
side of g equation (13) may be transformed to 

U .1& 
Here ~." c ~ Qq. 1..."" is the complex power at 
the input circuit terminals. For the input volt
age: 

) 
( 15) 

where Z*i is the input impedance of the chain at 
the "a-a" terminals. Keeping in mind that the 
microwave generator is represented by an ideal 
voltage source with inner resistance W, an expres
sion for complex power S4Q can be obtained in 
terms of the generator's power: 

S 4m2VJ Pc;. Z 
0..0. = I m2. 'W + Zo..o..\2. 0..0.. 

(16) 

Combining (14), (15) and (16) one can get 

(17 ) 

• 

Here ~ z I1)~W /Ji~/C~ Note that 1)2.1~JC; is 
g circuit characteristic impedance.j3=t"r"+ WlZ44 
is the coupling coefficient between BSWS and the 
feeding guide at the operating mode. Divide each 
equation of (13) by Xg and introduce new variables 
Xi? '1.'0/'1..,. These equations show that for deriving 
the unknown value, one has to solve two equations 
for the circuits adjacent to the one with the 
feeding guide. In case of the negligible beam 
loading, all 1~ are equal to zero (n=OfN) and a 
set of linear algebraic equations are obtained 
from which dispersion relation, BSWS parameters, 
fields distribution along the structure and their 
dependence on the generator power may be defined. 
The beam loading problem is solved similarly to 
the firs t model. 

Electrical Parameters of an Axially 
Symmetric Cavity Excited in the Lowest Hode 

For the solution of practical problems re
quiring the use of equations (8) and (13) one 
should know the electrical parameters of cells, 
such as frequencies, quality factors and shunt 
impedances. The values of these parameters were 
defined with the help of a cQmputer program simi
lar to LALA. 8 The program was written by convert
ing the equation to finite difference forms using 
a square mesh. This approach uses relaxation 
method for the iterations. 

Since there are two unknown values (magnetic 
field H~ and wave constant \<.='L~/'" ) the double 
iterative process for field and wave constant is 
used. To speed-up the convergence, the program 
provided iteration on the mesh succession, when 
the mesh length decreased from one iteration num
ber to another. For the same purpose, smaller 
meshes were used when the field changed rapidly. 
For simplicity of use, the program provides auto
matic mesh superposition and boundary point 
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specification, which reduce preparation time before 
computing. The program described has the following 
features: If the EC-l040 computer and 6000 mesh 
nodes are used, the computation time is about five 
minutes. The error of the wave constant computa
tion appeared to be less than 10- 3. 

Some Computational Results 

Two computing programs, "CAMEA" for the first 
model, and "LUCH" for the second model, were writ
ten and executed by the EC-l040 computers. The 
development of these programs was stimulated by 
the design of standing-wave linacs and the study of 
their performance. l The use of a 3 db hybrid 
junction seems to be the main difference of the 
linacs under investigation from standing-wave 
linacs operating elsewhere. The function of the 
hybrid junctions are to isolate the rf generator 
from the resonant load and to increase the fre
quency stability. From this point of view, param
eters of interest of BSWS are input impedance and 
reflection coefficient, and their dependence on 
frequency. Some results computed by the programs 
are presented herewith: Figure 3 shows the experi
mental dependence of the VSWR in the feeding guide, 
on the coupling iris width. 1 The accelerating 
guide here has 6 on-axis coupling cells. The solid 
points on the curve indicate the results obtained 
by the ''CAMEA'' program. They show a good agreement 
of the calculated and experimental data. Figure 4 
shows the dependence ofJ3 (see eq. 17) module and 
phase on the frequency. The dependence is co~uted 
by ''LUCH'' program. As can be seen from (17) J~ 
module is proportional to the input susceptance, 
hence Fig. 4 may be interpreted as a frequency re
sponse characteristic of the accelerating guide. 
The accelerating guide under consideration consists 
of a regular BSWS with on-axis coupling cells. The 
respective values for accelerating cell and coupling 
cell Q factors are equal to l2xl0 3 and 3xl0 3; the 
coupling coefficient is equal to 0.24. The rf power 
is fed into the 6th cell. Curve 1 corresponds to 
the negligible beam loading case and curve 2 cor
responds to the peak beam currentl, equal to 100 
rnA. It is of interest, that without a beam, the 
input susceptance phase at the operating frequency 
is equal to zero, while with the beam of 100 rnA 
peak current, it differs from zero. This effect 
shows that the guide is detuned due to the reactive 
beam loading, i.e. shifting of the bunch synchronous 
phase. This leads to the feeding wave guide coup
ling change: ..?vercoupling fi ~ 2.1 when I '" 0 3.nd 
overcoupling J3 ~ 0.5 when I ~ 100 rnA. 

Conclusion 

The investigations carried out showed good 
agreement between the data calculated by means of 
the "Camea" and "Luch" computing programs and ex
periments. Thus the developed computing programs 
may be recommended for the design and adjustment 
of electron standing wave linacs using BSWS. 
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Fig. 1 Biperiodic slow-wave structure with feeding rectangular guide 
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Fig. 3 Dependence of the VSWR in the feeding 
guide on the coupling iris width 

Fig. 2 Equivalent circuit of a beam loaded BSWS 
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