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Summary 

Factors affecting emittance growth in 
linear accelerator applications requirinq high 
beam quality and low in-machine beam losses are 
explored. A generalized method is developed for 
matching the average properties of an arbitrary 
particle distribution to an accelerator struc
ture in the presence of space-charge and other 
perturbations. ~he effects of the particle dis
tribution and the accelerator parameters on the 
preservation of input emittance and other 
measures of beam behavior are investigated, to 
study optimum performance under carefully 
matched conditions, and to show the degradation 
of performance in the presence of mismatch, 
steering and other errors. The concept of 
detailed matching invoking desirable correla
tions is discussed briefly. 

Introduction 

Growth in the effective emittance of linear 
accelerator beams has been observed in all 
operating machines, and has been the subject of 
much study. Gluckstern l pioneered in the 
analytical treatment of K-V distributions. R. 
Chasman2 did numerical simulation experiments 
that demonstrated lower limits to output emit
tance as input emittance was reduced, which 
identified the importance of longitudinal
transverse coupling. P. Lapostolle3 and 
coworkers at CERN did numerical and analytical 
work with cylindrically symmetric, continuous 
beams that demonstrated the presence of violent 
growth modes under certain parameter conditions, 
leading to severe filamentation of phase space. 

Recent work with continuous beams has clar
ified a number of points. Laslett, Smith and 
Hofmann4 ,5 have catalogued the characteristics 
of parametric oscillations in K-V distributions 
and have discussed unstable modes in terms of 
hydrodynamic models. Numerical calcula
tions6 ,7 agree with the theory and have 
addressed some questions concerning numerical 
effects in the codes. 

The general scalability of the problem over 
the parameter range is beginning to be better 
understood;6,8 Reise~'s important work in this 
area demonstrates that the scaling laws do not 
have a single simple form, but depend on the 
constraints imposed on the problem by the 
designer, and on the zero-intensity phase 
advances. In the examples below, all detailed 
variables were deliberately submerged and are 
described only in terms of phased advances. 

*Work performed under the auspices of the U. S. 
Department of Energy. 

These are widelv scalahle, and are a verv useful 
simplifi cation. 

Adding bunching and acceleration complicates 
the problem substantially. Lvsenkoq extended 
the equilibrium distribution work to 7-D, and is 
presentlv working on 3-D. Crandall lO elab
orated on the effect of rf gaps on emittance 
growth. Another example of the impact of the 
constraints on the design problem was shown in 
the somewhat surprising result9 ,ll,l2 that, 
for given current, input emittance is best 
preserved hy raising the frequencv of the 
machine. Development of the radio-frequencv 
quadrupole structure l3 has required that 
attention be paid to the optimum rate of change 
from a continuous beam to a bunched, accelerated 
beam, to minimize transverse emittance growth. 

Comparison of code models to actual machine 
performance has also progressed, with detailed 
analvsis of measurement techniques,l4 and 
several examples of exacting modeling 
studies15 ,16,l7 that resulted in agreement with 
experimental results to a few per cent or better. 

All of this work lends confidence to the 
further use of numerical simulation models for 
more detailed exploration of the causes and 
effects of emittance growth. The PARMILA code 
was used in the work below; it is a full fi-D 
simulation including nonlinear effects. The 
space-charge subroutine uses a ring model on an 
r-z area-weighted mesh. Five hundred macro
particles were used for most runs; salient 
points were checked with SOOO. The random 
number generator was restarted for each run, 
except for specific checks of the effect of 
randomness. 

Generation of A Matcherl Linac 

It was desired to generate linacs that would 
be well matched under various conditions, and with 
arbitrary particle distributions, eventually in
cluding measured ones. 18 For the initial studies, 
the phase advances along the linac were specified. 
First, an adequate measure was needed, over each 
structure period, of the phase advance, 0, and 
the ellipse parameters, a and S, that characterize 
the nearly periodic system. A least-squares 
solution in each plane using all particles gives 
values that work well for matching. The space
charge parameter, ~ = 1 - (0/00)2, also is avail
able. Using the desired particle distribution, a 
linac can be generated with a given prescription 
for the phase advances, using an iterative, least
squares procedure. The quadrupole strengths are 
adjusted to get the proper transverse phase ad
vance. A constant longitudinal phase advance, for 
example, requires the quantity EoT sin ¢s/S to 
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Fig. 1. Emittance growth after 20 cells, as a 
function of tune shift from various 
initial zero-intensity phase a0vance 
per transverse focusing peri00. 

remain constant. The procedure converges more 
slowly as the tune is depressed, hut is quite 
effective. Starting values are obtained from 
the envelope equations. 

Emittance Growth with Matched Beams 

l1le parameter space was explored by 
selecting a range of zero intensity, transverse
phase advances and depressing the tune of each 
by increasing the current in steps. As stated 
above, the detaile0 parameters are submerged, 
they are in fact quite ordinary and well within 
the scalinq range of the proposed Fusion 
Materials Irradiation Test (FMIT) linac to the 
Clinton P. Anderson Meson Physics Facilitv 
(LAMPF) , and CERN class of machine. Figure 1 
shows the growth in the rms emittances and in 
the effective emittance for 100% of the beam at 
the end of 20 cells,* for a set of runs where 
the initial transverse emittance and longi
tudinal beam size are the same. An input 
distribution approximately uniform in real space 
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Fig. 2. Behavior of matched solutions from 
envelope equation, for fixed emit
tance, E, or fixed average beam radius, 
a. For example, for a given ranius and 
current, a certain emittance is 
required for a matched heam. A fixed 
accelerator ann no emittance growth are 
assumed. 

was use0. The quads were set to give constant 
transverse phase a0vance, oot, at zero current; 
this resulte0 in ot remaininq approximately 
constant also. The synchronous phase was helc1 
constant. The acceleratinq gradient startec1 from 
the same value, hut was raiser'! linearlv with B, 
along with adiustment of the initial enerqv 
spread to keep the 10nqitu0inal phase a0vance 
nearly constant for each case. 

There appears to he an underlving growth 
pattern, plus an anomolous feature 3 ,ll in the 
transverse growth, whicb \-lill he discussed later. 
Much of this "underlving" growth is attributabJe 
to the immediate shearing effect of the rf 
lonqitu0inal-transverse coupling12,anc1 to the 
stea0ilv accumulating effect of the series of rf 
gaps.10 For each oot, the current was 
increased until it hecame quite c1ifficult to 
finc1 a solution hecause of the loss of ac1equate 
lonqitudinal focusing in the initial few cells. 
For tune depressions, o£/oo£ < 0.4, the lonqi
tudinal qrowth increased rapic11v. For the 
oot= SO°·case, the electric field waS raised 
to keep some longitudinal focusinq, anc1 the current 
was increased to depress the transverse tWle 
further. The transverse growth also increasec1 
rapidly for ot/oot < 0.4 (open circles, 
Fig. 1). The envelope equations indicate that 
for a fixec1 accelerator and fixed emittance, a 
matcher'! solution shoulc1 be attainable at anv 
current bv choosing the proper beam size, as 
inc1icatec1 in Fig. 2. The emittance anc1 space 

*Total effective emittance is found bv fitting 
ellipses with the rms emittance ellipse param
eters through each particle and taking the 
largest. 
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Fig. 4. The y-y' phase-space at Cell 20 for 
the ot/oot = 78 0 /100 0 case. 5000 
particles were computed and plotten . 

charge contribute quadratically to the required 
size, and at 0/00 = 0.4 (0.25), the emittance 
term has 0.8 (0.5) the weight of the space 
charge term. In those cases where the tune is 
depressed in the first few cells to less than 
0.4, there is an immediate growth that tends to 
push the tune back up until a balance is 
achieved. The beam has not yet boon followed 

x x x' 

1.~ .g 2.2 1.~ .g 2.2 
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y' 1.3 ~.1 l.3 .8 1.7 x' 
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, 
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Fig. 5. Absolute ratio of average 
cross-correlation pronucts at Cell 20 
to those at Cell 2 for ot/oot 
780 /1000 case. 

enough to netermine the asymptotic behavior, 
although it would be unrealistic to 
sustain the ramped accelerating gradient 
indefinitelv. 

This series of cases was repeated 
with the accelerating field held constant at the 
value usen above in the initial cell. The 
results are very similar to Fig. 1, except there 
is less longitudinal growth (see Fig. 8). This 
observation, plus the fact that the longitudinal 
growth in Fig. 1 is a smooth curve, indicates 
that the anomalous transverse growth for the 
tunes with oot in the range 1000 - 1200 is 
essentially a transverse phenomenon. 

This drastic growth behavior appears similar 
to an unstable mode reporten in Refs. 4-7 for 
the K-V distribution. Figure 3 shows the growth 
in average transverse total emittance for the 
ot/oot = 0.75 tune depression for each oot 
case. Some evidence of beat frequencies is 
apparent, and the growth rate is extremely 
fast. Figure 4 shows a y-y' scatterplot for 
ot/oot = 78 0 /100 0 at Cell 20, with the four 
arms characteristic of this instahility mone. 
Figure 5 shows the ratio of average cross
correlation products at Cell 20 to those at 
Cell 2, out to fourth order in each axis. If 
the .c;iz(~ of tC'rm~; i~; comlJLlred a'-' the tune is 
aCI'rc.c-;sccl, d I'rOllOWlCl.?d j)cak i:-_.; flH._md in the 

vicinity of the instahilitv, in Vex, y3, y4x and 
a numher of the x'-x t.ermsr, part.icularly x'x 4 , 
X,2X4, X,3 X 4, X,

4
X l. and x'+x'. Other- terms show 

a st.eady increase (or hoth ramp and peak), 
'11 2?)4 144744,2 1+ 

eSEe~la y Y4X4' Y X , Y x, Y x , Y.x ,x x , 
X' X , and x' x. T:ll~-; mode may be, 1n 

fact, thco Faylciqh-Taylor instdDililylg 
arising from t.he alt.ernatinq-qradient focusing 
system; the x-y nat.ure,and the fast. growth 
would fit this hypothesis. Theoretical 
nevelopment. of this approach is in progress. 

Figure 6 shows a histogram of the phase 
advance of particles in the hunch, in t.he frame 
of the least-squares parameters derived for the 
Cell 17-18 period. The second peak indicates 
that a group of particles is persistently 
rotating at a separate rate. This group appears 
to be a result of the 'underlying" mechanisms 
and not of the instabilitv mode. It consists of 
particles originating at transverse ranii out to 

Proceedings of the 1979 Linear Accelerator Conference, Montauk, New York, USA

233



100 

90 

80 

70 
Ul 

.!! 60 0 

~ 

0 50 Q. -0 40 
~ 

Q) 
.Q 

E 30 
;;;, 
z 

20 

10 

0 
30 

Fig.6. 

--x-x 
••• y-y 

40 50 

, 
, 

60 70 80 90 100 110 120 
Particle phase advance, degrees 

Phase advance histogram for 
at/a t = 78 0 /100 0 case, 
show?ng double peak. (Period from 
Cell 17-18). 

0.4 r max ' is uncorrelated with particle phase 
at injection, and is within the 90% core of the 
beam in the transverse emittance projections. 

Practical parameter choices for applications 
commonly result in 09, < at. A preliminary 
search was made for resonances of the 2~t = 

na9, type. Kee~ing at = 50 0 , Eo/S was adjusted 
for constant a with n from 2 to 8. No 
difference in emittance growth was seen out to 
60 cells, which is beyond the point to which the 
Eo ramp could practically be sustained. Other 
possibilities should be studied. 

In another slice of the parameter space, 
starting with the ~t/~ot = 51.50 /70 0 case, 
and, keeping the current constant, reduced the 
input transverse emittance by factors of 2 and 
4. The transverse emittance growth increased, 
and the longitudinal growth decreased for this 
example. Such transfers among the projections 
are commonly observed, including transfers 
between x-x' and y-y' if the initial e~ittances 
differ or during oscillations. This indicates 
that ratios of emittances are also important 
parameters, and suggests multi-dimensional 
matching with equal emittance areas, especially 
if the parameters change along the machine. It has 
been found, however, that full 6-D matching is 
not necessarily advantageous in all 
applications--another example of the influence 
of designer constraints on the scalings. 
Other sets of parameters typical 

Fig. 7 

E 

I 
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% of beam 

Typical variation in rms transverse emit
tance growth with input distribution. 

Uniform in 3-D real space 
Uniform in 4-D transverse space, 
separate 2-D longitudinal 
Gaussian in real space, truncated 
at 3~ 

of various applisations will be explored, in an 
effort to sort out some of the basic calculations. 

Influence of Particle Distribution 

The oat = 1000 cases were rerun for input 
distributions uniform in 6-D, and Gaussian in 
6-D (truncated at 30), keeping the rms emit-
tances constant. The quadrupole strengths were 
those used to achieve a constant phase advance 
for the original distribution, approximately 
uniform in real space. The 6-D distributions 
grew more rapidly in the first two- to- three 
cells. From Cells 3-20, the growth in total 
emittance was very similar, but the rms growth 
for the 6-D cases was about double that of the 
3-D case. The 6-D cases became somewhat mis
matched as the beam progressed through the 
cells. TllC' quads could be reset usinq the 
above procedure, for each particular distribu
tion; it is expected that this would smooth but not 
necessarily reduce the growth--it mav in fact 
increase (see below). Similar general 
influences of the distribution have also been 
observed for other choices of parameters. 
Figure 7 shows a typical redistribution of emit
tance. l ? It is concluded that the shape of the 
distribution does influence emittance growth, 
with greater effect as the beam brightness is 
increased, and with greater growth as the cen
tral density is increased. The unstable mode 
evidenced in Fig. 1 is not the result of a 
particular particle distribution. 

Influence of Matching 

Mismatched beams will be smeared by the 
action of nonlinear space-charge forces and 
eventuallv will assume an emittance congruent 
with the machine acceptance. Figure 8 demon
strates how emittance growth is affected by 
mismatching the input beam size up to a factor 
of 12 at iniection, for the range of linac 
parameters under discussion. At a 
given ao t , the sensitivity to matching becomes 
more pronounced as the tune is depressed. 
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As oot increases, the sensitivity for a given 
tune depression increases, an effect of the 
alternating gradient. The smaller absolute size 
of the beam (in one dimension) also becomes more 
important in terms of the required measurement 
resolution. For K-V beams, a "mismatching" 
instability mode has been identified4 

for oot > 90 0 ; its analog for these distribu
tions may be a factor here. 

In the vicinity of the unstable mode, the 
behavior becomes somewhat unpredictable. For 
the parameters in Fig. 8, the betatron oscilla
tions generally sub~ected the beam to a lower 
average flt (higher 0 ) over the 20 cells, some
times resulting in less growth. The ot/oot = 

70 0 /110 0 case is particularly dramatic in 
this respect. The changes in transverse emit
tance growth from mismatching are generally 
rather uniform with respect to the shape of the 
distribution function, as shown in Fig. 9, or 
sometimes show more growth for higher 
percentages. 17 

Influence of Off-Axis Trajectories 

For a single gap without space-charge, 
Crandall lO showed that the increase in total 
emittance is proportional to (a2 + d2) if 
Idl < a, and 2ad if Idl ~ a, where a is the 
half-width of the beam and d is the displacement 
of the beam center from the axis. The increase 
in rms emittance is proportional to (1 + d17) , 
where az denotes the rms half-width of the 
beam. It is seen that the rms emittance grows 
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relatively faster than the total emittance. The 
growth over n gaps will depend on what happens 
to the relative sizes of a and d. Figure 10 
shows the emittance growths for (x-offset/ 
average input-beam radius) = 1.0 for the cases 
of Fig. 1. Again the sensitivity increases for 
larger tune depressions and for higher oot, with 
a diminishing of the unstable mode's effect. 
The longitudinal emittance growth also is 
increased by the transverse oscillation. Fiqure 
11 shows the typical redistribution that occurs 
in the transverse-phase space. This feature, 

Proceedings of the 1979 Linear Accelerator Conference, Montauk, New York, USA

235



Ficl. 11. 

.. 
u 
c ---" 2 ---Inlected olt-..... 
-~ 

Ei 
"0 

'" In Ict,d on-aXil . 
E 

I 
100 80 60 40 

% of beam 

Typical
17 

redistribution of transverse 
emittance growth for mis-steered beams. 

and the contrasting signature of the mismatched 
beam, Fig. 9, can be valuable aids in machine 
tW1 ing for detecting the presence of a centroid 
oscillation or mismatch. 

Detailed Matching 

, 9,12 d' 1 d It has been hypotheslzed that etal e 
matching procedures, which prepare the input dis
tribution in ways more specific than just the 
average properties, might result in reduced emit
tance growth. This idea finds a general form in 
the theory of equilibrium distributions,1,9 and 
also can be expressed in terms of introducing 
certain desirable correlations in the particle 
distribution. 20 A simple example concerns the 
smearing of the transverse emittance caused by the 
finite phase spread of the bunch, illustrated in 
Ref. 12. It would seem reasonable that a first
order improvement, which might be practical using 
an rf focusing system, would result from adjusting 
the transverse focusing depending on the phase of 
the particle. Starting with a Gaussian 6-D uni
form distribution, the particles were sorted into 
five bins according to their initial phase. The 
average phase advance and matched ellipse param
eters for the first two cells of the oot = 70 0 

case were computed for each bin. A new input 
distribution was then prepared in which each par
ticle was matched to the transverse parameters 
appropriate to the bin containing its phase. Over 
the 20 cells a 5-7~, reduction in emittance growth 
resulted for both the transverse and longitudinal 
planes. Other cases, or other recipes, have not 
yet been explored. Nore general systems, which 
"adiabatically" introduce the desired correlations, 
are being studied. In particular, the development 
of the RFQ low-beta structure to accomplish cap
ture, bunching, and preacceleration is a complete 
embodiment of this concept. Preparations are being 
made to do combined RFQ/drift-tube-linac studies 
in this context. 

Conclusion 

Some new tools useful for generating and 
observing matched linacs in simulation studies have 
been forged, and used to study some aspects of 
emittance growth. Some general guidance on accept
able tune ranges and the effects of some types of 
errors is apparent. However, the parameter space 
is large, and further study is needed. For 
example, there is interest in how far the 

particular parameters, such as voltages, fields, 
frequency, and particle type, can be condensed 
into relatively general parameters such as phase 
advance or tune depression. The concept of de
tailed matching appears worthy of further consid
eration. A better theoretical foundation would 
be most helpful. 
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Discussion 

Ohnuma, FNAL: If somebody is building a high 
intensity linac right now,from your data or from 
your experience, what would be your recommenda
tion regarding the most important thing they have 
to do to suppress the emittance growth? 

Jameson: I have not tried to write down what all 
the rules are, because I don't think we are at the 
end of the study yet. I think if you study these 
pictures, it would suggest that one should prob
ably have a tune around 700 for no current. These 
results so far, would suggest that in an acceler
ating system we can stand a somewhat higher tune 
than Lloyd Smith and someone found for transport 
systems. They suggested that you should limit the 
zero intensity tune to 600 and not de-tune it with 
current down to less than 24

0
, which is the .4 

constant of nature again. It looks like in an 
accelerator, you can probably stand a somewhat 
higher phase advance, but 700 seems to be a good 
number to minimize the growth. 

Penner, NBS: I think you're cutting it a little 
fine there, Bob. I don't think there is any 
difference between what you would recommend at 70° 
or so, and the 60° that Smith and Laslett recommend. 
I think their point is, and I think it is true in 
our numerical simulations and yours and everybody 
elses, that you must not be at 900 or above or 
there are these barometric resonances. They will 
always be there because you always have part of 
the beam that is at lower current than the main 
part. So the real rule is below 90°. 

Curtis, FNAL: Just a small point. You said when 
you sliced up the beam you got a somewhat smaller 
emittance growth. Did you end up with the same 
density of particles or did you throw some of them 
away? 

Jameson: No, I didn't throw any of them away. 
The paper that John Staples and I had in Barch 
showed that if you slice up the beam and plot the 
phase space of each slice, you will find that at 
the end of the beam which has the least rf focusing 
you will see the thing rotate so that the projec
tion gets turned into kind of a cross and basically 
that was what I was doing. I was lust matching to 
that, and it went through; no particles were lost. 
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