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Summary 

Emittance growth has long been a concern in 
linear accelerators, as has the ioea that some kind 
of energy balance, or equipartitioninq, between the 
degr~es of freeoom, would ameliorate the qrowth. 1 

2 -M. Prome observed that the average transverse and 
longitudinal velocity spreacjs tend to equalize as 
current in the channel is increased, while the sum 
of the energy in tne system stays nearly constant. 
However, only recently have we shown 3 that an equi
partitioning requirement on a bunched injecteG 
beam can indeed proouce remarkably small emittance 
growth. The sifllple set of equations leading to 
this condition are outlined belo~l. At the same 
time, Hofmann," using powerful analytical and com
putational methods, has investigated collective 
instabilities in transported beams and has identi
fied thresholds and regions in parameter space 
where instabilities occur. This is an important 
generalization. Work that he will present at this 
conference shovJS that the results are essentially 
the same in r-z coordinates for transport systems, 
and I will present evidence below that shows trans
port system boundaries to be quite accurate in 
comput~r simulations of accelerating systerr,s also. 
Discussed are preliminary results of efforts to 
design accelerators that avoid parameter regions 
where emittance is affected by the instabilities 
identified by Hofwann. These efforts suggest that 
other mechanisms are present. The complicated 
behavior of the RFlJ linac in this framework also 
is shown. 

Conditions for Equipartitioninq 

A siliiple derivation 5 for energy balance in a 
weakly coupled harmonic osci llator system requires 
equality ot the average kinetic and potential 

energies in each de9ree of freedom; <1/2 mv/> 
2 <1/2 kix i >, where ki is the appropriate force 

constant. If we characterize the motion in terms 
of the oscillation's phase advance over an acceler
ator systern period, we can write the mean-square 

velocity as <vi2> 0i 2<xi 2>/NS\. At a location 

where the correlation <XlVi> is zero, rms emittance 

isdefinedasE. 
1 

envelope equations, 
follow oirectly. 

21/221/2 <xi> <vi> , and the two 

usefu 1 in acce 1 erator mot ion, 

(1) 

in terms of longitudinal and transverse planes, 
where a is the average transverse rn.s beam radius, 
ana 2b is the physical rms bunch length. Tne emit
tances are unnormalized, and we define both phase 

*Work supported by the US Department of Energy. 

advances over the same focusing period. It can be 
shown rigorously that Eq. (1) describes the matched 
envelope equations ("ci = ·13 = 0), for the rrns enve
lope behavior of particle distributions in line
arized periodic systems. 

If we require equal average energy in each of 

the coup 1 ed degrees of freedom, by equat i ng < v / > 

= <Vj2> and 0i2<xi2>/NS\ oj2<Xj2>/NS\, we find 

t 
a a 

= £ = 1) 
E t a 

(2 ) 

Systems satisfying Eqs. (1) and (2) simulta
neoLis ly wi 11 be both matched and equ i part i t i oned. 
Both are important to minimum emittance growth. 

Using the notation of Mittag,6 we c~mplete the 
design equations for drift-tube linacs with LL 

focusinq. 

t 
a -1 ( t + 301\3 (3b - a)) cos cos 0

0 Wo ib2 
(3 ) 

and 

09-= 2 cos-
1 

(cos 0
0

9- + 151\3) 
W ab2 ' 

o 
t 

where N above = 2 for a drift-tube linac, 

a 9- are zero-current phase advances (a 9-

0
0 

and 

o 0 
is over 

one ce 11), lis averaqe cLirrent over one rf 
and Wo is rest energy. 

'0,-1[, -(~-4)A2'o4 - 2":::"iO;, 1 t 

and 

-1 ( TIE T\sinil ) 
a 9- cos 1 + 0 W s 

o oS 

cycle 

, (4) 

A is the quad-filling factor, Eo the average 

accelerating gradient, T = transit-time factor, 
\ wavelength, ils = synchronous phase angle, and 

2 B' s\2 
8

0 
-f)p--

for the case at hand, with B' the quad gradient 
and Bp the magnetic rigidity. We define the 
re 1 at i on between space charge and externa 1 forces 

Il t 

Similar equations for other focusing systems, and 
auxiliary formulas for ellipse parameters and other 
quantities are derived in the 1 iterature. 6,7 

The equat ions may be so 1 ved in vari ous ways, 
depenaing on what is chosen a priori. For example, 

if we chose Ilt = 0.9, oot = 49°, 0
0

9- = 24.7° usinq 
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the injection point of the FMIT drift-tube deu
teron linac, taking €t: 0.006 cm'rad, and 

requiring both matching and equipartitioning, we 
solve for I : 0.120 A and b : 0.842 em (or phase 
spread: 17.53"), requiring €~/€t : 0.96. As shown 

in Fig. 4, Ref. 3, the rms emittance growths are 
only about 20% over 70 cells. In contrast, in a 
design using a conventional buncher in which narrow 
phase spreads are difficult to achieve, we might 
start with a phase spread nearly equal to ~s. 

Using only Eq. (1) to match the beam, we would find 
that the injected beam was not equipart itioned. 
Figure 3, Ref. 3 is such an example, where the 
initial transverse and longitudinal velocity 
spreads are quite unequal, and the equipartitioning 
process during acceleration caused transverse emit
tance growth of magnitude (-x2) typical of that 
seen in operating machines run in this way. We 
will now relate this result to the instabilities 
identified by Hofmann. 

Coupling Instabilities 

Expressi ng the 
depression, 0/00' in 

channel 
each 

in terms 
pl ane and 

of 
the 

tune 
tune 

rat i 0, Hofmann deri ved the ei genosc ill at i on fre
quencies of anisotropic KV distributed beams in 
transport channel s, and gives stabi 1 ity 1 imits for 
various modes for a given emittance ratio. Figure 1 
is such a chart, showing thresholds for three modes 
at emittance ratios of four. If 0/00 is below one 

of the thresholds, a perturbation in the particle 
distribution will grow. Because emittance is a 
projected and averaged quantity, it is very diffi
cult to quantify the emittance growth resulting 
from the change in distribution, but the effective 
emittance does grow. In a linac, the changing 
parameters with acceleration result in a trajectory 
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Fi g. 1. ~Iode chart showing trajectory for ini-
tially anisotropic beam in constant 

0ot: 50", constant Eo linac. Moves into 

clear area as energies balance. 

on this chart; indicated in the figure is a typical 
smoothed trajectory* of a linac with a large ini
tial anisotropy between longitudinal and trans
verse. Because the emittance ratio is shifting, 
it is presently tedious to check the stability; 
Fig. 2 shows the unstable regions verses the rms 
emittance growth for a linac with a given magnetic 

t 0 focusing law giving constant 00 : 50 , constant 

Eo and ~s' under three conditions: (1) full 

nonlinear and coupled accelerating-gap transforma
tion, (2) nonlinear gap but longitudinal-transverse 
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Emittance growth and cells where unstable 
modes are excited for initially aniso-

t 0 tropic beam in constant 0
0 

: 50 , 

constant Eo linac. (1) full nonlinear 

and coupled rf gaps. (2) nonlinear gap, 
1 ongitud i na l-to-transverse coup 1 i ng off. 
(3) linearized gap, longitudinal-to
transverse coupling off. In each case, 
modes are top-third, odd; middle-third, 
even; bottom-fourth, even. 

*The detailed trajectories show complicated loops 
as various effects oscillate and beat. The phase 
advances are present 1 y computed direct 1 y from the 
beam properties by assuming a local match and 
usingEq. (1). 
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coup 1 i ng turned off, and (3) 1 i neari zed gap with 
~-t coupling off. In Case 3, the effect of passing 
through unstable regions is quite evident as the 
beam initially moves toward equipartition and later 
receives small emittance increases. In Case 2, the 
third-odd mode has the major effect. The longitu
dinal emittance continues to grow from some other 
cause--probably the emittance has grown enough to 
be filamented by the nonlinear forces. In Case 1, 
the rf ~-t coupling appears to have a large effect, 
adding an initial peak 8, and, after the strong 
initial push toward equipartition from the unstable 
modes, continuing in some manner to push the trans
verse emittance on up, while keeping the longitudi
nal growth smaller. By Cell 17, the trajectory on 

Fig. 1 has moved into the clear zone where a~/at 
< 0.5 and the energies are well balanced. The 
longitudinal emittance has apparently remained 
small enough so filamentation has less effect. The 
growth rates when the instabilities are excited 
also are complicated functions; they are character
ized by the plasma frequencies, which fall between 
the full- and zero-current frequencies. If an 
unstable region is entered, the energy-equalizing 
process drives the tunes toward a stable region, 
reaching it within about one plasma period in the 
slower of the two planes. Less free energy is then 
available for the next possible excursion into an 
unstable region to cause growth. 

What would then happen if the input distribu
tion were isotropiC? This is the equipartitioned 
case described above; the trajectories, shown in 
Fig. 3, are mostly in a region free of instability. 
Near the end (Cells 60-72) of this system, the 
third-even mode is excited in the longitudinal 
plane, but the effect on longitudinal emittance is 
small because little free energy is available. 

If the main eigenmode instabilities are 
avoided, one might expect that the simple formulas 
Eqs. (1) and (2) might be used to generate a linac 

1.0 

Fig. 3. 

By letting the physical beam 
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4 

Mode chart for initi ally equipartitioned 
case, constant J1t = 0.9, constant Eo 

linac. Trajectories oscillate back and 
forth in regions shown. 

length vary as e1/ 3 to e1/2, this 

done in various ways for a~/at - 0.9 

generation was 

and E~/Et - l. 

However, full simulations through the resulting 

designs did not exhibit constant o~/ot, although 
severa 1 gave quite low emit tance growth. Th is is 
further evidence that other factors are at work. 

When E~/Et ~ 4, Hofmann's charts show a 
clear region where 0.25 < o~/ot < 0.5. Eqs. (1) 

and (2) were used again, with b varying as e1/4, 

to generate three linacs, with constant emittances: 
~ t t, , 

E~/Et = 4; a /0 = 0.375; and ao = 90 , 50, or 
40'. The depressed tunes were initialized by set

ting ot/oot = 0.2 and moved upward by varying Eo' 

¢s and the quads. This time, the prescription 
worked well enough that a~ /ot stayed within the 

desired band, and E~/Et stayed near four. But 

the rms emittances did not stay constant--both 
grew almost linearly over the 75 cells tested. The 

t ' , Et growths for 0
0 

= 40 and 50 were both about a 
t 0 factor of 2, and x3 to 4 for 0

0 
= 90. The dif-

ference could be the influence of the 60
0 

envelope 
mode. In all three cases, the E~ growth was about 

the same (x3 to 4), possibly from filamentation. 
Linearizing the rf gap reduced the longitudinal 
growth to nearly zero, without change in the 
transverse growth; turning off the rf coupling made 
little difference. 

Behavior in the RFQ 

The present Los Alamos RFQs use a design 
strategy that involves transverse matching a dc 
beam at injection; a shaper section, where the 
longitudinal rf potential well is developea and 
kept fill ed to a constant fract i on of its depth; a 
gentle-buncher section, where the beam's physical 
length is kept constant, whi le the accelerating 
gradient and synchronous phase are brought to 
their final values; and an accelerator section, 
where Eo and ¢s are usually held fixed. The 

energy increase between injection and the end of 
the gentle buncher is about a factor of 10, and the 
current-limit bottleneck occurs at the end of the 
gentle buncher rather than at injection. This type 
of RFQ design has high capture efficiency and 
transverse emittance growth in the area of x2 at 
the designated operating current, usually about 
half the current that could be transmitted at full 
saturation (with loss of about half the input cur
rent). At the operati ng current, we have found 
that the space charge to focusing force ratios 
J1t and J1~ are remarkably high--in the range 0.84 
- 0.9. The adiabatic beam handling is clearly 
allowing very efficient use of the channel. 

The trajectori es of the Hofmann charts are 
intricate, with the E /q ratio passing through 

~ 
1, as indicated in Fig. 4. The unstable regions 
are noted on the emittance-growth plot in Fig. 5; 
aga in, growth does seem to be corre 1 ated with the 

Proceedings of the 1981 Linear Accelerator Conference, Santa Fe, New Mexico, USA

127



(T' 

a;! 

,,, 
["EN 

10 

0.4 

02 

,RD 
ODD 

"H EVEN 
,.0 
EVEN 

4T11 EVEN 

0.00~----L--L---+--------±-----------13 

0;/0; 

1.0 

0.8 

06 

0.4 

3RD 
000 

0;/0; 

E./E,20 -
I.~-

LOt -----

collective modes and their thresholds. The velo
city spreads stay equal within 25% from Cell 10 to 
the end in this example. Perhaps future RFQ 
designs can capitalize on this information. 

Conclusions 

The import ant work by Hofmann, i dent if yi ng the 
collective modes of beam-transport systems driven 
by anisotropies, appears to be directly useful in 
accelerating channels as well. The mode charts 
provide a much improved cartography for estimating 
current limits under various conditions, and for 
contemplating trajectories for an accelerating sys
tem. Because equipartitioning of initial aniso
tropy is a self-limiting process if the unstable 
regions are entered, higher current limits can be 
expected if some of the initial emittance can be 
sacrificed. Initially isotropic distributions 
off er very good performance. The RFQ, whi ch care
fully molds a bunched di stri but ion, can probably 
be made to present an optimum distribution to a 
following drift-tube linac. Other effects, such 
as external nonlinearities and couplings, still 
affect emittance growth in relatively less-defined 
ways and require further work. The behavior of 
total effective emittance of all the particles, 
important to beam losses, is still a virtually 
wide-open subject. 
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Fig. 5. Emittance growth and cells where unstable modes are excited in an RFQ. Added cells have constant 
Eo & 8s ; performance in this part should be viewed from research point of view and not neces-

sarily as a practical design. Adding cells to RFQ avoids the matching required if transition were 
to drift-tube linac. The correlation of E~ growth in this section with the unstable modes is an 
example of better understanding of emittance growth. There is essentially no transverse rms emit
tance growth in the added section. 
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Discussion 
The simulation results are from full PARMILA 

simulations, including space charge, so the par
ticle trajectories are as realistic as we know how 
to make them, and do not come from simple envelope 
equations. I do use the computed rms emittances 
and beam sizes at each cell from PARMI LA in the 
envelope equations to get the phase advances. I 
tried to start with the full, very compl icated rf 
1 inac, and through a series of computer experi
ments, to sort out some of the major effects. It 
is very satisfying to find that the full linac 
behaves in many respects nearly like the simpler 
transport 1 ines that have been studied very care
fully by Hofmann, Reiser, the LBL team, and others; 
for examp 1 e, it appears that Hofmann's stab i 1 ity 
charts are also useful guides for accelerating 
channels. 

Do the ideas we have been discussing apply to 
electron machines, where the acceleration is so 
rapid that any resonances are passed through so 
rapidly they would be insignificant That is a 
good point; even in ion linacs there is seldom a 
steady-state, and this can be used to advantage for 
some applications. In the electron case, the ideas 
would apply, but I don't know how the circuit 
required to produce the proper fields would be 
made. I think there will be a growing interest in 
this, because there seem to be interesting require
ments for high-quality, high-intensity electron 
beams, but most discussions start by assuming an 
injector. 
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