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Summary

A beam envelope equation of linac with
off-centered elliptic emittance has been deve-
loped. By means of this equation with given
initial conditions the transport of the off-
centered beam phase space in various fields
can be solved directly.

Introduction

The transverse equation of motion of a
single particle in linac is given by the
following differential equation
a(z>‘” +t1.(z)2-! ramy = F )
where y is the transverse coordinate of the
particle, z the distance of transport, F(z)
the forced term and the coefficients ai(z)
expose the characteristics of the linac, de-
termined by the beam energy, the external
electric and magnetic fields, the space charge
effect, beam loading and radiation, etc.

Due to construction and installation
errors, measuments show that no real phase
space in practice is centrosymmetric ellipse,
and, therefore, it 1s of both practical and
theoretical interest to develop the beam enve-
lope equation with off-centered elliptic emit-
tance.

Solution of homogeneous equation of motion

First consider the homogeneous equation
of a single particle, i.e. the eq.(1) without

the forced term F(z),
amy’+ a,my’ v arz)y = o, oy
where "," is the differential operator 3- .

Let y,(2z) and ye(z) be two linearly inde-
pendent solutions of the eq.(1)', we have the
Wronskian1
@ 3‘(2)1: 5o ’U‘(z’)leXP[' z-@ﬁ’ﬂ] @)
g 4@ $a@r g % G

which is not invariant with respect to the

transport variable z because of the term
a.(z)
e/XP[f a’mdz]
But, by using\the relation

Z a2 da,z) on,ri
- &2z f 4 lz Z.
./;q 2, a,iz) az ¢ 3 a,z7 it

the eq.(2) can be rewritten as

y,(z) Yz 442 4,(2,)
e[ 52 yoopl| Sa]|”| o] am] sivenlf 2’2“}
which now is invariant with respect to the
transport variable z.
Let us find the differential equation of
motion which has (2)' as its Wronskian.
Eq.(1)can be rewritten as

Q.:2)
[]’{z)e'(hﬂz/ rv f;ﬂw‘jz {Z}—F/Z} fam"'z
or
dPa _
gz taiz)yiz) = G—{z)) (3)

where y(z) is still the transverse coordinate
of the particle, p(z) = m(z)y'(z) is physically
interpreted as the equivalent momentum of the
particle with its equivalent mass ”Q"QV{{““QJ

472, Za 1z
aun [;aaﬂﬂ] the equivalent linear cha-

racteristics of the linac, and G@)-E&%41f ““Hz}
the equivalent forced term.

First consider the homogeneous differential
equation of a single particle, i.e. the eq.(3)
without the forced term G(z),

“P(Z’.,aa/z)y{z) =0, (3)

Let (yy(z), py(2)) and (y,(2), p,(z)) ve
two linearly 1ndependent solutions of the eq.(3),
it is not difficulty to show that the very ex-
pression (2)' is their Wronskian.

With initial conditions y1(0) =1, p1(0)_0,
y2(0) =0, p2(0) 1 the Wronskian turns out to be a

az)=

constant 1, i.e.
2 Y Yeor ¥, { 0 1
P Rar P) futo) o

The general solution of the eq.(?)' is the
linear combination of the two linearly indepen-~
dent solutions

Yezo = Yto) 4iz)+ Feory, (z),
and, by definition, the equivalent momentum
Ptz)=mezrytz) =Yoo me)dtz) + Plosmez) 4, 12)=Jtorblz> +/’(ﬂ95’2))
giving the transformation of the phase space

yrz) Yz H,az)7[Yco) Yoy
[ = =R(z) )
P(z) P2 Rl Pw Pto)
with the determinant of the transport matrix
R(z) equal to unity, ise.

Y,(z) ¢
[R2)] =/ 2 Z)/: 1 &)

Fzy Pz
Consequently, the volume of the beam phase
space (y(z), p(z)) is conserved.
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Let the initial off-centered elliptic
beam phase space be described by the reduced
sigma matrix o;:[p" ””] with/o; /=1, or

o %o ~Ao
(4% B-po]os [ ] 44, /JJ[N p][gtﬂj: £,
vhere ( A, Mo ) are the initial coordinates of
the ellipse's center, y =y(0), p =p(0),

> Ro {4
jy % /.—./yw} D)/:j and w§ the area of the
¥ [ (o) /3(0) /
ellipse.
The initial elliptic phase space can be

rewritten as
[4-% ﬂ]ﬁ/z)/@ (z)[y"/j]/?, /z)B/z)[,p _/,/]"E . (5

Combination of (4) and (5) gives the beam
phase space at the distance z

[yez)-nz) Pray-po] 7% Wz] sz Am] 6
Z)-. z)=
g a o'fz) /mz} Pl -ptz , 4
with the ellipse's center.transformed into
[,\(2) _R(Z)[/\a] ,
M) Mo, (6)
and sigma matrix transformed into
oL [P® dwj_ [am ~/7sz} [ Az —sz]
0'(27=[auz)p/z) g 4,0)% loe g v

By the eq.(4)', the determinant of the

gigma matrix
jotn | = [T 1057 [R72r] = 1

showing that the area of the off-centered
elliptic beam phase space is conserved in
transport.

The transformation of the elliptic para-
meters (7) can be rewritten in the following
more convenient form

B Yz " 24242 gz || B
awf = =YWRz)  goBwrgmfe ~qepe] |6y (T
Y0 Pz _2FIP(2) piz) 7‘/,] )

where wrz)=- przmz

Solution of

non-homogeneous equation of motion

Now return to the non-homogeneous diffe-
rential equation of motion (1).
A particular solution of the eq.(1) is
readily found1 to be
Yz —5,12;[£Z§fgjﬁz)exp(53 2B dz)dz ~go0] +

+,0z) f.z %Ffva ( f’ gi.%dz )dz fmm)y,’(o)]
= B(z)+Y(2) Yxto) +y1[z)m(o;f/;’ro)) (8
where the abscissa of the central orbit devi-
ation due to the forced term F(z) is
Nz = -y fF 2 exp ([} 8 )z +
P12 [T Fn) enpl [} 8D gz ) dz
After differentiation, we have

ez = pz) + B2 Ypt0 + _l/;fz)m(a)y;/(o)
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]F/;Z) = ’],”(Z)[fzi‘ﬁ}/‘/z} ?/A’,a/ szz)dz - y;(")j *

JolZ) a,(2)

4[] qll%}(z) exp (f 28 42)dz i) ;;%j

e = -4/ B2 Fayoapl[ 9 s +
4 z%g/‘m%,» ([ 2% a)dlz. Y
Direct substitution of the solution (8)
and (8)' into the equation of motion (1) proves
that they, indeed, satisfy the non-homogeneous
equation
@u2) 4y @) 4 a2 42> ¥ A2y Yoiz) = Fl2) 4)
Combination of (1) and (9) gives the homo-
geneous differential equation
az[yz) ~ch2)]”+ a,cz)[y(z) —y,mj/f a2 [ym-tp] =0, o/e)
Therefore, the whole theory for the homo-
geneous differential equation discussed in the
previous section can be resorted to.
By the eq.(4), we get the transformation
of the beam phase space
[ ’(Z)-g‘m] = R/z)[‘%—yh} ()
pez) - P Pk, 1,
where yp =y,(0), po=po(0)=m(0)y;
The solution (8) and (8)' can be rewritten
in the matrix form

[5;(1)} Rz )[ 3&} +[ U!z)/ ] (1)
Pr (2 Pro m)p i,

where [MZZ’(Z]]:[;JZ;] is the central orbit
deviation due to the forced term F(z).

Substitution of (12) into (11) gives the
foundamental transport formula

[yrz)—y(z)J:/e(z)[ %] (13

Pzy-61(z) Pol.

Por the homogeneous case, i.e. F{z)=0, we
get 7(z)=zo, @z)=0 by (8) and (8)', and therefore,
the transformation (13) is reduced to (4),
showing that[s, 6] is, indeed, the central
orbit deviation under the action of the forced
term F(z).

Substitution of (13) and (6)' into (5)
gives the off-centered elliptic beam phase

gspace at the transport distance z
Y@~ nzr+ilx)

-
[5(7)"(7(1)”!2)) P(z)»(&wwm)]‘r{z)[ Pizy ~(8izit pz)) B

(1)

where the coordinates of the ellipse's center
are [(9)+x2), (822 piz) ]

For the homogeneous case, i.e. F(z)=0,
n(zy=¢ , 0r2)=0, the beam phase space (14) is
reduced to (6).

According to the referenceB, the projec-
tion of the two-dimensional beam phase space
(14) onto one-dimensional subspace y(z) gives
the upper boundary

E =[] +JERE {52

and lower boundary
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El(z):[gtz) tAczr ] — 5/5(2) (16)
of the beam envelope as shown in Fig.1l.

P

. [(.7(1)*/\(2))) (é(z).;_/,{(z))]

Fige1 Upper and lower boundary of the
beam envelope generated by the off-
centered elliptic beam phase space.

Beam envelope equation of linac
with off-centered elliptic emittance

By differentiation of (15) and (16) and
use of (7)', a simple algebra2 gives the beam
envelope equation of linac with off-centered
elliptic emittance

a2 [Etz)-Cpiars A+ a [ B ~(ploraz)]’+

q.z)E*
m DL Eczy-(par3Aiz2)]3

+ &2 [Er ~(pz)pacz))] ~ =0 p

where )\(z), the displacement of the ellipse's
center due to the initial off-setting (., po )
satisfies the homogeneous differential equation
AuzIN(Z) + a @ Niz) + ayzin(z) = 0 (/18)
with initial conditions Ate)z), , Xt =2
and 5rz) , the central orbit deviation due to the
forced term F(z), satisfies the non-homogeneous
differential equation
a2 (2) + alz)nez) +Qu(zpn(z) = F(z2) 09
with initial conditions »w)=o, #r00 =0
Substitution of eq.(18) and eq.(19) into
eq.(17) gives a more concise form of the beam
envelope equation
Aoz "
w2 Eter-(hy+hizp]
Given the initial elliptic phase spaceo;:[ﬁ#h]
oo 7,
off-centered at ( ),, Mo ), which by eq.(15) and
(16) is translated into the initial beam enve-

£D=/\o'f i/iﬂa
5,,:\//""'”0[—{— )/mzo)
¢
bmmmxyam.{éfh'ﬁ% for the lower
E'= (ﬂof“o/:;%)/m[o)

boundary, we can solve both beam envelope boun-

A E (248,20 E 'z + 2y Fiz ) = =Fz) Qo)

lope conditions{ for the upper

daries Eu(z), El(z) from the differential
equation (20).

The useful complete translation between
the initial elliptic phase space and the ini-
tial beam envelope conditions is readily
proved to be

(EE"/\a)l
oy = pe —u°]: 2

<=
% 7 (Ed(mES 4, g% (E,,—Aa)(mwf.,’-ﬂaﬂz

£ E(E -,

(E;~ho Y (M2 E o)
£

It is instructive to consider the special
case of a single particle with the elliptic
phase space contracted to a single point, il.e.
£ =0. The beam envelope equation (20) is
reduced to the differential equation of motion
for a sgingle particle

aJvEWn+amn£é;+aﬁyf&)zfﬁ))
which agrees with the eq.(1).
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