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ABSTRACT

To reconstruct transverse beam’'s emittance
as A& S parameter ellipse using the
results of its three profile measurements a
new technique 1is presented. Compared with
known before the new one glves an

additional information on ellipse’s
position in phase space and its relative
contents of particles. An emittance

determination precision as a function of
detector parameters and profile measurement
errors has also been submitted. For beam
particles” paraboloidal or Gaussian
transverse phase space density distribution
an error of technique has been determined.
Means of improving of theese technique

precision are under discussiaon.
INTRODUCTION

Measurement of beam s boundary in

transverse or longitudinal phase space in

existing accelerators 1is of particular
interest for computor control of
accelerating process.

As a rapid, practically nonperturbing a
primary beam, a three cross-section method
{ CS-method ) 1s intended to be used for

that purpose ( see [11,021,031). The method
deals with reconstruction of elliptical
phase boundaries by measuring of three beam
widths in three points or transverse planes
along accelerator axis. It is assumed that

transtforming matrix of an accelerator’'s
section 1is known and an emittance 1is
invariant. Therefore, a measurement of
transverse ( or longitudinal ) beam sizes
is a base for determination of its phase
boundaries. The sizes® measurement error
depends on profilometer parameters. To
simplify analysis let‘'s consern that beam

width is measured along one of coordinates
(), which 1is perpendicular to its axis,
and a profilometer is a set of thin wires,
having been stringed equidistantly and ort-
hogonally to beam axis in one same plane.
Inspite of rather large number of
papers, devoted to beam's emittance
measurement, a method‘s error problem 1is
studied unsatisfactory. That ‘s why assuming
beam phase boundary have been elliptical
and concerning profile and beam width ( for
given density level of particles® distribu-—
tion ) measurement error negligibly small,
let*s see a correlation between measured
and true values of emittance and beam
relative content of particles within phase
ellipse. As a madel of particles® two dim-—
ensional distribution in transverse phase
space a Baussian and elliptic paraboloidal
ones were taken. This choice is ensured by
facts that the lines of equal density of
both distributions are ellipses and
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both of them are in good correspondance
(for a large number of cases ) with experi-
mentally obtained distributions.

DEFINITIONS

To ease further
definitions and

consideration a number of
terms must be done. Let

Jlxax?) be a density of particles®
distribution in transverse phase space
(xy,%7), where x and x’ are respectively

distance from an accelerator"s axis and
angle between it and particle trajectory.
Than we mean as a beam profile that i1s di-
rectly measured experimentally a function

Je = [3Ge,x rdx
x]

where [x*]1 —-domain of a function and it is
called an experimental profile. A true, re-
al profile of j(x,x") function is 1ts orth-
ogonal progection in (j,x) plane and it has
been signed as J, (x) (see fig.1). A cross
section on relative level h from j. (%) or
Je (%) maximum defines beam width on h level
(O<h<1) and 1t has been signed Dy <(h) or
De(h). This way a cross section of two dim-
ensional distribution j(x,%") on h level is
a square, that is 1n this case limited by
elliptical curve 6. This section having be-
en msasured experimentally or having been
defined from model of phase spase distribu-
tion 1s named an experimental Se(h) or true
(real) Sy (h) beam emittance or simply beam
emittance on h level. Than relative content
values of beam particles me (h), mg(h),
ne(h), n.(h) for corresponding sections of
distributions je (#), Jp GO Je (kyx") and

Jpixsx™) on h  level are defined in follo-
wing way
tez
me(h)=fje(x)d></gje(x)dx (1)
ey 2 {
M (h) = _j/,.(,\:)dxf)afj’,(x)dx (2
Ay j
neg (h)=mg (h) ()
np(h)= ﬂﬁ(x,x’)dxdm’/_fdxjﬁ(x,x’)dx’= {(4)
] LG
=V, (h) Ve,

Where oy Xep Moy Yigp are coordinates that lim-—
it beam width on h level, [xpd,Lxel -—doma-
ins of J.(x) or je(x) functions, Ve(h) —-vo-
lume that is limited by (x,x") plane, by
elliptical cylinder that contains G curve
and by j(x,.x7) distribution, Vg —volume
that is limited by <(x,x*) plane and by
jix,x") function and its value is proporti-
onal to full number of beam particles or
beam current I,.

CS METHOD ERROR

A CS method error problem in determining
emittance and relative beam content of par-
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ticles which depends on h level is discus-—
sed here for two types of j{x,x’) distribu-
tion. Given errors can be written in a next
way:

AS(h)Y/S(h)={8e(h)~S,(h) {/5,(h)= (S)
=2 De(h)=De (h) | /D (H)
AL (M /1p=ing(h)—n(h) |/n-th)= (6)

=M (RVaVe (M) /V . (h)

First a transverse phase distribution
Ji{xyx’) as an elliptical paraboloid was ta-
ken. In some point =z along accelerator's
axis 1t is
J Gty Yy =1=x2 /& —x
—agHga, —byxg
In point z a measured beam pro+1le 1s given
Je (x)=4b7 (1-xZ /a2 y73/3 (8)
It can be shown for every k,#z that measu-
red profile has more general)formulat1on
Je 0O =g g 1=52 /25172 (%)
where jg,is profile maximum and %, is its
width. Measured profile (9) and real one
Jp(x) that were obtained from the same dis-

2 /p2 (7

tribution j(x,x’) are displayed in fig.lb,

here are also beam widths_on h level
Dp(h)—_xez—”all h% (10)
D (h)—&hz~_a,1 h (11)

Relative beam content of particles
within emittance Se(h) can be
with a use of next equation
me(h)=1(h) /I, =4 (3h3/2+h) /1-h
+2arcsin/1-n"3/ 4,

where full volume Io=i#ab/2 is limited by
surface (7). Eq.(12) was obtained by integ-
rating (9) within interval (10).

Relative beam content of particles
ne(h) within emittance S.(h) is determined
by common volume of cy11nder 52 1@+ 2 /b

me (h)
calcelated

/3T + (12)

—q2—1 -h, surface j=l-x"/a —x 2 /b2 and plane
=0, 1t 1s equal ’
neh)y=1-n? (13

Dependences n.(h) (12) and mg(h) (132) are
displayed 1in +ig.2, a difference between
them (&), which determines an error of met-
hod, 1s in fig.3. A needable emittance mea-
surement error dependence on h level value
for given Jj(x,x") may be found out of (S),
(10), (11) as
AS(h) /S () =2( /(1=K / (1-h) (14)
this equation is displayed in f1g.o.
Let s see the same dependences for Ga-
ussian Jj(¢,x’) distribution
Sty = —r_ X2 xx 4
Jgen )Qﬂrrfhﬁf 2«yﬁ(§3 %7qq/ g?“,(15’
where &z, G, ~dispersion, p-correlation ratio.
A measured profile je(x) will be
ey =4, enp (-x2 /262 (16)
A true profile can be given by the same way
Je () 75, mexp (=2 /2G2) (17)
Hence Gaussian distribution profiles je.(x)/
Jrpand Je(x) /i, are equal and according to
(3) an error of emittance measurement meth-
od 1s zero. But relative content of partic-
les within real emittance differs from that
in measured one. A bound of section q
on JjGi,x") h level was fonded to be
(while & =0)
h= J(..n‘)/Jm—ehp(—q /2)— (18)
—eyp(—x /“0 3 72 /20
From (18) g= /-21n((h) and x or %’ variates
in interval from -q(;, to Q& ,. AN amount of
particles into a volume limited by plane
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i=0, cylinder x2472+y‘2/¢2 =g2and by surface
(15) 1is

I,M=1,02¢, (/~21n(h) )12 (19)
is a full amount of beam particles,

w
Qo= 55 fexot-t o

Eg. (19) shows a real emittance content,
while experimental number of particles have
to be obtained by integrating an experimen-—
tal profile (16) by % from -gg up to Qqg :

I (h)=21,0 ((~21n<h) ) 20
Dependences me.=1, (h) /I, and ne=Ie (h)/lo are
displayed in fig.2,curves 3,4 respectively,
an absolute difference between them related
to real Ip(h)/I, 158 shown in +fig.3 with
broken line.
Adduced examples has made clear "sources"”
aof errors in determining relative particles
content within emittances, in measuring be-—
am boundary and thus calculating the very
emittances. Meamwhile 1t becomes clear that
beam sizes measured on the same h level ot
profile belongs to the same section of
Jxtyx™) distribution. Next procedure of de-
termining beam emittance with particle con-
tents close to 100% may have been submit-—
ted: to measure prafile with hi:.1, then to
reconstruct it for lower levels hg.! and
finally to calculate beam sizes and emitta-—
nce in terms of equations written betore.

Determination of function j(x,x") sec-—

tion®*s bound for hi .1 may be possible af-~—
ter process of iteration had been realised
and it can be described in further publica-
tion.

Here I,

RESTORATION OF PHASE BOUND

To reconstruct beam phase boundary as a fi-—
ve parameter ellipse by measuring three be-
am widths in three =z, ,z,,z; accelerator’s
axis points a next procedure is presented.
Z axis is assumed to coinside with accele-
rator axis, z, <zz<zy .General inlet ellipse
equation in z, is
Ax? +2Bxx’ +Cx 2 +2Dx+2Ex " =F, (21)
and here AC~E2=1.It is known that ellipse’s
centre has coordinates
o =BE—-CD (22)
=BD-AE (23)
Let ».,,, and x., denote coordinates of most
and least, respectively, distant points on
ellipse"s bound measured along x axis from
zero point. Subject to (22),((23), +from (21)
this values are

Hmor =Xo ¥ %o +FC+EZ (24)

where 77
Ho %o tomn Y /2. (25)

The product of Xmor and Mon in 2. point is
(~Xomor Romin )-—FC*‘E (Z2&6)

Let AEH be radius vector reverse transfo-

rmation matrix from z, to z, ,i.e.

(3,0 [tu tg]‘ 21 (27)

D1 (ke tad T Lngd
The ellipses ratii in z, section (distingu-
ished by line) may be expressed in terms of

H%ﬂ matr}x and rat11 in z, as
C At22+ABti2tlz+Ct2_z (28a)
E=Dt,+Et,, (28b)

By substituting (28) into right (26) a con-
nection between product Amurumm having be-
en measuring in z, point and ellipse‘s ra-
tii in 2, can be found out of
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= (R Fmin Y =52 (AF D% ) 4242 t22( BF+DE) + (29)
+¢2,(CF+E2)
Naturally, when beam boundary X, s¥m,. 1=
1,2,3,... are known,one can write a set of
equations
= (Kpps Ko )y =U, @, +Uza,+Usa;3 (30
with unkknown u,,uzs,us and solve it ;or
them. Here a,, =(t2); a2 =2ttty ,a;3 =5,
To obtain ellipse®s (21) ratii by known u,
us ,ux its centre coordinates must have bee:
known. But according to (25) only x coordi-
nate can be measured in each of three po-
ints and while transformation matrixes T
from second to first point and To from
third to tirst are known,one can calculate
Roli = Kmppyly ¥Xmialt ) 72 (31a)
%ol =0 (aa)dafx = (taadtelp 3/ (31b)
/Dt (toa), —(t20s (o, )3,
where ».,,s —centre coordinates along % axis

in 1 or 2 or 3 point z, xjl, —an angle coor-
dinate in first (basic) point, (tii i a
ratii of transfer matrix from z, to 2, (su-

bscript 1) and from zx to zy (subscript 2).
Meanwhile, one can obtain from the set (30)
with regard to (31)

A= (U, +x2%) /B, B=(u,—x,x2)/Q,

C=(uz+x2) /0, F=(u,us~u3) /0
B= {(ug+xZ) (u, +x22 ) ~(u=x, xZ (z2)
D=—-Ax, —Bx. , E=Bx,-Cx/]

It follows from an adduced consideration
that algorythm having been described allows
to reconstruct a five parameter ellipse em—
ploying results of measuring beam width 1in
three points along accelerator ‘s channel,
i.e. by three profilometers.

CHOICE OF PROFILOMETER PARAMETERS

Even if three profilometers are identical,
a beam emittance measurement error depends
on beam phase portrait on measurement sys-—
tem inlet, on profilometers® mutual di1spo-
sition and accelerating channel s optical
qualities, on profile digitization number
N which is equal to relation of beam width
to spatial step of profilometer grid Dx,
on grid°s period K=Dx/Dx, , where Dxs is a
single wire diameter, and on wire signal
measurement error £ . Hence obtaining of ge-
neral analytical dependence of this type is
impossible because of large number of fact-
ors. That ‘s why when a measuring system ha-
ving been under designing a mathematical
simulation of measuring procedure is
suggested.

Results of simulation for 600 MeV pro-
ton beam with incoming canonic phase ellip-
s@ of 18 mm¥ 2.8 mrad are displayed in fig.
4. Dependences were calculated when profi-
lometers have been situated into free of
field intervals with equal distance between
them and profiles were assumed to be Gaus-
sian. As it follows from fig.4, when numb-
er of digitization N=20 includes 95% of be-
am current, an error not more 1%Z can be
ahieved in a free of field length equal to
S meters.

It should be mentioned in conclusion
that x variable may be not only distanse
between particle‘s trajectory and axis, but
also its phase along accelerating wave.
Hence results can be extended to measuring
phase spectrum, phase length and beam lon-

gitudinal emittance.
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Fig.1 A model of paraboloidal ji(x,x") dist-
ribution a) and 1its profiles 1n
(jyx) plane.
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F19.2 Relative content me ,n- of particles
within cross—sections for two types
of Ji{x,x") distribution. Solid line~--—
elliptical paraboloid, broken line--—
Gaussian; 1,3 experimental, 2,4 real.

Fig.3 Relative error of emittance measure-—
ment AS/5 and its content of partic-
les AI/I. Solid lime—-paraboloid, bro-—-
ken line —-Gaussian distribution.
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Fig.4 A CS method relative error. L .=z -z
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curve 1: N=20, k=10, € =.1
curve 2: N=40, k=10, € =.1
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