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The long quadrupole channels were 
studied in the works [1,2] as well as the 
equations describing the beam transverse 
dimensions increase under- random 
perturbations. In present report these 
investigations is extended to focusinq 
channels of arbitrary type and structure. 

The equation of perturbed motion may be 
presented in the following way: 

X" + BCxJX + /Cx.z_) = 0 (1) 

and B(zJ is the periodic function with a 
un i t pel-~i od. 

Assuming that X = ei~z_ CaCZJ + ibCzJJ 

is the solution of the non-perturbed 
equation, and aCzJ and bCzJ are periodiC 
functions with a unite period, the equation 
(1) may be brought into the following form: 

whel'e p2 = a
2 

+ b
2 

is the 
~ = arct6Cb/aJ is the phase 

amplitude and 
of the Flauket 

function, ~ - frequency of smooth 
oscillations. 

Let us consider noncoher-ent 
the eqlJatioro of oscillations, in which case 

particles motion may be IH-esented as 
follows: 

Assuming 
using the main 
motion in the 

{ 

r' 

Y)' 

r" - GCzJ-r = 0 

GCmJ = GCzJ-Cf + aCzJJ and 
equation of the perturbed 

form (2), one obtains: 

r-a G p2sin2C~z + Y) + 'I':> 

a G p2C052C~Z + Y) + ~:> 

with 
y)COJ 

the 
rp • 

initial condition 

o 

If y)CZJ is the solution of 
equation, the first one may be 
follows: 

ecz:> = 
rCzJ 

o 
z 

the second 
resolved as 

exp (f aGp
2

5 i nC ~ t +Y)+'I':> - cosC ~ t +Y)+~J d t) =expFC 2) 

o 

from which it is clear that the distribution 
of the random variable eCmJ is determined by 
the distribution of the random variable 

FCz_). 
The FCN) function may be pr-esented as: 

FCN) 

k 
N 

:i:: J aGp25inC~t+Y)+¥')-C05C~t+Y)+¥'J dt 
k =1 

k-1 

while 

M 

:i:: 
l ~ t 

where H is the number of perturbed 
per period, a,Gl is the field error 

elements 
in the 

i-th element, t = k-f+f;. C - is the middle 
, " 

of the i-th element, 

'1' CC-~, c is the , , element 

pC!!.,) , 

relative length. 

(The perturbed element 
either by a focusing 
accelerating gap). 

may 
lens 

be r-epresented 
or- by an 

One obtains with the accur-acy 
2 

up to C/ : 

k 

M 

Ylk = :i:: a_G p2cC052C~t+rp +~_). 
t. l l ,. 0 t. 

1.. = 1 

One may assume the FCz) 
h~ve normal distribution 

mathematical expectation H[F) 

dispersion D[F) 
k= • 

val-iat.le 
with 

N 

:i:: H[F
k

) 

k= 1 

to 
the 

and 

Takin-;r FCN) with the accur-acy up to e<3 

and making allowance to the independent 
character of the initial perturbations. one 
obtains: 

N 

m FCN:» =H{ L 
k = 1 

M 

L 
1.. ::: 1 

t 2 2 .. 2)} --",_G_p_ -c052C~t_+1' +¥' __ )-cos C~t_+1' +~) 
2 l t. \. \. 0 l \. 0 1. 

which bein-;r average over 
mlJltiple of ~, .-;rives 

D[FCN)] = H[FCN:> 

where a
2 

is the dispersion 

the 

of 

f roe ql_lenc i e s , 

N-t..
2 

the initial 
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err-oro. 
So, 

transverse 
the amplitude 

oscillations 

particle is given by e 

where random variable 
distributed, and 

growth 
of a 

rCN:? 
r 

o 

FCN:? is 

H[FCN:?] = D{FCN:?] N- 1;.2 

2 2 2 
The quantity CG,P,:? must be 

of the 
cer-tain 

ex pC FCN:?:? , 

nor-mally 

summed up 

over all perturbed elements of 
I n 0 r- 01 e r- t 0 fin .j 6

2
• Wit h 

2 . 
estimate I;. quantity, on~may 

a unit per-io':\ 
the aim to 

r-eplace each 

item of it by the value G
2 p. 

a period. One may assume that 

• P 

and finally one obtains that 

HG 2 

(1 
2V2 

aver-age.j 

(1 + +) 
>< 

The quantity G 
force gradient of the 

r-epr-esen t s 
element F • 

r-etr-active 
Finally, 

N F2 

H{FCN:?]=D{FCN:?]=~- 2 

v 
(1 +~) -c/ =N 62 

'" 
where N IS the overall number of 

o 

elements In the channel. 

(.:1 ) 

Repeating the mathematical treatment of 
Ref.(I) and taking the initial equilibrium 
crossection in the form of ellipsoid matched 
with a unit period, one obtains that 
e CN:? max eCN:? - IS a ,--andom quarltity 

o::O'P ::0217 
o 

haVing the follOWing distribution: 

beam dimenSions 
e>:ceed t~le a 
if toler-ances 

It follows, that the 
growth coefficient will not 
limit with the probability P, 
dre defined by the equation 

and by the equation 

C 1 na.) 
2 

?[nCl p:? 

( 4) f 0 ,-- N 6 2
_ 

o 0 

(6) 

Now we pdSS on to coherent oscillation 
equations. Random errors causing them result 
ip deviation of the channel axis from an 
ideal line. We assume the channel axis yCz) 
to be a polygonal line consisting of 
segments connecting centers of neighboring 
dr-i ft tube ends. 

Assuminy t~lat drift luhe ends 

displaced independently with disperSion 6
2 

and averaging over oscillations with ~ 

frequency, one obtains In a similar manner 

the dispersion of the beam displacement from 
the channel axis at the end of a section 
under consideration 

D{ xC N:?] (7) 
8 

l~,e am~olltuiie of the cente,--
os c ill a t I on s a = x + x' 2 p2 

o 
IS di str-lDuted 

as 

whe roe 

'" a 

FCa:? 1 - exp(-

(t 

2 
a / (to:) 

The transverse OSCillations amplitude 
will not exceed the preset value x with the 
probability P, If the transverse 
displacement of the drift tube ends 
tolerances are found from the equation 

2 
X 

an.:! tr-om equation (':/) fo,- N 6 2 
_ 

" oc 

(10) 

If one 
displacement 

assumes that the 
IS the ~splac~ent 

Initial 
of dr-1ft 

tube center 6 , then 6
2 = 2-62

• 
c c 

The aforecited equations be valid for a 
focusing Channel with an arbitrary periodic 
structure. They demonstrate the relation 
between the effective emittance growth, the 
initial errors, the number of perturbed 
elements and the channel parameters (the 
mean refractive force and mean beam 
envelope). 

AnalYZing formulas defining the beam 
radius growth caused by random errors, as 
well as the coherent OSCillations amplitude 
growth, we found that the lens refractive 
force P = G-£/v, where c is the relative 
lens length, is the universal parameter 
which, on the one hand, determines the beam 
growth caused by random errors, and which, 
on the other hand, may be varied In a rather 
Wide range harmlessly to the channel 
admittance capacitv In order to reduce ItS 
error susceptibillty. 

For simplicity we 
investigation to the most 
focusing period structures 
rectangular focusing field 
the absence of RF field. We 

confine 
widelv 

FODO and 
dis t)- i btl t i on 

ctesi.~nate 

our
use,j 

FDO, 
i fl 

the 
relative distance between lenses centers in 
focusing period length as & and relative 

o 

lenses length as £ (C s ~ ::0 0.5). For the 

FDO structure eo ~ 0.5, for FODO eo = 0.5. 

t~le 

It is necessar-y 
function PC'f"t, ) 

o 

to find the minimum of 
for a given channel 
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admittance capacity. For 
consider the equation 

this pur"t)ose we 

v_ CP.l'..l', _) = const 
trH.n 0 

whel-'e vis 
mtn 

the oscillations 

relative frequency minimum. This 
transcendental equation may be solved using 
a computer. The solution shows that function 
P depends weakly on the parameter l',/l', which 

changed in a wide range (from 0.01 up to I). 
But the point of peculiar interest for linac 
focusing systems designers is the folloWing. 
There is strong nonlinear dependence of lens 
refractive force on relative inter-lenses 
distance. For eMample in Fig.l are shown 
these cur-ves with l' = 0.6 and £ = £. As 

m'lY'l 0 

c diminishes the required lens refr.;octive 

strength increases. While c is 
o 

rather- big 

its change in a wide range does not 
in a considerable refractive strength 
and only for l'. 5 0.06 parameter P 

consider-ably. 

p 

IS 

LIIHPF 

10 

MMF 

5 

o 

I-esul t 
gr-owth 

IJr'ows 

0.1 0.2. o_~ O.Li O.S ~. 

Fig.I.Plot of refractive lens force P = G£/v 
versus distance b@tween lenses Cin units of 

focusing period length) 
for- the £: = £: • v 0.6 case 

o Ynl.n 

The followina recommendations might be 
of use for designers: 

I) The choice of small l'. for 
o 

P » P 
mi.n 

is inadmissible. 

2) It is advisable to increase l'. , 
for- chosen l'. to reduce 

0 

technology allows. 
As an example ~e may 

energy LAMPF part. In its 
resonators l'. = 0.05, on the 

o 

0 

l'. as far 

cite the 
f i r-s t 

aver-age, 

which 

and 

as 

high 
eio;lht 
(the 

focusing period 
distance between 
is 20 em) and in 

length is 370 ..• 425 cm, 
lenses centers in doublets 
other 36 resonator·s ~ is 

o 

even smaller l'. = 0.025 (the focusing period 

length is 760 •.. 1":60 cm wi th the same 

distance between lenses centers). The too 
small value of l', resulted in a big coherent 

o 

oscillations amplitude and considerable 
growth of the beam radius. Had the designers 
increased the value of t up to 0.01":. the 

coherent oscillations amplitude growth as 
well as the beam radius growth would have 
been 1.5 •.• 2 times smaller with the same 
tolerances and the same admittance capacity. 

The aforenamed recommendations were 
taken into consider-at ion when the Moscow 
Meson Facility foc'Jsing ch.;onnel w-'\s designed 
as a result of which the average value of l', 

w.;os chosen to be 0.085 (the focusing period 
length is 220 .•. 350 cm. the distance between 
lenses centers is 27.5 cm). 

1. B.P.Mur-in, 
L . Y'-I . So I ov i ev • 
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