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Abstract

The standard definition for an achromat is a transport line
having zero values for the spatial dispersion (R16) and
the angular dispersion (R26). For a bunched beam with
linear space charge this definition of achromaticity does
not hold. The linear space charge in the presence of a
bend provides coupling between (a) bunch spatial width
and bunch length (R15) and (b) bunch angular spread and
bunch length (R25). Therefore, achromaticity should be re-
defined as a line having zero values of the spatial dispersion
(R16), the angular dispersion (R26), and matrix elements
R15 & R25. These additional conditions (R15=R25=0) can
be achieved, for example, with two small RF cavities at ap-
propriate locations in the achromat, to cancel space charge
effects. An example of the application of this technique
to the Spallation Neutron Source (SNS) high energy beam
transport line will be presented.

1 INTRODUCTION

A transport line is said to be achromatic if spatial & angu-
lar widths of the beam are independent of its momentum
spread. In other words, the spatial dispersion (R16) and the
angular dispersion (R26) have zero values. The spatial &
angular widths are also independent of the bunch length in
absence of linear space charge. The beam ellipse is upright
in the x-z plane. A property of an achromatic bend is that
the total phase advance should ben�(n = 1; 2 � � �) if all
dipoles in achromat bend the beam in the same direction,
or 2n� if some of the dipoles in achromat bend the beam
in the opposite direction. In the presence of linear space
charge the transport line no longer remains achromatic for
two reasons. (1) The total phase advance is no longern� or
2n� due to tune depression. The total phase advance can
be changed back ton� or 2n� by readjusting quadrupoles
in achromat. (2) When beam passes through the bend it is
no longer upright in x-z plane because space charge pro-
vides coupling between (a) bunch spatial width and bunch
length (R15) and (b) bunch angular width and bunch length
(R25). The beam ellipse can be made upright in x-z plane
by introducing two rf cavities in the achromat.

2 ACHROMAT WITH LINEAR SPACE
CHARGE FOR BUNCHED BEAM

2.1 Linear Space Charge for Bunched Beams

Following the formulism of TRACE3D [1], the electric
field components due to a uniformly charged ellipsoid are
given by [2]
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whererx; ry and rz are the semi-axes of a ellipsoid, I is
the average electrical current over one RF period,� is the
free-space wavelength of the RF, c is the velocity of light,
and�0 is the permittivity of the free space. The form factor
f is a function ofp � rzp
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The space charge is applied in the kick approximation as
a change in the normalized momentum components as the
beam traverses�s, and is given by

�(�)u =
qEu�s

m0c2�

where u represents x, y, or z. This kick formulation is cor-
rect as long as the ellipsoid is upright in local x-y, y-z, and
z-x planes. When beam traverses the bend the ellipsoid is
tilted in the local x-z plane. To calculate the space charge
kick first one has to transform to the coordinate system in
which the ellipsoid is upright. The ellipsoid is transformed
back to the local coordinate system after applying the space
charge kick. The transfer matrix for the space-charge kick
is
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2.2 Coupling Between Bunch Length and
Bunch Spatial & Angular Widths

This coupling is induced by linear space charge, which can
be shown as follows. The transfer matrix of a bending mag-
net for bend angle� and length L is
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When space-charge is included in the calculation for the
bending magnet in the kick approximation, the two matri-
ces RS and RB are multiplied, and the resultant matrix RSB
will have RSB15 and RSB25 non-zero and given by

RSB15 = RB16 �RS65 =
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Even after applying the usual conditions for an achro-
mat, R16=R26=0, the system is not achromatic. To com-
pletely remove coupling between x-x’ and z-z’ planes, not
only the determinant of sub-matrix R[xz] has to be zero, but
all of its elements have to be zero. If any element of this
sub-matrix is non-zero, it means that beam is not upright in
the x-z plane. The coupling provided by the space charge
will effectively produce dispersion (R16), angular disper-
sion (R26) and non-zero matrix elements R15 & R25. The
beam ellipse can be made upright in x-z plane by introduc-
ing two rf cavities in the achromat.

3 EXAMPLE

As shown, all four elements of the R[xz] sub-matrix should
have zero values for a transport line to be achromatic. We
will use as an example proposed Spallation Neutron Source
(SNS) high energy transport line [3]. This transport line is
about 180 meters long and has an achromat which is six
cells long, with a total phase advance of 360 degrees. The
layout of HEBT is shown in Figure 1, and the correspond-
ing amplitude and dispersion functions are shown in Figure
2.

The transfer matrix of the achromat in the HEBT for the
zero current (using TRACE3D ) is
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The R[xz] sub-matrix of the achromat plus the following
two cells, for zero current, is

R[xz]acro+2c =

�
0 0
0 0

�

The R[xz] sub-matrix for the achromat, with 28 mA cur-
rent, is

R[xz]acro =

�
0:133349 �0:18495
0:00469 0:8130

�

Now one can apply the conditions R16 = R26 = 0, by ad-
justing two families of quadrupoles in the achromat, and
the resultant R[xz] sub-matrix of the achromat is

R[xz]acro =

�
0:14278 0
0:00339 0

�

The R[xz] sub-matrix of the achromat plus the following
two cells, for the 28 mA, is then

R[xz]acro+2c =

�
�0:00608 �0:68454
�0:01605 0:01919

�

This shows the condition R16 = R26 = 0, will not yield
a achromatic system if one includes space charge. Figure
3 shows the space charge induced dispersion at end of the
SNS achromat as function of half bunch length at beginning
of the HEBT.
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Figure 1: Layout of the SNS HEBT line.

Next, one can apply the conditions R16 = R26 = R15
= R25 = 0 (instead of R16 = R26 = 0) by adjusting the
two families of quadrupoles in the achromat, and adding
two small 1 meter RF cavities in the 2nd and 5th cells of
the achromat set at appropriate voltages. One can then get
the following R[xz] sub-matrix, similar to the zero current
case.

R[xz]acro =

�
0 0
0 0

�

For this case, however, the R[xz] sub-matrix for the achro-
mat plus the following two cells, for 28 mA, is

R[xz]acro+2c =

�
0 0
0 0

�

Therefore, for bunched beams achromaticity should be
redefined as a line having zero values of matrix elements
R15, R25, R16 and R26. The additional condition can be
achieved with two small rf cavities.
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Figure 2: TRANSPORT output for the amplitude (�) func-
tions and dispersion function (�) along the SNS HEBT.

Figure 3: Space-charge induced dispersion (R16) at the end
of the SNS achromat as a function of bunch length at the
beginning of HEBT. Vertical line shows the design bunch
length.
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