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Abstract

In beam dynamics simulation a particle beam is usually
considered as a set of numerous macroparticles. As each
macroparticle is described by six phase space coordinates
an enormous amount of computational effort has to be per-
formed for accurate studies. In order to reduce simulation
time an ensemble model which also considers the motion
of individual particles inside the regarded subspace is in-
troduced. This so-called ensemble model is derived from
the VLASOV equation and includes the average values of
the coordinates and momenta as well as the second-order
correlation parameter. Therefore the number of involved
particles can be reduced significantly. Based on the ensem-
ble model the V-Code was developed to perform fast and
accurate calculations for complete accelerator simulations.
Its database had been initially designed for the TESLA Test
Facility accelerator component description but was mod-
ified to meet also the requirements of the S-DALINAC
injector simulations. In a further step the object-oriented
code has been successfully extended to enable the simula-
tion of recirculation. In this paper the results for the beam
simulation at the S-DALINAC are presented.

INTRODUCTION

A large amount of single particles is required for careful
examination of the beam dynamics’ behavior in accelera-
tors. Since it is impossible to handle real particles effec-
tively so-called macro particles are to be introduced to re-
duce the simulation time and to save computer resources.
Usually, such a macro particle is composed of numerous
individual particles interacting with the external fields and
consequently less NEWTON equations for the coordinates
and momenta have to be solved.

ENSEMBLE MODEL

In contrast to the common stiff macro particles there is
a possibility to include also the internal movements inside
such a macro particle using the ensemble model [1]. In-
stead of solving the VLASOV equation immediately to ob-
tain the phase distribution functionf of the particle density
in the space of the coordinates and momenta it is conve-
nient to consider additionally to the first order moments

Mu = < u >=
∫

u f d�rd�p (1)
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also second and even higher order moments in the model.
The first order moments represent the corresponding val-
ues of a single particle as a whole while the second order
moments

Mu,v =< (u− < u >)(v− < v >) > (2)

allow to describe the behavior of the particle distribution
due to its finite dimensions. The valuesu and v can be
any coordinates from the phase space{x, y, z, px, py, pz}
with the normalized momentum�p = �P/(mc) in cartesian
components.

General Approach

To calculate the beam parameter along the beam line for
its different parts it is necessary to obtain appropriate time
relations for the individual ensemble parameter. If the en-
ergy spread in the particle cloud is small enough compared
to the mean energy

γm =
√

1+ < p2
x > + < p2

y > + < p2
z > (3)

it is reasonable to implement a linear approximation of the
encountered energy in a given operating point. Whenever
the beam is exposed to forces which satisfy the condition

< µ div�p (
�F

mc2
) >= 0 (4)

for each ensemble parameterµ ∈ {Mu,Mu,v} it is possi-
ble to obtain the differential equations

∂ < µ >

c ∂t
=< grad�r(µ)· �p

γ
> + < grad�p(µ)·

�F

mc2
> (5)

from VLASOV equation to calculate the time-dependent en-
semble parameter [2]. Starting from a given set of param-
eters as an initial condition it is then possible to determine
the beam characteristics along the whole beam line.

Time Relations

In order to implement an algorithm based on the ensem-
ble model it is mandatory to derive a proper time equa-
tion for each involved ensemble parameter. The available
degrees of freedom are apparently linked to the maximum
order of moments. For an ensemble model which utilizes
the statistical values up to the second order moments to de-
scribe the beam characteristics in an accelerator substruc-
ture it is proposed to formulate the individual time relations
in the following way:
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• coordinate relations
∂Mu

c ∂t
=

pu

γm
− 1

γ3
m

∑
k

< pk > Mpu,pk
(6)

• momentum relations
∂Mpu

c ∂t
=<

Fu

mc2
> (7)

• coordinate coordinate relations
∂Mu,v

c ∂t
=

1
γm

(Mu,pv
+ Mv,pu

)

− < pu >

γ3
m

∑
k

(< pk > Mv,pk
)

+
< pv >

γ3
m

∑
k

(< pk > Mu,pk
) (8)

• coordinate momentum relations
∂Mu,pv

c ∂t
=

Mpu,pv

γm

− < pu >

γ3
m

∑
k

(< pk > Mpv,pk
)

+ < (u− < u >)
Fv

mc2
> (9)

• momentum momentum relations
∂Mpu,pv

c ∂t
= < (pu− < pu >)

Fv

mc2
>

+ < (pv− < pv >)
Fu

mc2
> (10)

These general time relations have to be applied to the dif-
ferent parts of the investigated accelerator structures. Spe-
cial attention has to be paid to Eqs. (7,9,10) because of the
ability to provide an interaction point with the essential ex-
ternal fields. All remaining Eqs. (6,8) are used to establish
proper update relations.

V-CODE

Based on the ensemble model the simulation tool V-
Code has been constructed [3]. It is organized to handle
even a very long beam line with a large amount of individ-
ual beam line elements. Each element covers typical beam
line properties without any interference to each other.

Beam Line Elements

So far a reliable database has been established to provide
various beam line elements like cavities, drift spaces, steer-
ers, quadrupoles, and bending magnets. Each part can be
described by its geometry and by the predominant electric
and magnetic field along the axes. It is possible to simulate
the whole system in a step-by-step procedure. The software
package had been initially designed for the TESLA Test Fa-
cility linear accelerator but was modified to meet also the
requirements of a S-DALINAC injector simulation. The
installed beam guiding system there allows to use the main
linac several times and this emphasizes the necessity of the
simulation code to handle even recirculation.

Recirculation

To illustrate the recirculating configuration of the S-
DALINAC a principle layout is given in Fig. 1. It shows the
injector part together with the main linac and the two estab-
lished loops. The requirement to implement some modifi-
cations to the simulation code is obvious if the well proven
linear approach of the program used so far is to be utilized
further on.

Figure 1: Layout of the S-DALINAC

Bending Magnets

The first approach to simulate a bending magnet is to
assume a hard edge model with a constant magnetic flux
density inside the magnet and a zero field outside. Some
modifications have to be done if the effects caused by the
finite extend of the fringe fields are to be also taken into
account. All regarded external magnetic fields contribute to
Eqs. (7,9,10) whereas the LORENTZ law �F = q �v× �B acts
as the only force to calculate the particular contributions:

∂Mpu

c ∂t
= �eu · q

mc
<

�p

γ
> × �B (11)

∂Mu,pv

c ∂t
= �ev · q

mc
< (u− < u >)

�p

γ
> × �B (12)

∂Mpu,pv

c ∂t
= �eu · q

mc
< (pv− < pv >)

�p

γ
> × �B

+ �ev · q

mc
< (pu− < pu >)

�p

γ
> × �B (13)

Coordinate System

Originally the V-Code was created to simulate the beam
dynamics in a linear accelerator. To meet the new require-
ments as close as possible a fixed cartesian coordinate sys-
tem with its origin located in the gun of the accelerator and
its z-axis oriented along the beam tube is used. Unfortu-
nately, this approach does not fit the needs of a recircu-
lating accelerator structure and a more convenient moving
curvilinear system has to be used instead.
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SIMULATION

All efforts to enable recirculating of the V-Code can con-
centrate on the study of the bending magnets. In order to
obtain a comparison with a calculational approach entirely
different from the ensemble model a usual tracking routine
has been set up additionally. The obtained results refer to
an ideal bending magnet with a reference path length of
0.25 m and a bending angle of45◦. Into its homogeneous
field a single bunch with the kinetic energy of10 MeV is
injected along the reference path. As an additional step a
second bunch is tracked with an offset of5 mm to simulate
off-axes behavior. For detailed studies a subsequent drift
space of0.25 m is attached to the magnet.

In order to implement a moving coordinate system to the
simulation code two different strategies were examined:

• fixed coordinate system for simulations inside the
bending magnet and a one-time rotation after a par-
ticle reaches the end of the magnet;

• moving curvilinear coordinate system with successive
rotations in every simulation step.

The results for the first approach are illustrated in Fig. 2.
Due to the proposed fixed coordinate system even the par-
ticles on the reference path with no offset appear to possess
a non-neglecting transverse component.

Figure 2: Beam location on a fixed coordinate system

The simulation data for the unshifted and the intention-
ally shifted bunch in the case of a rotated coordinate sys-
tem can been seen in Fig. 3. Ultimately, if one is interested
in studies related to the longitudinal and transverse behav-
ior of the beam within the magnet it is advisable to use a
moving coordinate system. The simulation data also show
that the output which has been acquired on a fixed coordi-
nate system can be regarded as intermediate results only.
The necessary corrections for further usage of the data are
then carried out with a one-time rotation after the ensemble
reaches the end of the magnet.

Figure 3: Beam location on a moving coordinate system

CONCLUSION

To enable the simulation of accelerator structures with
V-Code with respect to recirculation the corresponding up-
date equations for bending magnets are demonstrated. Two
different possibilities to handle the rotation of the corre-
sponding coordinate system are examined and the relevant
numerical results are shown. In order to verify the results
obtained by the V-Code, an additional tracking program
was established. Both codes operate on the basis of a hard
edge model for the bending magnet whereas no losses due
to radiation are taken into account. The simulation data
show that with a rotated coordinate system it is possible to
unwrap the recirculating beam line configuration of the S-
DALINAC and to apply the whole database from V-Code
to further beam line elements beyond the injector part.
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