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Abstract

The envelope instabilities are considered as factors respon-
sible for the observed limitations for a current of cooled par-
ticles.

1 OBSERVATIONS

Electron cooling is proved to be a way to increase a phase
space density of heavy particles. However, its possibilities
and limits are not compleatly studied. One of the unclear
phenomena is the limit on the cooled beam intensity ob-
served at several cooling facilities [1, 2, 3, 4]. The main
features of the phenomenon experimentally studied in the
IUCF cooler [1] are listed below.

1. Under the continuous stripping injection of protons in
the cooler, the accumulated proton current was lim-
ited by a certain value independent on the injected cur-
rent. The rate of the current increase was seen to be
constant until just below the limitingcurrent where the
rate sharply dropped to zero. The phenomenon can be
described as the beam lifetime being a highly nonlin-
ear function of the beam intensity, see Fig. 1.

2. The operations with the bunched proton beam showed
that the peak proton current, not the average one, is
limited.

3. The beam current decreased smoothly between injec-
tion cycles, thus suggesting the beam scraping is not
of concern.

4. The size of the cooled beam at the limit current was
found to be very small, the rms radius ac = 0.5 mm,
which is deeply inside the electron beam with the ra-
dius ae = 1.2 cm. The space charge tune shift in the
cooled beam was found to be high and approximately
constant during the accumulation, ∆Q ' 0.2 [5].

5. The beam halo significantly increased near the accu-
mulation threshold, see Fig. 2 [6].

6. Attempts to dilute the transverse emittance of the
cooled beam by means of the applied transverse broad
band noise resulted only in the decrease of the accu-
mulated current [6].

7. Coherent transverse signals were not observed.

For the present moment, there is no satisfactory explana-
tion of these facts. It is not clear, why instead of the grad-
ual emittance growth proportionally to the peak current (to
keep the tune shift constant), the life time of the protons
sharply drops and the accumulation stops.
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Figure 1: Accumulated current I as a function of time t dur-
ing stripping injection with cooling accumulation (IUCF).
Dots are the measurements, line is a fit I ∝ 1−exp(−t/τ0)
for the lifitime τ0 = 100 s.
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Figure 2: Beam core and halo measurements during the
accumulation of bunched beam (IUCF). The upper set of
points is 1/6 of 95% emittance, and the lower set is rms
emittance. If the transverse distribution were Gaussian,
both sets would be equal.
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An attempt was made to explain these facts by a mi-
crowave electron-proton instability [4]. However, Ref [7,
8] found that the coherent electron-proton interaction intro-
duces a stabilization in the proton beam motion under nor-
mal conditions.

The main hypothesis of this paper is that it is the envelope
instability of the cooled beam which might be a reason for
the described phenomenon.

2 ENVELOPE INSTABILITIES

Due to the periodic modulation of the focusing force, there
is a possibilityof parametric excitation of the beam second-
order (quadrupole) modes, resulting in the envelope in-
stabilities [9, 10]. The instability take place when the
space charge of the beam shifts frequency of one or both
quadrupole modes to the parametrical resonance with the
focusing structure. It means that the mode frequency re-
ferred to the structure frequency reaches half of an integer,
n/2, which approximately corresponds to the quarter of in-
teger, n/4, in terms of the single particle tune.

The structure period of a storage ring is, generally, the to-
tal circumference. Taking this into account, it can be con-
cluded that a threshold of the envelope instability in the
storage ring is reached when the space charge shift brings
one of the betatron tunes to a quarter of an integer which
sets the limit on the space charge tune shift |∆ν|< 0.25.

Strictly speaking, the envelope instabilities can be
avoided for any space charge, if the storage ring is con-
structed from identical or almost identical cells. Such a
storage ring has to obey the limit ∆ν < Nc/4 which would
be valid for any space charge if the number of cells Nc is
high enough, Nc > 4ν. Due to the ring curvature, there is a
minimal periodicity to satisfy this requirement. A storage
ring of such a kind was suggested for experiments aimed
to reach a crystalline state of a stored ion beam [11], the
minimal periodicity was found to be Nc = 8.

Apart from this special case, the restriction on the enve-
lope instability coinsides with the conventionally accepted
single-particle limit on the space charge tune shift, |∆ν|<
0.25 [12].

The numerous simulations show that if the beam is un-
stable initially, the coherent oscillations start to grow so that
after a few structure periods the beam emittance is diluted
enough to be in the stable area.

Situation would be different, were the beam under the
cooling. Cooling would not allow the beam just perma-
nently stay in the stable area: it would continue to shrink the
emittance and lead the beam again to the instability thresh-
old.

3 COLD BEAM AS A SOURCE OF NOISE

Thus, the electron cooling and the envelope instability can
be considered to be in a dynamic equilibrium resulted in
keeping the cooled beam at the threshold of the instability.
The electric field of the oscillating beam core acts on the

outer, hot protons. The perturbationof the proton transverse
energy is mainly contributed by such betatron phases when
it passes the oscillating beam close enough, at impact pa-
rameters less or about the beam radius ac. For a proton with
an amplitudea� ac, this happens in average once per time
interval

∆t ' a/acω
−1
b � ω−1

b ,

where ωb = νω0 is the betatron frequency, ω0 is the rev-
olution frequency. Every time when the proton passes near
the oscillating core, its angles are changed (increased or de-
creased) by about

∆θ ' 2ρprpc

βγ3ac

ãc

ac
ωbτ̃

2, (1)

where ρp is the proton beam linear density, rp is the proton
classical radius, c is the spead of light, β and γ are the rel-
ativistic factors,

τ̃ ' ac/aω
−1
b

is a time of the interaction, ãc/ac ' 1 is the relative ampli-
tude of the beam size oscillations responsible for the consid-
ered interaction. The quadratic dependence on the interac-
tion time, ∆θ ∝ ωbτ̃

2, is related to the fact that the change
of the proton transverse energy is caused by the free oscilla-
tions of the beam core, which contributes ∝ ωbτ̃ . The con-
stant field changes the momentum components, but not the
total energy.

The main hypothesis of the presented model is that this
energy change of the hot proton can be considered as ran-
dom. In other words, it is assumed that the oscillating fields
of the beam seen by the proton when it passes the core, are
compleatly unrelated to the fields seen on the previous pass.
This assumption looks acceptable due to the following fac-
tors:

• A correlation time for oscillations of a system near its
instability threshold is typically not more than several
periods of the oscillations.

• The longitudinal correlations of the envelope oscilla-
tions extend not longer than for the core radius. Due
to the longitudinal velocity of the proton, every pass it
sees the core at various longitudinal coordinates where
the fields are not correlated.

• Finally, this assumption of random interactions can be
modified: it could be assumed that the correlation time
is by a certain factor fr higher than the average time
between consequent interactions. However, the calcu-
lations show that the resulted dependence on this fac-
tor is very weak, it enters as ∝ f

2/7
r .

Thus, the interactions of the remote proton with the os-
cillating beam core are considered as independent inelas-
tic scatterings causing a diffusion of the proton energy. The
proton angle changes due to the simultaneous action of this
diffusion with the coefficient

D = (∆θ)2/∆t =
4ρ2

pr
2
pa

3
cc

2

ωba5β2γ6
(2)
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and the electron cooling with the rate

λ =
4πnererpLCηc

θ3β3γ5
(3)

wherene is the electron beam density, re, rp are the electron
and proton classical radii,LC is the Coulomb logarithm and
η is the cooling length related to the ring circumference, θ =
aωb/(βc) is a proton angle amplitude.

Evolution of the proton distribution f(θ) under an influ-
ence of the coolingand diffusion is described by the Fokker-
Plank equation:

∂f

∂t
=

∂

∂θ

(
−λθf +

D

2
∂f

∂θ

)
. (4)

This determines an equilibrium distribution:

f(θ) = f0 exp

(
−2
∫ θ

0

λ(θ′)θ′dθ′

D(θ′)

)
(5)

with f0 ' 1/θc, where θc = acωb/(βc) is the angle am-
plitude of the core particles. Assuming the aperture limit
θ = θa = amωb/(βc), the life time τ follows from (4), (5):

τ−1 ' λaθa exp

(
−2
∫ θa

0

λ(θ)θdθ
D(θ)

)
, λa = λ(θa).

(6)
The lifetime (6) contains current-dependent terms in the ex-
ponent, so it is highly nonlinear function of the beam inten-
sity.

Assuming a finite storage time τs = d lnN/dt, and tak-
ing into account the dependencies (2), (3) the intensity lim-
itation follows:

λaθ
2
a

2Da
= La, La = ln(λaτsam/ac), Da = D(θa). (7)

Then, the proton beam linear density ρp and its radius ac

determine the space charge tune shift

∆ν =
ρprpR

2

2νβ2γ3a2
c

(8)

where R is the storage ring average radius. The threshold
condition (7) can be resolved for the proton beam peak cur-
rent Ip = ρpeβc and presented in the following form:

Ip = ecβγ11/7a8/7
m

(
πneηLC

2La

re

rp

)2/7(2ν∆νβ2

rpR2

)3/7

.

(9)
The obtained threshold (9) can be calculated for the param-
eters of the IUCF cooler. The aperture logarithmLa (7) cal-
culated with am = 1.5 cm, ac = 0.5 mm, λa = 0.3 s−1,
τs = 18 s, comes out La = 6. Substituting Ie = ρeeβc =
400 mA, ae = 1.2 cm, β = 0.3, LC = 3, η = 0.03, ν =
4, ∆ν = 0.25, R = 15 m, it gives Ip = 6 mA, in an agree-
ment with the observations [1]. Assuming the same aper-
ture limitations and electron current, approximately same
numbers (±50%) comes out for the proton threshold cur-
rent in CELSIUS and Kr34+ current in SIS.

So we may conclude about an agreement between this
model and the observations.

4 HOW TO INCREASE THIS
THRESHOLD

A slight misalignment ψ introduced in both transverse
directions between the electron and proton beam could
increase the threshold. In this case the protons with
smaller angles cannot be accumulated, this phase space
area is unstable for the single particle motion (the so-called
monochromatic instability). The angle provided in both
transverse planes should be higher than the threshold beam
angles θc but smaller than the angle at the injection θi:

θc < ψx,y < θi. (10)

The higher is the misalignment, the higher is both the
threshold current and the temperature of the accumulated
protons.

An improvement with the similar restrictions (10) could
be reached by means of the electron cooler with a hollow
cathode [1, 13].
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