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Abstract

For high current synchrotron SIS it is crucial to improve
the multiturn injection efficiency. We study active emit-
tance exchange due to a second order (skew quadrupole)
difference resonance which is modified by the presence of
space charge. We start from an analytical expression for the
coherent tune shift of this resonance and compared it with
computer simulation for the SIS synchrotron lattice includ-
ing self-consistent space charge calculation. The critical
issue is the ratio of incoherent space charge tune shift and
resonance width. We apply the results of simulation to the
horizontal multiturn injection process with space charge
and find an improvement of the injection efficiency from
65 % to 84 % (with a correspondent increase of the vertical
emittance) in a typical example.

1 SPACE CHARGE EFFECTS IN THE
LINEAR COUPLING

One limitation of multiturn injection schemes is the loss
of particles hitting the vertical septum and vertical accep-
tance. A skew quadrupole couples the transverse planes
exciting a difference resonance. When the bare tune is on
such a resonance, horizontal oscillation energy is transfered
to the vertical plane and the horizontal amplitude of the
injected particle will diminish during the few revolutions
of the multiturn injection. This effect can be exploited to
move particles away from the septum, thereby improving
the injection efficiency. As reported in [1] for a single par-
ticle case, if the bare tunes are on a difference resonance
qx0 � qy0 = 1 � Æ with Æ << 1 and if the initial vertical
emittance is zero, then the emittance exchange is described
by the formula

�x = �x0 �
4Q2

c sin
2�

Æ2 + 4Q2
c

�x0 (1)

Here,� = 2�Nt

p
Æ2=4 +Q2

c and�x + �y = const with
initial values�x0 and�y0 = 0, where�x; �y are the instan-
taneous Courant Snyder invariants,Qc =

p
�x�yj=(4�),

Nt is the number of turns, andj is the integrated strength
of the skew. We can define the bandwidthÆb of the reso-
nance as theÆ where the number of turns for a complete
exchange is half of the number of turnsnt needed for an
exchange in the center of the resonance. It is straightfor-
ward to findÆb =

p
3=nt correspondent to the maximum

exchange of�x0=4.
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1.1 Coherent Effect

A crucial issue is the effect of the space charge on the parti-
cle dynamics. The linear coupling produces, when the res-
onance condition is satisfied, a coherent effect on the beam
which exchanges the two beam sizes. When space charge is
present it excites a coherent tilting eigenmode with eigen-
frequency!. This corresponds toqx0 � qy0 in the absence
of space charge in which case the resonance condition is
! = qx0 � qy0 = 1. Keeping! = 1 as the resonance con-
dition we can write for finite space charge by introducing a
coherent tuneshift�!

! = qx � qy +�! = 1 (2)

where qx = qx0 � �qx and qy = qy0 � �qy with
�qx;�qy the incoherent tuneshifts. By using the defini-
tions�p � !p=�x ; � � �y=�x ; � � a=b where!p is the
”beam plasma frequency” anda; b are the semiaxis of the
confining ellipse, the eigenfrequency of the tilting mode
is characterized by the dimensionless coherent frequency
� � !=�x which results in the dispersion relation [2]
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+
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2
= 0: (3)

We compared the prediction of the theory with simulations
for the frequency of the eigenmode using for few revolu-
tions the skew quadrupole to excite the tilting eigenmode.
A coasting beam under the action of a skew kick tuned to
exchange in 40 turns has been tracked for five turns and
afterwards the skew was turned off to stop the exchange
while the simulation continued. The coasting beam has
been tracked for 274 turns, each cell of the SIS has been
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Figure 1: Comparison between analytical model (dashed-
line) and simulations (solid-line).
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divided in 20 steps of space charge calculation, the hori-
zontal emittance has been kept constant to�x0 = 200 mm
mrad and the current of the beam wasI = 140 mA. At
each step the quantityxy, typical for the skew rotation, has
been calculated and Fourier analyzed to determine!. In
Fig. 1 we plot the theoretical prediction according to Eq.3
(dashed-line) and the results from simulation (solid line)
for the quantity�!=�qy showing reasonably good agree-
ment. In order to understand the effect of the space charge
we split the eigenfrequency! = !l + Æ!sc in a lattice
component!l = qx0 � qy0 and in a space charge compo-
nentÆ!sc = ��qx +�qy +�!. Analogous to the single
particle theory we define the shift from the resonance as
Æ = 1 � !. However since the space charge component
Æ!sc changes according to the emittance exchange the rel-
evant quantity which describes the dynamical regime of the
beam evolution isÆ!sc=Æb. Considering at the timet = 0

! = 1 we can distinguish the evolution of the beam be-
tween a weak space charge regime ifÆ!sc=Æb << 1 and a
strong space charge regimeÆ!sc=Æb >> 1 where the fast
change ofÆ!sc drives oscillations ofÆ up to the border of
the resonance limiting the exchange. The maximum fluc-
tuation ofÆ!sc is expected to be of the order of2Æb.

1.2 Strong Space Charge Regime

In a strong space charge regime the dynamics of the ex-
change is strongly nonlinear. We simulate this case for a
beam with�x = 195 mm mrad,�y = 4 mm mrad and a
currentI = 160 mA. Using the results of Fig. 1, according
to the previous definition, the initial space charge eigenfre-
quency component isÆ!sc = 0:12 and sinceÆb = 0:02
we find Æ!sc=Æb � 6. We expect consequently a strong
deviation in the emittance exchange described by Eq. 1.
We investigated this effects repeating the same simulation
with identical initial condition but differentqy0 , changing
in this way the initial resonance condition. We distinguish
between the initial eigenfrequency below the resonance
(Æ < 0) and above the resonance (Æ > 0). According to
the condition! = 1 the center of the resonance is expected
to be atqy0 = 3:41, but Fig. 2 shows that the exchange
is strongly affected whether the resonance is reached from
below or above. When the resonance is approached from
below, Fig. 2b shows the existence of two regimes: one of
small oscillations of! and small exchange; and, for slightly
higher working point! sweeps through the whole stopband
consistently with a much bigger emittance exchange. In
this case the evolution of the exchange is not the same as
described in Eq. 1 because of the dynamical change of the
resonance condition. Figs. 2c-f show a slow decrease of the
exchange for increasing values ofqy0 that we interpret as
a reduction of the swept area by! in the bandwidth. The
asymmetry of the exchange with respect to the caseÆ = 0

is the stronger the bigger is the initial ratioÆ!sc=Æb.
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Figure 2: Strong space charge regime for I=160 mA. a)-
f) show the emittance exchange for increasingqy0 . b) has
been tracked for 100 turns to show the deviation of the ex-
change from the single particle theory Eq. 1.

2 MULTITURN INJECTION
SIMULATIONS

In this section we present a study on the multiturn injection
with skew. We model the SIS injection under somewhat
idealized condition assuming the injection where�x = 0,
reducing in such a way the septum losses. The multiturn
injection scheme is modeled by a shift of the septum corre-
spondent to the distance between septum and bumped or-
bit. At each turn the septum has been shifted outward by

the amount�x =
q
�x;max�̂x=Nt, therefore its position at

thenth turn with respect to closed orbit isxsept: = �xn.
The septum scrapes all the particles satisfying the condi-
tion x > xsept:. The acceptance is also simulated re-
moving all the particles satisfyingx2=A2 + y2=B2 > 1,
whereA = 50:5 mm andB = 26 mm. The multiturn in-
jection takes place in 40 turns, each beamlet injected has
�x = �y = 4 mm mrad with a current ofI = 4 mA.
The ions used haveZ = 28; A = 238 and are injected
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at 11.4 MeV/u. In the simulation each beamlet is described
by Nb = 100 macroparticles and the space charge is cal-
culated in a model of ellipsoidal symmetry [3]. Figs. 3a,b
show the emittance increase forqx0 = 4:29; qy0 = 3:29
andnt = 8. Herent is a dimensionless measure for the
strength of the skew. It is defined as the number of turns
required for a complete exchange of� in the center of the
resonance. Fig. 3c shows for the same setting the efficiency
of the injectionN=(Nbn), the losses on the septum, and
on the acceptance, (N is the number of macroparticles in-
side the ring). The losses up to 20 % on the septum after 4
turns (change in the slope of�x in Fig. 3a) can be explained
by the initially small distance between septum and closed
orbit. After � 20 turns, due to the high strength of the
skew, losses on the acceptance begin (in Fig. 3b�y stops its
growth). At the 10th turnI = 32 mA, Æ!sc = 0:024 which
leads to the shift from the resonance ofÆ = �0:024. By us-
ing Eq. 1 the maximum exchange isÆ�=�x0 = 0:96 which
is obtained in 4 turns and 10th beamlet would be lost on the
acceptance if�x0 = 51. Because�x0 = 50 mm mrad the
beginning of the acceptance losses at 22 turns instead of 15
must be attributed at the correction to Eq. 1 which is hold
only for �y0 = 0. Fig. 3d shows the multiturn injection for
qx0 = 4:4 andnt = 8. In this case space charge reduces
the exchange. Let’s consider again the beamlet injected
after 10 turns, the closer to the resonance line which has
�x0 = 50 mm mrad. Repeating the previous calculation we
find that it is lost if�x0 = 105mm mrad and since this emit-
tance gap cannot be provided by the finite horizontal emit-
tance, the acceptance losses are not present. The drawback
is the increase of the septum losses since the skew is insuf-
ficient to keep the injected beamlet away from the septum.
Fig. 3e shows a contour plot of the efficiency of multiturn
injection for different horizontal tunes and skew strength
and no space charge. We only plot the working points
with integrated efficiency exceedings 65 % (outer bound-
ary), where each contour line corresponds to an increment
of 1.7 %. Note that the efficiency region exceeding 65 %
disappears withnt exceeding 30. The efficiency maximum
of 84 % is centered atqx = 4:4,nt = 8, where the emit-
tance transfer horizontal to vertical just matches the vertical
acceptance. Fig. 3f shows the effect of the space charge.
The 84% efficiency inqx = 4:4; nt = 7 is close corre-
spondent peak in Fig. 3e since the bandwidthÆb = 0:21
is very large andÆ!sc � 0:09, so Æ!sc=Æb � 0:42. In
nt = 18 this ratio become 1, hence the space charge shift
on the optimum working point must be taken into account.
Fig. 3e suggests that the off-resonance value! � 1:1 is
without space charge. Maintaing the same condition with
space charge requires shiftingqx0 by -0.1, which agrees
roughly with the estimate of section 1.1.

3 OUTLOOK

From the discussion on the coherent space charge effect
we find that in the multiturn injection a gain up to 19 %
is still possible, with space charge, if an appropriate skew

20

40

60

80

0 10 20 30 40
turn

ε x
 r

m
s [

m
m

 m
ra

d]

20

40

60

0 10 20 30 40
turn

ε y
 r

m
s [

m
m

 m
ra

d]

0

20

40

60

80

100

0 10 20 30 40
turn

%

Septum
Losses

Efficiency

Acceptance
Losses

0

20

40

60

80

100

0 10 20 30 40
turns

%

Efficiency

Septum
Losses

4.2

4.3

4.4

4.5

4.6

5 7.5 10 12.5 15 17.5 20

q

n t

x
0

84 %

65 %

4.2

4.3

4.4

4.5

4.6

5 7.5 10 12.5 15 17.5 20

q

n t

x
0

84 %

65 %

a b

c d

e f

Figure 3: Multiturn injection simulations for SIS with skew
quadrupole. a),b) horizontal and vertical emittance with an
qx0 = 4:29, qy0 = 3:29 and skew strength correspondent
to nt = 8; in c) injection efficiency for the same settings
in a),b); d) Integrated efficiency forqx0 = 4:4, qy0 = 3:29
andnt = 8; e) Integrated efficiency after 40 turns in ab-
sence of space charge forqy0 = 3:29; f) Efficiency as in e)
but with space charge.

strength and shift of the working point are applied. These
results should be further optimized with a more accurate
space charge calculation for detailed injection conditions.
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