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Abstract

The lengthening of the trajectory is determined by the mo-

mentum compaction factor � and the betatron oscillation

contribution term �C
C0

. When the �rst order term of the

momentum compaction factor �1 is small, the second or-

der term �2 and �C
C0

have to be included in the longitudi-

nal equations of motion. In this case, the RF bucket form

changes and the energy acceptance can be signi�cantly re-

duced. This leads to a decrease in Touschek beam lifetime.

In this paper we show that the value of �2 in the standard

low emittance lattice of SOLEIL is large and can reduce the

energy acceptance of the machine. We discuss the magni-

tude of this reduction and the dif�culties encountered in

minimizing the value of �2 in the case of a low emittance

lattice. We also show that the lengthening of the trajec-

tory induced by horizontal and vertical betatron oscillations

vanishes when the chromaticities are corrected to zero.

1 INTRODUCTION

In a storage ring, the Touschek relevant energy acceptance

may be determined by the RF bucket momentum height,

by the physical aperture or by the dynamic aperture associ-

ated with off momentum particles if the induced amplitude

after a Touschek scattering event exceeds one of these two

transverse limits. In the case of the SOLEIL project, a great

effort has been made to increase the dynamic aperture for

off-momentum particles leading to a transverse energy ac-

ceptance of up to � 6 % [1]. The Touschek beam lifetime

calculations take into account the higher order effects in

energy which become important for such large values [2].

The use of superconducting cavities with a peak voltage

�xed at 3.8 MV insures a longitudinal energy acceptance

larger than� 6 %. Nevertheless, this value was determined

using the �rst order momentum compaction factor, �1, thus
assuming that the other momentum factor terms are neg-

ligeable. In our case, the second order term of the momen-

tum compaction factor�2 is signi�cant andmust be consid-

ered in the equations of longitudinal motion. The expected

problem is that the synchrotronmotion being nonlinear, the

buckets become asymmetric which can reduce the RF en-

ergy acceptance and therefore the Touschek beam lifetime.
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2 NONLINEAR LONGITUDINAL

MOTION

The momentum compaction factor is de�ned as the rela-

tive change in orbit path length, �l
l0
, with relative particle

energy, �=�p
p0

:

� =
d(�l=l0)

d�
(1)

where p0 is the momentum of the reference particle and l0
the length of the reference orbit.

The expression for particle position contains betatron os-

cillation, closed orbit distortion and off momentum orbit

terms :

x = x� + xco + �1� + �2�
2 + ::: (2)

�1 and �2 are respectively the �rst and the second order

terms of the dispersion function. Assuming that xco � 0:,
the resulting variation in orbit length with energy (up to the

second order) and betatron amplitudes, can be written in

the following way :

�l

l0
=

�C

C0

+ �1� + �2�
2 (3)

where
�C

C0

=
1

l0

I
(
x�
�

+
x02
�

2
)ds (4)

�1 =
1

l0

I
�1
�
ds �2 =

1

l0

I
(
�2
�

+
�02
1

2
)ds (5)

�C
C0

is the term representing lengthening effects due to

betatron oscillations, �1and�2 are respectively the �rst and
the second order terms of the momentum compaction fac-

tor.

The longitudinal motion equations including these terms

can then be written as :

d'

dt
= �!rf [�1� + �2�

2 +
�C

C0

]

(6)

d�

dt
=

eVrf
ET

[sin'� sin's]

they can be derived from the following Hamiltonian :

H(�; ') =
�C

C0

� + �1
�2

2
+ �2

�3

3
+ (7)

eVrf
ET

(cos'� cos's + ('� 's) sin's)
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where !rf is the angular frequency of the RF cavity, Vrf
is the RF peak voltage, E is the particle energy and T the

revolution period, 's and ' are respectively the phases of

the reference and the test particles.

In the case where �2 6= 0 and �C
C0

6= 0 we obtain two

stable �xed points and two unstable �xed points which cor-

respond to the existence of a second zone of stability in ad-

dition to the well-known stable linear RF-bucket. Accord-

ing to the values of �2 and �C
C0

, the synchrotron diagram

presents different aspects, particularly the separatrices are

no longer symmetric in +� and �� [3],[4].

3 THE CASE OF THE SOLEIL OPTICS

The small beam emittance is obtained by increasing the

amount of horizontal focusing. The dispersion in the

bending magnets is then very small and consequently we

�nd naturally small values of �1. At its nominal energy,

2.5 GeV, the lattice has a horizontal emittance of 3 nm.rad.

In this case �1 is about 4:722� 10�4 and using the values

of the sextupoles corresponding to the optimized dynamic

aperture the value of the �2 term is about 4:513� 10�3.

Figure 1 shows the longitudinal phase space diagram

corresponding to these two values but assuming that
�C
C0

= 0:
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Figure 1: Longitudinal phase space.

We can see that the effect of �2 is important. The RF-

bucket, centered around � = 0:, is asymmetric in energy,

the upper limit is at +5.2% (j �1
2�2

j) and the lower limit is at

-10.5 % (-j �1
�2

j). The impact of this asymmetry can be un-

derstood by inspecting �gure 2 which shows the dynamic

and physical apertures calculated as a function of �. We

recall that in the linear case, the RF bucket height is about

� 6 %. In �gure 2, one can see that a particle with an en-

ergy deviation of +6 % is still inside the lowest transverse

aperture (the vacuum chamber aperture) when its energy

deviation changes to -6 %. Unfortunately, the low value of

�1 renders signi�cant the contribution of the term �2 and

the synchrotron motion becomes in fact nonlinear. A parti-

cle with a positive energy deviation of +5.2 % for example

can be lost because its separatrix can bring it to a negative

energy deviation as high as -10.5 %.
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Figure 2: Horizontal dynamic and physical acceptances as

a function of �.

The energy acceptance/Touschek lifetime module of the

BETA code [5], described in detail in [2] has been modi-

�ed to take into account the non-linear synchrotronmotion.

Instead of assuming, as we did in [2] that a particle having

been Touschek scattered to � will oscillate between � and

�� during one synchrotron period, we now calculate the

mapping, by integration of the longitudinal equations (6),

from � to the maximum opposing energy �max(�) which
occurs one half synchrotron period later. Expression (3) of

[2] then becomes :

A(�) = min
�02[�;�max(�)]

fmin[Aphys(�); Adyn(�)]g: (8)

We also take into account the asymmetric longitudinal ac-

ceptance which is determined during the process of calcu-

lating �max(�).
Figure 3 presents the results for the energy acceptance

along one period of the ring. The corresponding value of

the Touschek beam lifetime is about 26 hours instead of

40.5 hours in the linear case . This calculation is performed

for multibunch operation using the following parameters :

the bunch current is 1.26 mA, the horizontal-vertical cou-

pling is 0.01 and the natural bunch length is 11.6 ps.

To reduce synchrotron motion nonlinearity and thus re-

cuperate some extra beam lifetime, we must reduce the

value of �2 . The expression giving this term shows that,

due to the �021 contribution, �2 is always positive in a linear

machine. �2 can be made positive or negative with sex-

tupoles and can compensate the term �021 . The adjustment

of �2 by the sextupoles can be made as follows :

��2 = �
�S�31
l0

(9)
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Figure 3: Energy acceptances.

where �S(m�2) is the change in the sextupole strength,

�1(m) is the horizontal dispersion at the sextupole and

l0(m) is the orbit length. Even if we take the sextupole

(S4) [1], where the dispersion is maximum (0.27 m), its

ef�ciency in reducing �2 is small. As an example, increas-

ing the strength of the 16 type S4 sextupoles by a factor

2 would reduce �2 by only a factor 2, which is not nearly

enough to restore the linearity of the longitudinal motion.

The objective is to reduce the term �2 while compensat-

ing the two transverse chromaticities and obtaining a very

good dynamic aperture. This seems to be extremely dif�-

cult in the case of a very low emittance lattice for which

the dispersion is low and the circumference is large. Up

to now, we have not performed an exhaustive study in this

direction.

4 EFFECT OF THE TERM
�C

C0

When �C
C0

6= 0, the longitudinal equations (6) have the

following stable �xed points :

�1;2 = �
�1

2�2
(1�

s
1�

4�2
�2
1

�C

C0

) (10)

whose locations depend on the value of the betatron ampli-

tude and the closed orbit. In order for the �xed points to be

real we must require :

�C

C0

<
�21
4�2

;
�C

C0

< 1:235� 10�5 (11)

First, we can determine the maximum RF frequency

variation, by taking into account the well-known rela-

tion �C
C0

= �
�frf
frf

and using expression (11), we can

see that there is a limit for
�frf
frf

< 0. This limit is

j �frf j< 4:3 kHz.

Secondly, in a linear machine (i.e. sextupoles and higher

multipoles off), the betatron motion can be represented by

x�(s) =
p
a0�x(s) cos'x(s). Introducing this expression

and its derivative into formula (4), one can easily obtain an

average value for the term �C
C0

which is in this case always

positive :

�C

C0

=
x2�

4�x
< x > (12)

During the injection of the beam or after a Touschek colli-

sion for example, the particle can undergo large amplitude

betatron oscillations, the combination of equations (11) and

(12) gives an upper limit to x� .

This could have been a problemwithout the fortunate ef-

fect of chromatic sextupoles. In fact, using the BETA code,

we have calculated the variation of �C
C0

as a function of the

amplitude x� for the case where the two transverse chro-

maticities are corrected to zero. In contrast to the linear

case, the average value (over several turns) of �C
C0

is very

near to zero. The analytical developments taking into ac-

count the presence of sextupoles corroborate perfectly the

simulations performed with the BETA code which show

that the term �C
C0

is on average zero when the transverse

chromaticities of a storage ring are corrected to zero. In

fact the analytical result gives in this case the following ex-

pression :

�C

C0

= ��
x2�

�
[�sextupoles + �quadrupoles] (13)

where �quadrupoles is the natural chromaticity of the ring

and �sextupoles is that due to the chromatic sextupoles.

As is well known a zero chromaticity corresponds to

�quadrupoles + �sextupoles = 0:

5 CONCLUSION

Because of the very low emittance, the effect of �2 is sig-

ni�cant in the SOLEIL lattice. It reduces the Touschek life-

time by a factor 1.5. Although the correction of �2 term

seems to be dif�cult in such lattice, further re�exions on

how to reduce its effect are needed.
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