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Abstract fo(z,y,2',y’,s) and the normalized self-field potential

,8) = Z .Y, 3mpB2c? can be expressed
This paper considers an intense nonneutral ion beaﬁa’ y7]s) bed (@, y, 5)/ Ty mefye P

propagating in thez-direction through a periodic fo-

cusing quadrupole field with transverse focusing force, {2 +x/2 +y'3 — (Kq(s)x+ %)i

Froe = —kq(s)(zé; — yéy), on the beam ions. s Oz dy dx ) O’ 1)
A third-order Hamiltonian averaging technique using a _(_ ka(5)y + %)i}fb —0

canonical transformation is employed to transform away a oy / oy’ ’

the rapidly oscillating terms. This leads to a Hamil-gng

tonian, H(X,Y,X".Y’",s) = (1/2)(X"? + Y"?) + 2 o ok,

(1/2)k (X2 +Y?)+4(X,Y, s), in the transformed vari- <@ + a—yQ)z/) = N, /dx’dy’fb . 2

ables(X,Y, X', Y"), where the focusing coefficiert, is
constant, and many solutions and properties of the ViasoA€"e:

2N, Z2e?
Maxwell system are well known. K=~ b b2e _ andX, = /dxdydx’dy’fb ©)
'mebﬁbc
1 INTRODUCTION are the self-field perveance and the number of beam ions

per unit axial length, respectively.
It is important to be able to investigate, based on the

nonlinear Vlasov-Maxwell equations, the equilibriumand 2 CANONICAL TRANSFORMATION
stability properties of general distribution functions for

periodically-focused beams[1, 2, 3]. Despite its lim-Because of the oscillatory time dependence ), there
ited practical interest due to the unphysical distributiof® NO general analytical method to solve the nonlinear
in phase space, the Kapchinskij-Vladimirskij (KV) beamVlasov-Maxwell equations. However, we can average over
equilibrium[1, 4, 5, 6], including its recent generalizationthe fast time scale associated with the betatron oscillations
to a rotating beam in a periodic focusing solenoidal field[#vhen the phase advance is sufficiently small. The av-
8], has been thenly known periodically-focused equilib- €raging process is accomplished by introducing a canon-
rium solution to the nonlinear Vlasov-Maxwell equationdcal coordinate transformation from the laboratory coor-
describing an intense beam propagating through a peffinate system(z,y,z’,y) to a new coordinate system
odic focusing field. The difficulty of solving the non- (X,Y,X’,Y”). In the laboratory coordinates, the single-
linear Vlasov-Maxwell system in general lies in the faciarticle HamiltonianH (z, y, z', ¢/, s) is

that the Hamiltonian for the motion of an individual beam 1, 59 o 1 5 o
particle is time dependent. Channell[9] and Davidso! = € [5(5” Hy7) + 5re(s)(@” —y7) +o(z,y,8) |
et a[10] have recently developed a third-order Hamilto- (4)

nian averaging technique using a canonical transforma-h . Il di onl N tional t
tion to average over the fast time scale associated wifff’€/&¢ IS & small dimensionless parameter proportional to

the betatron oscillations. This procedure is expected e focusing field strength. We use a near-identity canon-

H . / ! li A
be valid for sufficiently small phase advanee £ 60°, ical transformationl” : (z,y,2’,y") — (X,V, X" V")
say). In the present analysis, we apply this technique Egat is generated by a generating function of the Von Zeipel
a -

the Vlasov-Maxwell system for intense beams propagat?™™ !-€-

ing through a periodic focusing lattice. Under the thin- S(x,y, X' Y' s) =aX +yY’

beam assumption, the applied transverse focusing force o0 (5)
on a beam particle i ;.. = —r,(s)(z&, — y&,). The + )€ Su(w,y, XY, s)
Vlasov-Maxwell equations for the distribution function n=1
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Consequently, the transformed Hamiltonian in the new, and odd half-period symmetry with,(s — S/2) =

variablesH(X,Y, X', Y, s) is given by —kg[—(s — S/2)]. The definitions are given by
B TS EA ] = [ dsnylo) Ao =g [ dsfauto) (e,
The corresponding coordinate transformation is given by< ) = 5/0 ds(.-) dq(s) = ai( ) = 2ra($)as)
X = ff)i 0) Enaifs”@’y’xl’yl’s)’ et / e >]. (11)
T T T T S A
(s dsls. 84)]) are of ordere3.

The equations foY” andy’ are similar in form.. We choose,
order by order, the generating functiéh in suchaway 3 VLASOV-MAXWELL EQUATIONS IN

that H,, is independent of the fast time scale associated THE TRANSFORMED VARIABLES
with oscillations ink,(s), and solve for the coordinate

transformation iteratively whes,, is known. Following Because the transformation leading to the new Hamilto-
the detailed algebra presented in Ref. [10], we obtain th@an in Eq. (8) is canonical, the nonlinear Vlasov-Maxwell
transformed Hamiltonian correct to order equations for the distribution functmﬁ,(X Y, XY, s)

and self-field potential(X,Y, s) in the transformed vari-

H = %(j(@ +Y"?) + %,ifq(j@ +Y2) + (X, Y, s), ables are given by
(8) 0 0 5 0 = O\ 0
{5+ X% Y (kraX + %) 75

ds 0X 00X/ 0X' (12)
where we have set = 1. Here, ¢, is defined in Eq. - O
(11), and we have introduced the additional (canonical) — (”fqy+ 6Y)8 } b=0
fiber transformation to shifted velocity coordinates defined dd
by
82 82 27‘(’Kb
X=X, X'=X'—{a)X, ©) (aX? 8Y2>w__ /dXdYFb’ 49
V=Y,Y =Y+ (a)Y. wherer, = const. is defined in Eq. (11). Variables in

laboratory-frame coordinates can be obtained through the

Similarly, correct to order?®, we calculate the mverse CO- pull-backtransformatiory™* associated with the coordinate
Ord|nate transformatlom = X + €T —+ E T2 + 6 I3, transformanon

¥ = X'+ ex| + 2zl + 32, etc. Setting: = 1, this _ . N
giVGS[lO] T:(:v,y7x7y)'—>(X,Y,X7Y). (14)

_ Here, T* pulls (transforms) functions ofiX,Y, X', Y")
/ dsfq(s) X s back into functions orfz, y, ', %'). For example, the dis-
tribution function transforms according to

(XY, XY, s)=[1+ B,(s —|— s) + (« . o
( ) = 1+ By(s)] X s ay(s) + (ag) T B(R, T, XV 8) e ol at 1)) a5
+{ag) () = aa()Ba() = (| dswq(s) —6) X = R@@yy).s) .
s 0 /-0u(X,Y) ~0uX.,Y In addition, we obtain the following pull-back equation for
+ dsfBe(s) ) —= (X X.Y) _ Y X,Y) the beam density correct to ordsr
0 0X oYy

0
10y s) = [ dodairtay 756 - 2150 -v)

The coordinate transformation can be easily obtained by

solving Eq. (10) forX and X’ in terms ofz andz’. The = /dXdeX’dY’Fb(S(T_lX —2)0(T7Y —y)
expressions foy andy’ are identical in form to Eq. (10)

provided we make the replacemefitsz’) — (y,y’) and = /dj('dff/ [1— (z2+ xg)i

(X,Y,XY') — (Y, X,Y’ X') and reverse the signs of 0X

aq(s) and B,(s). In the above equationsy,(s), G4(s).
andd, (s) are defined in terms of the lattice functieg(s),

which is assumed to have zero averagf§,dan(s)

o
— =+ — F I .
(2 yg)aY] }<X,Y)—»<x,y)

(16)
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Here, x2, y2 and xs3, y3, defined by Eq. (10), are the
second-order and third-order inverse coordinate transfcm
mations expressed as functiong &f, Y, X’ ).

Because of the simple form of the Vlasov-Maxwell
equations in the transformed variables, with constant f
cusing coefficienk ;, = const., a wide range of literature
developed for the constant focusing case[1, 11, 12, 13] can
be applied virtually intact in the transformed variables. Fo
example, it is readily shown that any distribution function
of the form [4]

FO(X,Y, X"\ V') = F(H"), (17)

whereH® = (1/2)(X"2 +Y"?) 4+ (1/2)kq(X2 +Y?) + [B
¢°(X,Y) is the single-particle Hamiltonian, is an ex-
act equilibrium solution to the Vlasov-Maxwell equations
(12) and (13) withd/9s
mous latitude[1, 7] in specifying the functional form of
FY(H°) in the transformed variables, with equilibrium[7]
examples[10Q] ranging from the KV distribution, to the
waterbag equilibrium, to thermal equilibrium, to mention[g)
a few examples. Once the functional form Bf (H°)

is specified, and/® is calculated self-consistently from 9]
Eq. (13), periodically-focused equilibrium properties in th
laboratory coordinates, such as the density profile and tfie

transverse temperature profile, can then be determined by _
1] R. C. Davidson, W. W. Lee, and P. H. Stoltz, Phys. Plasmas

the pull-back transformation. For example, to the Ieadinb1
order, the density profile is of the form[10]
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wherend(X,Y) = [dX'dY’ FQ(X,Y, X', Y").

4 CONCLUSIONS

To summarize, the formalism developed here represents
a powerful framework for investigating the kinetic equi-
librium and stability properties of an intense nonneu-
tral ion beam propagating through an alternating-gradient
quadrupole field. First, the analysis applies to a broad class
of equilibrium distributionsF(H°) in the transformed
variables. Second, the determination of (periodically-
focused) beam properties in the laboratory frame is rela-
tively straightforward. Third, the analysis applies to beams
with arbitrary space-charge intensity, consistent only with
requirement for radial confinement of the beam particles
by the applied focusing fieldx,3;¢* > &2,/277). Fi-
nally, the formalism can be extended[10] in a straightfor-
ward manner to the case of a periodic-focusing solenoidal
field Bsoi(x) = B.(s)é,—(1/2)B.(s)(zé, +yé,), and to

the case where weak nonlinear corrections to the focusing
force are retained in the analysis.
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