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Abstract

Coherent transition radiation (CTR) is now well established
as one of basic tools to measure electron bunches on a sub-
picosecond scale. However, a series of experiments has
demonstrated that suppression of CTR spectra at low fre-
quencies, occurring in practice, leads to a great uncertainty
in the bunch length determination. In addition to known
sources of suppression, it was recently found [1, 2] that the
size of a screen used to produce transition radiation (TR)
can be a factor strongly affecting the spectrum. In this pa-
per we calculate TR spectra emitted by a relativistic elec-
tron from a finite-size metallic screen and influenced by
diffraction on apertures in environment and collecting op-
tics.

1 INTRODUCTION

Operating with subpicosecond bunches is crucial to the new
generation ofe+e− colliders and FELs for reaching their
final goals, which are respectively high luminosity and high
peak current. To obtain this result, much depends on the
ability to monitor bunch dimensions on such a small scale.

Coherent transition radiation (CTR) is now intensively
used for ultra-short bunch length measurements due to its
simplicity of implementation and small perturbations pro-
duced to the beam.

In this technique the bunch longitudinal dimension can
be extracted from the measured CTR spectrum if the in-
coherent TR spectrum is precisely known [3]. In practice,
however, there is a number of experimental factors, such as
the limited bandwidth of the detector and diffraction effects
due to finite apertures in the radiation transport channel,
which cause hardly evaluated losts of the low frequency
part of measured spectra, thus leading to a considerable un-
certainty in the bunch length and shape determination [4].

Furthermore, the proper role of the size of the target
in modifying the power spectrum of incoherent TR was
shown [1, 2] recently. It was found that the TR spectrum
from a finite target is a complex function of the beam en-
ergy, target extensions, frequency and angle of emission,
i.e, very different from the flat spectrum given by the Frank
formula, that has been used so far. The effect occurs when
the parameterγλ, whereγ is the relativistic factor of the
beam andλ is the radiation wavelength, exceeds the trans-
verse dimensions of the target.
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2 EFFECTS OF DIFFRACTION AND
TARGET SIZE ON TR SPECTRA

In the pioneering works [1] the treatment of the problem
was performed for a thin layer of matter and TR emitted in
the forward direction. As a consequence, the resulting pic-
ture of the effect includes interference between TR, the par-
ticle field and diffraction radiation and, therefore, is rather
complex.

In the present analysis, we rely on the Kirchoff diffrac-
tion theory to describe the propagation of the field gener-
ated by a charged particle on the boundary between the vac-
uum and a perfect conducting material [5].TR is considered
to emerge in the backward directions with respect to the
momentum of the particle crossing the boundary at nor-
mal incidence. Three different schemes of measurement,
which are simplified models of those typically encountered
in practice, are investigated.

2.1 Spectrum of TR filtered by a finite aperture

The first scheme considered is characterized by the pres-
ence of a circular diaphragm between the emitting screen
and the detector. For ease of calculation we assume a cylin-
drically symmetric geometry. A circular screen with a ra-
dius r made of a perfect metal is placed at a distancea
from the diaphragm, whileb is the distance between the di-
aphragm and the detector having a diameter2d ( Fig. 1a).
The incident particle with chargeq and velocityv hits the
screen at the center. Emerging TR propagates in thez di-
rection. Let us introduce three different sets of coordinates
(xs,ys),(ξ,η) and (x,y) for the screen, diaphragm and de-
tector planes, respectively.

In cylindrical coordinates we have:{
xs

ys

}
= ρs

{
cosϕ
sinϕ

}
,

{
x
y

}
= ρ

{
cosχ
sinχ

}
, (1)

Then the TR field components at an arbitrary point
P(x,y) in the detector plane in the first order Fresnel ap-
proximation of the diffraction theory, and neglecting phase
constants, are found to be

Ex,y(P, ω) =
q

2π2v

k2

ab

∫
dρsρs

∫
dk⊥

k2
⊥J1(k⊥ρs)
k2
⊥ + α2

×ei(k/2am)ρ2
s

∫
dϕ

{
cosϕ
sinϕ

}
e−i(k/am)ρρs cos(ϕ−χ)L(p), (2)

wherek⊥ is the projection on the xy plane of the the photon
wave vectork = ω/c, α = ω/vγ,m = 1 + b/a, J1 is the
Bessel function of the first kind and

L(p) = 2πei(k/2bm)p2
∫ D

0

dζζei(km/2b)ζ2
J0(kζp/b), (3)
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Figure 1: Three schemes of measurements under consider-
ation.

p =
√
ρ2 + (b2/a2)ρ2

s + 2(b/a)ρρs cos(ϕ− χ) ,

As follows from Eq. (2), the field in P is built up by a
coherent summation of the waves emitted by all points of
the source and so it depends on both the shape and the size
of the screen. The functionL, mainly determined by the
integral over the diaphragm surface, gives a contribution
from the standard diffraction by the aperture. The above
integral is well known (see, e.g., [6]) and is expressed in
terms of the Lommel functions.

Thus, Eq. (2) includes effects given by both the size of
the screen and the diffraction produced by the diaphragm.
The latter is well known to produce, basically, a low fre-
quency spectrum cutoff, almost entirely defined by the di-
aphragm aperture and angular acceptance. Hence, from
this point on, we found it reasonable to focus our study
on that of the screen size. To this end we formally letD
tend to∞.

In terms of the theory of radiation, the phase factor
quadratic inρs in Eq. (2) specifies first order corrections
to the so-called wave zone (or radiation zone) approxima-
tion due to the extension of the source and the sphericity of
wave fronts at the point P.

For a finite-size screen these corrections are noticeable
if

r2

am
≥ λ ≥ am

γ2
. (4)

and their effect is, in last instance, to reduce the ”effective”
size of the screen.

It should be noted that these corrections are relevant
even for an infinite screen causing it to act like a finite-
size one with an ”effective” dimension depending on the
wavelength and the distance to the observation point, if TR
is observed at distances

λγ2 ≥ z . (5)

In the far-infrared region, that represents our main inter-
est, the wave-zone condition can be well fulfilled by ad-
justing the distance between the target and detector, thus

allowing to approximate the aforementioned phase factor
by 1.

As a consequence of simplifications made, the total spec-
trum of TR from the finite-size screen, integrated over the
detector aperture, in the wave zone is found from Eq. (2)
upon a change of variableρ = am sin θ:

Sω =
2q2

πc

k2

β2

∫ θm

0

dθ sin θ cos θΦ2(r, α, k, k sin θ) , (6)

whereθm = arcsin(d/am) is the angular acceptance of
the detector and

Φ(r, α, k, δ) =
δ

α2 + δ2
− αr

α2 + δ2
[δK1(αr)J0(δr)

+ αJ1(δr)K0(αr)] −
∫ r

0

dρsJ0(kρs)J1(δρs) . (7)

HereKn is the modified Bessel function of the n-th order.
Figures 2 and 3 show the spectra calculated by using Eq.

(6) for parameters and frequency ranges typical for bunch
length measurements, and normalized to the corresponding
spectra from an infinite screen.
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Figure 2: SpectraSω of TR in the first scheme of measure-
ments, for a screen with radius of 20 mm and a detector
angular acceptance of 0.05 rad.

2.2 Spectrum of TR from a screen in the focal
plane of a lens

The second scheme under consideration ( Fig. 1b) is a sim-
plified geometry normally used in autocorrelation interfer-
ometric measurements, when the screen is placed in the
front focal plane of a converging lens (parabolic mirror) to
produce, behind the lens, a quasi-parallel photon beam.

The analysis performed for a thin lens with diameter2D
and focal lengthf results in the expression for the field
identical to Eq. (2) and (4) if one putsa = f andm = 1.
The power spectrum, in the infinite lens approximation, is,
therefore, given by Eq. (6) with

θm = arcsin(d/f) . (8)
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Figure 3: Spectra of TRSω in the first scheme of mea-
surements for a screen radius of 20 mm and beam energy
of 1 GeV. Numbers next to the curves are detector angular
acceptances in radians.

The similarity between the first and second schemes can
be seen by simple ray tracing: the effect of the lens is ba-
sically to ”draw” the detector towards the screen, resulting
in an increase of the angular acceptance of the system.

2.3 Spectrum of TR in the screen’s image plane

Here the diaphragm of the first scheme is replaced by a
lens of the same size anda andb are chosen such that the
condition1/a + 1/b = 1/f is satisfied ( Fig. 1c). In this
geometry the screen is simply imaged onto the detector.
The expression for the field is given by

Ex,y(P, ω) =
q

2π2v

k2

ab

∫
dρsρs

∫
dk⊥

k2
⊥J1(k⊥ρs)
k2
⊥ + α2

×ei(k/2a)ρ2
s

∫
dϕ

{
cosϕ
sinϕ

}
L(p) , (9)

where, as before,L is the pattern resulting from the diffrac-
tion on the lens, that in this case is given by the well-known
expression

L(p) =
2πaD
kp

J1(
kD

a
p) , (10)

p =
√
%2 + ρ2

s + 2%ρs cos(ϕ− χ) ,

with % = ρ/M ,whereM = b/a is the lens magnification.
For the infinite lens and neglecting the phase factor, the

total power spectrum can be given in the form

Sω =
2q2

πc

1
β2

∫ d/M

0

d%%
[
αK1(α%) − J0(k%)

%

]2

. (11)

In Eq. (11) we imply thatd/M ≤ r, while generally one
should integrate from0 to min{d/M, r}.

We want to attract attention to the identical role of the
screen and detector dimensions in affecting the spectrum.
In fact, since the intensity distribution in the image plane

is just a ”magnified” image of that in the source plane,
both screen and detector are equivalent in producing re-
strictions on the transverse region over which the power
spectrum must be calculated; namely, the spectrum is only
determined by the minimum values ofd/M andr.

3 EFFECT OF THE SCREEN SIZE IN
CTR BASED BUNCH LENGTH

MEASUREMENTS

Considering a low-frequency distortion of the TR spectrum
due to a finite-size screen in the context of bunch length
measurements one can expect that its effect on the accu-
racy of the bunch information retrieval may be sufficiently
small as long as the corrupted portion of the spectrum is
negligible compared to the frequency content of the bunch
structure represented by the bunch form-factor. For the
gaussian-shaped beam the following qualitative criterion
can be used to estimate whether for a given bunch length
σz the effect of the screen size is important

σz < c/
√

2ωch . (12)

Hereωch is a characteristic cutting frequency of the spec-
trum due to the effect. If, as usual for such kind of prob-
lems, one defines the cutting frequency as a 10% dropoff
of spectra from the high-frequency plateau, simple approx-
imate relations forωch may be obtained by analyzing Eqs.
(11) and (6), respectively

ωch(sec−1) = 3.3 · 109E0.87(MeV )/ 4
√
θm(rad) (13)

and

ωch(sec−1) = 8.3 · 1010E0.87(MeV )/d(mm) . (14)
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