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Abstract

The series of the experiments on precise mass measure-
ment of

�����
-,
���

2004. Energy calibration has been done with the help of
the resonant depolarization technique. The present paper
discusses the influence of the vertical orbit distortions on
the accuracy of the energy calibration. The sources of the
orbit distortions are misalignments of the quadrupoles and
sextupoles in vertical plane and kicks of the vertical correc-
tors.

INTRODUCTION

The series of the experiments on precise mass measure-
ment of

�����
-,
���

mesons have been performed in 2002-
2004. The following mass values have been obtained [1]:

�
	��������������� ����������� ����������� ��� �!�#"%$'&
� )( ������*����+�����,����� � -�.������ �������#"%$'�

Energy calibration of the colliding beams has been per-
formed by resonant depolarization technique. To achieve
high accuracy of the mass measurements an analysis of
possible errors have been performed [2, 3]. In particular,
the effect of the vertical closed orbit distortions influence
on accuracy of the energy calibration was preliminary es-
timated with the result of

��/
keV correction for the mass

of
���

-meson. Comparatively large value of possible en-
ergy bias stimulated the further analysis which is presented
below.

The problem of the spin tune computation in presence
of vertical orbit distortions has been addressed by other
authors [4], which obtained different results from present
work. Therefore the investigation of both approaches has
been done.

The spin precession frequency 021 of the particle moving
in vertical guiding field is described by

0 1 � 0�3 4 �6587:9 �
9 3
; &

(1)

where 0 3 � 9 3�< ��7
is revolution frequency, < is average

guiding field,
7

is Lorentz factor, 9 � , 9 3 are anomalous and
normal parts of gyro-magnetic ratio. Introducing the spin
tune =�3 � 4>0 1�? 0�3 ; � 0�3 ��7 9 �@� 9 3 one will have a known
relation between energy A and spin tune

ACB �#"�$�DE� = 3GF /�/���� ��/�*H/ � 4 � ; � (2)I
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The closed orbit in this case is assumed to be flat. In gen-
eral, the radial and the longitudinal magnetic as well as ver-
tical electric fields may exist in real accelerator that makes
the given equation inadequate. In the first order of pertur-
bation theory the modified relation between spin frequency
and beam energy can be expressed in the form

= � �J7�9 �
9 3

5LK =)4 7M&ONP"�Q�RTSUQ%VXW�RTYTZ�[]\ ; � (3)

The goal is to estimate spin tune shift
K = by the given per-

turbations. This gives a possibility to find the correct en-
ergy value by the quantity = � ? K = , where = � is a spin tune
measured by the resonant depolarization technique and the
following relation has to be used:

7^� 9 3
9 � 4_=

� ? K = ; �

The longitudinal fields arise from the errors of compen-
sation of the detector’s field. Consideration of these per-
turbations is most simple and presented in [2].We consider
the influence of the radial fields which arise primary due to
misalignment of quadrupoles in vertical plane.

SPIN FREQUENCY SHIFT DUE TO
VERTICAL CLOSED ORBIT

DISTORTIONS

To calculate the shift of the spin tune in the presence
of the radial field we will assume sources of perturbations
(including vertical correctors, quadrupole lenses and other
sources of radial fields) to be point-like and rather weak.
The calculations will be done in the second order of pertur-
bation theory with the help of spinor matrices technique [5]
using Pauli matrices 4O`Pa & `�b & `Pc ; and the unit

- F -
matrixd

. Also, the coordinate system is related to the velocity vec-
tor of the equilibrium particle. Thus, rotation angle of the
spin vector

-%ef� =hg is proportional to the rotation angle
of the velocity vector g . The spinor matrix for the rotation
around radial ( i ) basis vector on the angle

-%e,j�� =hg j for
the perturbation at azimuth k j islmj]�ndpoXq r 4 esj ; ? Y `Pa rutwv 4 exj ; �
Spin evolution in vertical field is described by

� j �ndyoXq r 4{z j+|s}�~ j �H- ; ? Y ` c rutwv 4_z jw|s}�~ j ��- ; &
where z j+|s}�~ js� z�4�k j+|x} ; ? z�4�k j ; and z�4�k j ; �f�,���3 = 3���� k
is a rotation angle of the spin vector in the guiding field
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from the origin azimuth to given perturbation location; �
is the orbit curvature in units of the inverse mean machine
radius

�����
. The total one-turn matrix of the spin evolu-

tion is obtained by multiplication of the subsequent spinor
matrices � ��� j l j � j �

The new spin tune = � is obtained from the following for-
mula

oXq�r 4��]= � ; � ����-��	� 4 � ;
, while =�3 denotes spin tune

without radial fields. It is simple to calculate spin tune in
the case of one perturbation (neglecting higher than second
order terms)

oXq r 4��]= 3 ; ? oXq r 4
�]= � ; � e�� }- oXq r 4��]= 3 ; &
of two perturbations

oXq�r 4��]= 3 ; ? oXq r 4��]= � ; �
� e�� } 5�e���- oXq r 4
�]=�3 ; 5�e } e � oXq�r 4��]=�3 ? z � ~ } ; &

of  perturbations
o q�r 4
�]= 3 ; ? o q�r 4��]= �@; �

�noXq r 4
�]=�3 ;��� j��x} e��j- 5 ����� j�~ j��s} e j e � oXq r 4
�]=�3 ? z � ~ j ; �
This gives the spin tune shift

K = � = � ? =%3 �
�

- � r twv �]= 3 F
F�� o q�r �]= 3�� e��j 5L- � ��� j esj�e � oXq�r 4��]= 3 ? z � ~ j ;�� � (4)

The first term in the right part of the equation describes
non-correlated part of the orbital distortions influence, the
second one corresponds to their correlations.

Given � is the vertical closed orbit deviations in units of�
; � � � � � � � � � k � . Obviously,

-%eMjs� = 3 � � � K k j , where
K k j

is an interval of the
Y
-th perturbation. Taking into account

the last definition the equation (4) could be written in the
integral form:

K = � �
��� � r t+v �]= F

F
� �!
3

="� � � � k � �!
3

="� � � � " j�# �%$'&�( )*&+) ( ( , 5.-%� -H� � � k � � (5)

Introducing definition of the spin harmonic amplitude

/10 � �
- �

� �!
3

="� � ��243 � B ? Y 4_z ? =hk ; ? Y�5 k D � k & (6)

it is possible to transform (5) to the form obtained by
A.M. Kondratenko [6] (who derived this equation in dif-
ferent way)

K = � �
- 6�0 � & 6

7 /�0 7 �
= ? 5 �

(7)

Note, for correct application of this formula it is not enough
to consider only contribution of the resonant harmonic with7 5 ? = 3 7 � 7 897;: �

. It is necessary to summarize over all
essential harmonics.

ESTIMATE OF THE SPIN TUNE SHIFT
BY RMS ORBIT DISTORTIONS

Assuming accelerator without straight sections i.e. z �
= k and given Fourier expansion of � � � �'< " j < � and� � �:� ? �=� < [>� " j < � one can obtain that /�0 � ? = 5"� � 0
and corresponding spin tune shift is

K = � �
- 6�0 � & 6

7 /�0 7 �
= ? 5 � = �- 6�0 � & 6

7 � 0 7 �?5	@
= ? 5 �

(8)

To evaluate orbit harmonics � < it is convenient to use
the known variables

SL� � �BA C c and D � �,�3 � k � 4>=%c C c ; ,
where

C c is vertical beta function in units of
�

, = c is verti-
cal betatron tune. Then the closed orbit equation is written
as: � ��S

� D � 5 = �c S^� = �c CFE � �cHG 4ID ; �KJ 4ID ; & (9)

where G 4LD ; � KNM a �POM a . Performing Fourier decomposi-
tion on both parts of equation (9) one obtains

S < � J <
= �Q ? [ � &

where
SL� � 6< � & 6

S < " j <%R ,
J � � 6< � & 6

J < " j <%R . As-
suming random and uniform kicks

J 4ID ; i.e. S J j JUT��V �W �4X j � we calculate the RMS orbit distortion

S S � V � 6�< � & 6
7 S < 7 � � W � 6�< � & 6

�
4_= �c ? [ � ; � � W �ZY &

(10)
where Y � �- = Ec o q\[ �]= c 5 � �

- = �Q o�r o � �]= c � (11)

In homogeneous approximation
C c �]- Z�[]\ Rf� OC c ,Dx4�k ; � k , S � � V � OC c S S+� V and � < � S <*^ OC c one can

obtain a relation to estimate average spin tune shift by ob-
served orbit RMS_ K =a` � = �- S � � VY 6�0 � & 6

5"@
4>= �Q ? 5 � ; � 4>= ? 5 ; � (12)

In order to obtain the uncertainty of the above estimation
one need to calculate

S K = � V �cb = �FOC c-ed � 6�0 ~ < � & 6
5	@

4>= �Q ? 5 � ; � 4>= ? 5 ; F
F

[*@
4>= �Q ? [ � ; � 4>= ? [ ; S 7 J 0 7 �B7 J < 7 � V &

(13)
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where averaging is performed on all possible orbits with the
same RMS. Observing that

_ J 0 JUT0 J < JUT< ` � � W @ 4 X 0 ~ < 5X 0 ~ & < ; 5 W @
, hence

`�� $ � = � A �
- S � � VY F

F
���� - = 6�0 � & 6

5��
4_= �Q ? 5 � ; @ 4_= ? 5 ; � 4_= 5.5 ; � (14)

In the next section comparison of simulation and estimation
by (12) is presented.

SIMULATION

The Monte-Carlo simulation have been done to under-
stand the possible energy shifts due to vertical closed orbit
distortions. The sources of the distortions were alignment
errors of quadrupoles and sextupoles and random kicks
from vertical correctors. For each errors distribution closed
orbit has been found and along the closed orbit the spin
tune has been calculated using matrix technique. Compar-
ison of the simulation with numerical estimations is pre-
sented on Fig. 1 and Fig. 2.
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Figure 1: Energy shift versus spin tune at 1 mm vertical or-
bit RMS. Triangles are calculations neglecting correlation
term, circles with errors are results of simulation, solid line
presents the estimation by equation (12) and dashed line is
the estimation uncertainty by (14).

In previous our publications [2, 3] we used formula (4),
where the second term responsible for correlation of the
orbital distortions has been neglected relying on the os-
cillations of

o q�r 4
�]=�3 ? z � ~ j ; . Then it was assumed that� e��j��  = � S � � V
	 �
, where  � �����

is a number of
quadrupoles, 	 � ���H� � �

m
& }

is an average quadrupole
strength. The results were

K A � �h� ����*
keV for A ���*�.��

MeV ( = � /��w����*
,
� �

) and
K A � / .h� /�* .

keV forA � �%�����
MeV ( = � /�� �����

, � ) (see Fig. 1 triangle dots).
Such a big difference shows inadequacy of neglection the
correlation term.
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Figure 2: Energy shift versus spin tune at 1 mm vertical or-
bit RMS. Circles with errors are results of simulation, solid
line presents the estimation by equation (12) and dashed
line is the estimation uncertainty by (14).

In paper [4] the correlation term of formula (4) was ne-
glected by assumption that orbit deviations � j at different
quadrupoles are uncorrelated:

_ � j � � ` � X j � and therefore_ g j g � ` � X j � . Such an assumption is not correct because
it breaks closed orbit condition � g j � �

, taking into ac-
count the following relation� g �j � �

-� � g j�� � ? �
j��� � g j g � �

CONCLUSION

Vertical orbit distortions introduce an energy bias in en-
ergy calibration done by resonant depolarization technique.
Which could be estimated by using formulas (12) and (14)
in the region far from the integer spin resonance. How-
ever, assumptions used in obtaining (8) and (12) limit the
accuracy of the estimation (see Fig. 2). For more accurate
analysis a computer simulation is needed. The energy shift
was ? ��� ���8� � /

keV at RMS of vertical orbit distortions of��� -
mm for experiment of

���
mass measurement and was

estimated to be
��� .!�f��� .

keV for � lepton mass measure-
ment experiment.

The further improvement of analytical estimations will
require consideration of straight section in accelerator and
varying beta function.
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