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Abstract

In their 1956 article [1] Panofsky and Wenzel derived a
relation for the net transverse kick experienced by a fast
charge particle crossing a closed cavity excited in asingle
rf mode. Later this relation, usually referred to the
Panofsky-Wenzel theorem, was generalized for cavity
containing wake field induced by a driving charge. This
theorem has played very important role in accelerator
physics. One well-known conclusion of this paper was
that in a TE mode the deflecting impulse of the electric
field always cancels the impul se of the magnetic fields. In
our presentation we more exactly rederive Panofsky and
Wenzel’'s result and obtain correction terms to the
transverse kick. We show that in a TE mode the net
transverse kick is not zero. Using the given approach we
find correction terms to wake potentials which turn out to
be inversely proportiona to the relativistic factor.
Practical implications of our results are discussed.

INTRODUCTION

The well-known Panofsky-Wenzel formula [1] is
concerned with the net transverse kick experienced by a
fast charged particle crossing a closed cavity containing rf
fields

P, = eLWLAZLm dz- ¢y

It is the practical tool in dynamic of ultrarelativistic
beams interacting with rf structures. In Eq.(1) e is the
charge of particle, v, is the longitudinal velocity close to
the speed of light c, L is the length of cavity,v A isthe

transverse gradient of the longitudinal component of rf
vector potential. In the wake potential theory the relation
(1), usually referred to as the Panofsky-Wenzel theorem,
was generalized for rf cavities and infinitely repeating
structures containing wake field induced by a driving
charge [2]. Some reformulated versions of the Panofsky-
Wenzel theorem are given in Ref. [3] for study of rf
asymmetry in photo-injectors, in Ref. [4] for the case in
which phase slippage between the wave and beam is not
negligible. The interesting interpretation of paper [1]
results can be found in [5].

One well-known conclusion, that in a TE mode the
deflecting impulse of the electric field always cancels the
impulse of the magnetic field, follows from Eq.(1).
However, generaly, if A, is zero or small enough, the
formula (1) is not true. The fact is that the Panofsky-
Wenzel theorem assumes in its derivation that the particle
experiencing Lorentz force moves parallel to the z-axis at
constant velocity v=v,+V, =V, . So, in the dot product

VA=v,A +V A the second term was neglected.
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Inthe case of A,=0or v A LIV A , itisnecessary to take

into account the transverse momentum imparted to the
particle during its transit time through the cavity. In this
paper we will derive more exactly the Panofsky and
Wenzel's relation and obtain correction terms to it. As
well we will discuss possibility to measure phase volume
of a bunch with rf deflector based on a TE mode. Finally
we will attempt to find correction terms to the wake
potential.

REDERIVING THE THEOREM

Following to the Panofsky-Wenzel derivation [1], the
equation of motion of the particle in terms of a vector
potential is given

%_— —aj+v><V><A ’ 2
dz v,| ot o,
where dz=v,dt. Using the following expressions
UxVx A= V(VA)-(v0) A, A_A_(4p)a,  and
ot dt

expressing the particle velocity as v=v, +v,p,/p,,
(where p, and p, are the transverse and longitudinal

momentums, respectively) we can write the equation for
transverse momentum as

dﬂ:e{ dAl+V (AﬁplAj} (©)
dz dz p

z

t=z/v,

Integrating Eq.(3) we obtain the dependence of the
transverse momentum on a coordinate z

p.(2)= By, ~6 (F.2)]
+ein[ zt)+pl (rl,z,t)j
0 pZ

where it is assumed that A =0 a z=0 and z=L (the

cavity end walls are normal the z-diraction or the path of
the particle begins and ends in a field-free region), Po.. is

, (4)
dz

t=z/v,

the initial transverse momentum, F, is the transverse

coordinate of the chargee Due to the small
parameter p, /p, 0 1, theintegral equation Eq.(4) may be

solved by the successive approximations. Therefore we
expand it into series on the small parameter

p, = ﬁo,l—e[1+5ﬂ'vi}zi( oth)L#

24 (2

z

o)

t=z/v,

+eIV [[1+§” v ]A&(m, 1)+

+o( p?/ ).
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Here 5V1=J.(rh/pz)dz and it is assumed that
0

(or. V)AL A
the charge. Firstly from Eq.(5) we find the zero order

approximation of the transverse momentum as function of
z-coordinate

P (2)=

oA, e
0

We see that at z=L the zero order approximation Eq.(6)
reduces to the Panofsky-Wenzel formula (1). Substituting
Eq.(6) into Eq.(5) we obtain the transverse momentum
imparted to the particle with the accuracy of the first
order approximation

p, = ethAldz+ eLJ.V [

fo istheinitial transverse coordinate of

€A (fo.,2t)

pO 1

t=z/v,

(6)

z

J

0

0,1

dz) V, Adz

Z

o [ TA “dZ o - » (7)
- |V, | |-=+dZ- [— |V,AdZ |V, Adz
9| [oa- [ v, noe ) 9.
L A N 2Rz
49, {pm - e;«;) +EA WiAzdz]dz
0 Z z z 0

where A= A(ﬁu,zt)‘

VZ
From the Eq.(7) we see that in the case of excitinga TE
mode A =0 the net transversekick is

eA\ 2
AP, = _[V p“eA oA dz. (8
P, P, o
As seen from the EQ.(8), even if P, =0 the

ponderomotive force, which is sguare on the transverse
component of vector potential, ensures the non-zero
transverse momentum imparted to the particle.

CONCEPT OF MEASUREMENT OF
PHASE VOLUME BY TE MODE
DEFLECTOR

Eq.(8) shows that the transverse momentum imparted to
the particle by a TE mode dependences on the initia
transverse momentum. That may point to ability to

measure phase volume of a beam by using a TE mode
deflector. Let us rewrite Eq.(8) in components as

VO,Xaxx + VO,yaxy = fx’

©)
Vox@y T Vo, 2, =f,,
where
oAl T aelial ¥
t=2z/v, z t=2z/v, z
dz © 9 dz
aw=ej—& =, a,=e[-Al =
0 ay t=2/v, VZ ay t= z/v
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L

2
f _eZJ'aA %—Apx,
o X gy, P: (10)
L 2
f,=¢€ I o E—Apy
0 t=z/v, pZ
For the case
a,=0, a,=0. (12)
The solution of the equation set (9) is
f
Vou=—21, Vo, = e (12)
a,

An ultrarelativistic beam

For a case of ultrarelativictic particles, (v,=C, }>co,
where yis Lorentz factor ) Egs.(12) can be smplified

My Ay _omey

Vox =771 | 5
e|l— dz e|l—
JayAKt:z/c J&‘XAV

Y=Y

AX

I_.
dz

t=z/c

X=X

’ o’y:

(13)
Here the transverse kick (Apy, Apy) is expressed through a
beam deflecting from axis (AX= x-Xo, Ay=y-Yo) in a drift
tube of length | which is stationed after the cavity,
Ap=mMoC)AX/ Apy=moc)Ay/l, my is the rest mass, (o, Yo)
and (x, y) are the transverse coordinates of a particle at the
entry of the cavity and the drift tube exit, correspondently.
Let us consider a rectangular box where the following
TE modes are excited

b. (nr ).
AK=—Boﬁsm(?yjsn(%zjcos(a)nvpt+go), A =0 (14)
at the eigenfrequency @,,=mc (n/b)2+(p/|_)2,and
. . 15
A =0, A/:BO%sn[%xjsn{%zjcos(wmvpt+(p) (15)

,=7c|(ma)’ +(p/L)’
where a, b, L are the edge lengths of the rectangular box
in x-, y -, and z - directions, correspondently, By is the
constant, ¢ istheinitial phase.

We write

X = (%) + 6%, Yo =(Yo)+ Y, 0=, +5p

x=(X)+6x, y=(y)+dYy,
where <...> isthe operator of averaging over particles, ¢
is the reference phase.

We assume that the bunch to be short | dp|<<2z
Setting <xp>=a/2, <y,>=b/2, and substituting Eq.(14, 15)
for even n and minto Eqg. (13) we obtain

N L
7%=ﬂo,x(—1)2 %B(Ej {COS(/’C (-0)° COS[CUC +¢c]

mc L
_é‘(p{sin(pc—(—l)psin[wncpl_ H}

with the eigenfrequency .,

(16)

(17)
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7%:ﬂ0,y(_l)géoc€(%j {COS%—( ik COS( CL+¢j

—5¢{sin¢c—(—1)psin(w—

(18)
Setting the reference phase ¢« (Where k=n,m) at which

L
sing,, —(-1)° sm[ +¢ij 0, (19
’ c
we can obtain the initia transverse characteristic bunch

(2.1 () 0r) =200 ()=o)

212
2%3[9 |2
mec Lin

(20)

(85,)=(7")

(Box) = (1) —
- (21)
()= (%)

m 2
(-1)z 2eBOP(aj |
m,ec Lim
Assuming <o¢>=0 and setting ¢ .« (where k=n,m ) at
which

<ﬂ0,y> = <7>

COSgo;k—(—l)pcos[w"Cp +¢ij . (22)

we can obtain the longitudinal characteristic bunch

)=y LD

e tln) )78 e
LRy I
eI

CORRECTION TERMSTO WAKE
POTENTIAL
Using the approach devel oped above we consider wake
fields (E, B) in terms of vector and scalar potentials A, @

E—-aa—A—Vq) B=VxA VA=0 - (24)

(37°)=(7")

excited by point charge g traversing the cavity at velocity
V=V,+V,, v,=c.Letatest charge e follows with the

same velocity at distance s from the exciting point-charge
g. The equation for the kick experienced by the test
particle in the wake field may be given
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dp_e —d—A+V Az——+ plA (25)
dz dz P,

t=(s+2)/v,
Integrating Eq.(25) over (O, 2), then, expanding P into
series on the small parameter p /p,C 1, we find the
zero order transverse momentum as function of z

1) .-k 19 1-2)

z

dz

t=(s+2)/v,
(26)
Further for simplicity we assume that the path of the
particle begins and ends in a field-free region,
A(z=0)=A(z=L)=0- Substituting Eq.(26) into Eq.(25),
and taking into account the definition [2], we obtain the
wake potential with the correction terms

_ V,AP(s) 17
W(s)=—2——+= v d+u dz;
(9= VAo
(27)
where u associates the correction terms
z r)(o) R r)(o) R
u:j;dz-VL(VZAZ—®)+vZ LA - (28)
z P, t=(s+2)/v,
Substituting Eq.(26) into Eq.(28) we obtain
- I{ Po, oA }dz V. (v,A-®)
z 29
+ef[ (v,A —®) dz”] (vZAZ—CD)( )

zzO

2 Nz
N, —— Po. A - eA ﬂjvi(vzp\l_q))dz
pz pz pz 0
As seen from the Eq.(29) the correction terms to the wake
potential are proportional to y*, whereas the modern
wake theory [2] gives the correction terms which are
proportional to y2.

SUMMARY

Rederiving the Panofsky and Wenzel's theorem we
obtained the correction terms to the net transverse kick
which is not zero in the TE mode. That allows to use the
TE mode deflector to measure phase volume of a beam.
We found the correction terms to wake potentials which
are shown to be inversely proportional to the relativistic
factor.
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