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Abstract

We consider the electromagnetic field structure in a cir-
cular partially regular waveguide. One semi-infinite part of
the waveguide is empty and the other consists of a cylin-
drical dielectric layer and a vacuum channel. It is assumed
that the incident field is the transverse symmetrical mag-
netic mode launching either from the vacuum part or from
the dielectric one. The analytical investigation is performed
by use the technique of mode decomposition for reflected
and transmitted fields. Typical dependencies of the field
excitation coefficients on the channel radius are presented
and discussed. Also the comparison of analytical results
with numerical simulations is adduced.

INTRODUCTION

The work is devoted to the study of the electromagnetic
field in the circular infinite waveguide which has a trans-
verse boundary between vacuum area and the dielectric
area containing axisymmetric vacuum channel. Earlier the
problems in sectionally regular waveguides were solved for
planar waveguide [1] or for cylindrical in the absence of the
coaxial channel [2, 3]. Underline that the presence of the
channel leads to emergence of mode transformation effect
on the transverse boundary, which in turn causes an infinite
sets on eigenmodes in the reflected and transmitted fields.

The considered problem is of interests, for instance, for
the wakefield acceleration technique [4], namely for the
analysis of formation process of the wave field by bunch
moving in a dielectric waveguide structure. Therefore it is
important to consider the field excited by bunch entering
into the dielectric area.

Another example relates to the problem of the terahertz
radiation generation by an electron bunch in a dielectric
loaded waveguide structure [5]. In this case the question of
the wave field which is excited by a bunch entering into the
vacuum area of the waveguide becomes critical.

Here we consider the problem where the incident field
is a symmetrical T'M mode. In this paper the waveguide
characteristics are chosen so that the incident mode can be
both propagating or evanescent.

ANALYTICAL INVESTIGATION

We consider the problem with harmonic (exp(—iwt))
axially symmetrical T'Mj; mode undergoing transforma-
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tion on the transverse boundary of the waveguide. It is as-
sumed that the left part of the waveguide (2 < 0) is loaded
with medium having characteristics ., j1. and the right part
(z > 0) contains the cylindrical dielectric layer and a coax-
ial channel with characteristics ¢4, j1q and &, i respec-
tively (Fig. 1). Initially it is assumed that the mediums are
dissipative, that is, Im(e.q) > 0 for positive frequencies.
Note that the dissipation is negligible quantity and the val-
ues €., e are set to 1 (vacuum) for further numerical cal-
culations. Both mediums are isotropic, homogeneous and
nondispersive.
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Figure 1: The case of the mode launching from the vacuum
part of the waveguide

The incident field can be written by using the single-
component vector-potential (the cylindrical coordinates
(r, p, z) are used):

A = Jo (i /a) exp (n©2) (1)

where 7); is the zero of Bessel function Jy(n), h; =

Vk? —n?/a? is the longitudinal wavenumber and k. =
wy/Ectie/c. Note that the attenuation condition results in

the inequality Irn (h() > 0.

Analytical study is performed by using the well-known
cross-linking method. According to this method the re-
flected and transmitted fields are written in a form of the in-
finite series of eigenmodes for the empty part of the waveg-
uide and partially dielectric part respectively:

AS") = i Rn:]iiJo (Nnp) exp (—ihﬁf)z) ,
n=1 n

W = VISR, (h)) =0 @)

Jo (chl)) for p < b/a

CinHY (Xanp) + Condo (Xanp)
forb/a < p<1

X exp (z’hﬁﬁz) ,

WY = k2 = x2,/a%, Im (hﬁf)) > 0. 3)

®) — . i
A ZTnxcn

n=1

Radiation problems in accelerators



Proceedings of RuPAC2016, St. Petersburg, Russia

where p = r/a, hg:"t) is the longitudinal wavenumber of
reflected or transmitted 7T'M,, mode, R,, and T,, are un-
known excitation coefficients of the reflected and the trans-
mitted modes. At that the values C,,, Cs, and x., xq are
defined by continuity conditions for the fields components
Eét), H 5,“ on the boundary between vacuum and dielectric
(r=0»).

Mode excitation coefficients R,,, 7;, are obtained using
the continuity condition for the fields’ components F, and
H,, on the transverse boundary (z = 0).

The system with infinite number of linear algebraic
equations for the excitation coefficients is obtained. In
the general case of arbitrary waveguides characteristics this
system is analytically insoluble and a numerical algorithm
should be developed for the R,, and 7T;, coefficients calcu-
lation.

Note that the results of the analytical studies for two ded-
icated cases of a narrow channel (when b/a < 1) and a
thin dielectric layer (when d/a < 1), as well as the case
of the mode launching from partially dielectric part of the
waveguide are presented in [6].

NUMERICAL CALCULATIONS AND
DISCUSSION

To analyze the electromagnetic field structure in general
case the numerical algorithm for calculating excitation co-
efficients of the reflected and transmitted modes has been
implemented in computer algebra system Mathcad. The
problem is reduced to the solution of the infinite system of
equation. However for the further calculations it is possi-
ble to consider the system with some finite set of modes
since most of high-order reflected and transmitted modes
are evanescent and they decay exponentially with increas-
ing the distance from the transverse boundary. Therefore,
the method of successive approximations is used: at first
the system for excitation coefficients is solved at some fi-
nite set of modes, then the systems size is increased by a
unit at every further step until the relative change of ob-
tained result for main excited modes becomes sufficiently
small (usually not more than 1%).

In the case of interaction between the evanescent inci-
dent mode and the boundary the consideration of the refrac-
tion R,,, and transmission 7T, coefficients is more conve-
nient for the field analysis:
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The left graphics in Fig.2 presents the absolute values of
R, and T, coefficient for the 3™ evanescent mode launch-
ing from the vacuum part of the waveguide. It is interesting
to note that this mode excites two propagating modes in the
reflected field and up to four modes in the transmitted field,
depending on the channel radius.

In order to verify the obtained analytical results the com-
parison with simulations carried out in Comsol system has
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been made for the cases when the incident modes are prop-
agating ones. For this to be done, the normalized excitation
coefficients corresponding to the Comsol S-parameters are
used

wirt = Arhah, @)
where o = R,.: T}, and
L -1
Tt)2 /E (rtygg (9 pdp . /Eﬁi)ﬁg)pd,o
0

(bar means complex conjugation). Value )\,(f’t)2 is the ratio
of the averaged energy flux of the reflected or transmitted
mode to the averaged energy flux of the incident mode.

The absolute values of the normalized coefficients
Wr(tr’t) obtained from the analytical expressions and abso-
lute values of S-parameters calculated in Comsol system
are shown in Fig.2.

The middle figures represent the interaction of the 1% in-
cident mode launching from the vacuum part of the waveg-
uide with the transverse boundary. One can see that there
are two propagating modes in the reflected field. At that the
1®* mode prevails in the wide range of channel radius and
only for sufficiently large vacuum channel the 2" mode
becomes the main. For the considered waveguides parame-
ters, the transmitted field can contain up to six propagating
modes depending on the channel radius. However Fig. 2
illustrates only the first four modes since the 5™ and the 6™
modes are excited at very narrow channels and their exci-
tation coefficients are much less than the others. So the 5"
and the 6 modes do not give a considerable contribution
to the transmitted field.

The right figures refer to the case of the T'My; mode
launching from the partially dielectric part of the waveg-
uide. Up to five propagating modes can be excited in re-
flected field in this case. However the 5" mode is very
weak excited and exists only in the case of narrow chan-
nels (therefore it is not represented in Fig. 2). Despite of
the fact that the 1°' mode is the main in the reflected field
for a wide range of the channel radii the 7T'My3 mode can
be prevailing at sufficiently large values (7.4 < b < 9.3
mm). The T'My; mode dominates in the transmitted field
at arbitrary channel radius.

One can see that the results based on the analytical in-
vestigation and results of Comsol simulations are in very
good agreement for both cases

CONCLUSION

The field structure in the cylindrical waveguide having a
transverse boundary between vacuum and partially dielec-
tric areas is considered. The analytical investigation is con-
ducted by the expansion of the reflected and transmitted
fields into a series of eigenmodes and using the continu-
ity conditions for the tangential fields’ components at the
boundary. The problem has been reduced to the solution
of an infinite system of linear algebraic equations that can’t
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Figure 2: The left graphics correspond to the case when the incident mode is evanescent (the 3™ mode launching from
the empty part of the waveguide); dependencies of the coefficients R.,, and T,, on the channel radius b (mm) are shown;
a = 10mm, ¢4 = 4, f = 30 GHz. Bold lines correspond to the propagating modes, thin lines correspond to the evanescent
modes. The middle and the right graphics correspond to the case when the incident mode is propagating; dependencies of
the coefficients W,‘f’“ on the channel radius b (mm) in the case of ¢ = 10 mm are shown. Middle: the 1% incident mode
launches from the empty part, ¢4 = 10, f = 30 GHz. Right: the 1% incident mode launches from the partially dielectric
part, ¢4 = 4, f = 40 GHz. Lines correspond to the Mathcad results, marks correspond to Comsol results.

be solved analytically at the arbitrary waveguide parame-
ters. The numerical solution of the obtained system is con-
ducted in algebra system Mathcad. The typical behaviour
of the normalized excitation coefficients of the reflected
and transmitted modes are presented and discussed. Also
the comparisons with Comsol simulations results demon-
strate high accuracy of the calculations based on analytical
analysis.
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